hi gap nhiing bai todn tim diéu kién ctia

tham s6 dé hé phuong trinh (HPT) c6
nghiém duy nhat, vo nghiém, vo s6 nghiém,
hoc sinh thudéng méic nhiéu sai sét. Trong bai
viét ndy sé hé thong lai mot s6 cach lam co
ban va nhiing sai 1am thudng gap, gitp cic em
tranh sai 1am khi gap céc bai tap dang nay.

'HE PHUONG TRil

% -“B o §

®IBai toan 1. Cho hé phuong trinh (m la

‘ mx+4y=20 (1)
tham s6):
’ x+my=10 (2)

Vo gid tri ndo cuia m thi hé phuong trinh da cho:
a)Vo nghiém;

h) Co nghiém duy nhdt,

¢) Vo so nghiém.

Loi gidgi. Cdch 1. Tu PT(2) = x = 10 — my,
thé vao PT(1) tacé y(4 —m*) =20- 10m (3)

Dé thdy s6 nghiém ctia HPT da cho chinh ta
s0 nghiém cua PT(3).

a) HPT da cho vo nghiém < PT(3) v6 nghiém
{4—-m2 =0

= S m=-=2.
20-10m=0

b) HPT da cho c6 nghiém duy nhit & PT(3)
c6 nghiém duy nhat <> 4 —m’#0 & m # 12,

c) HPT c6 v6 s6 nghiém thi PT(3) c¢6 vo s6
4-m?=0

oSm=2.0
20-10m=0 B

nghiém < {

Sai _lam_ thuong gap. Khi xét trudng hop’

PT(3) v6 nghiém nhiéu ban quén diéu kién
20 — 10m # 0. Vi vay dan t6i két luan sai:
HPT vo nghiém & m=12.

S St

am &

CAO QUAC CUONG
(GV THCS Vinh Tudng, Vinh Phuc)

Cdach 2
x=10

® Néu m = 0, HPT d3 cho tré thanh { 5
y=2.

Hé PT c6 nghiém duy nhat.
¢ Néu m # 0, HPT da cho tvong dvong véi
—-m "
=—x+5 (a)
y 4 x

y=:lx + 10 (b)
m m

Dé thdy s6 nghiém ciia HPT da cho chinh la
s6 giao di€ém cta hai duong thing (a) va (b).

a) HPT da cho v6 nghiém & (a) // (b)
-m -1

& 4 m Sm=-2,

5=;eE
m

b) HPT di cho ¢6 nghiém duy nhét & (a) cét (b)
oM amet,
4 m

c) HPT d cho c6 v6 s6 nghiém < (a) = (b)
-m -1

4 m &m=2.0
10

m

Sai IAm thuomg gap. Khi xét truong hop
(a) // (b) nhiéu ban chi xét diéu kien :f'.=:l
. m

ma-quen diéu kién 5¢£ nén din téi két luan
m
sai: HPT v6 nghiém & m 12.

TOAN HOC

S8 395 (5-2010)  * CTusitré
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@ Bai toan 2. Cho hé phuong trinh
mx—y—n=0
{(x-Fy—Z)(x—-2y+1)=0
(m, n la tham s6). Tim cdc gid tri ciia m, n dé
hé phuong trinh vo nghiém.

Loi gidgi. HPT da cho tuong duong véi

mx—y-n=0 mx-y—-n=0
hoidc
x+y—-2=0 x=2y+1=0

y=mx—n (c)

(I).hodc 1

{yzmx-—n (a) =__x+l o a
=313

y=—x+2 (b)

Ta c6 HPT di cho vé nghiém < ca HPT (1) va
m=—ln#-2

all b
HP’I‘ (II) v6 nghiém < 1
cll d m=-2—;n ;t-E.

Vay khong tén tai m, n dé HPT da cho vé
* nghiém. O

Lot gidi. Tx PT(1) ta c6 x = 3m — my (%), thé

vao PT(2) ta cé ,

m@Bm - my) —y=nt -2 & ym? + 1) =2m* +2

& y =2, thay vao PT(¥) tacé x = m.

Vay HPT luén c6 nghiém duy nhat {x_—.,;
Y=<

Déx2 -y>0m-2m-2>0

m>l+\/—

em-1)Y-3>0s
" [m<l \/—

QBai toan 5. Cho hé phuong trinh
{(m—l)x+ y=3m-4 (1)
(2)

Tim m dé hé phuong trinh c6 nghiém duy nhdt
thod manx +y=2.

x+(m-)y=m

Fy=—1
O Bai tosn 3. Cho hé phutong trinh {mj Y
x+y=-m

Tim m dé hé phuo’ng trinh c6 nghiém duy nhdt
(x, y) thod man y* = x.

Loi giai. Riit y tir PT thit nhat cia hé réi the vao
PTthithaichahétacé (1 -mx=1-m ¢))
Ta c6 HPT da cho c6 nghiém duy nhat
< PT(1) c6 nghiém duy nhit & m = 1 (*)
=1
Khi d6 HPT c6 nghiém {x
: y=—m-1.

. m=0
Mit khic, y* = x @ (-m-1)2=1 & [

(thoa méan PK (*)).

Vaycéhaigidtrichamlam=0hoacm=-2.0

Loi gidi. Tk PT(2) => x = m ~ (m — 1)y, thé
vao PT(1) tacéd y(m* - 2m)=m* —4m +4 (3)
Viy, HPT di cho c6 nghiém duy nhat

&> PT(3) c6 nghiém duy nhat < m? - 2m # 0

leom#0vam#2 (*).

x_3m-2
Khi d6 nghiém ctia HPT da cho la ’"2
m—
y=—-
m
Péx+y=2tacod 3m- 2+—"l—2=2 Sm=2
m m

(khong thod min DK (*)). Vay khong tim
dugc gid tri cha m dé HPT di cho ¢6 nghiém
duy nhat thodman x+y=2.0 -

m=-2

QBai toan 4. Cho hé phuong trinh. -
x+my=3m (1)
mx—y=m?-2 (2)

Tim m dé hé phuwong trinh trén cé nghiém duy
nhd'tthoa’md‘nxz—Zx—y > 0.

QO Bai toan 6. Cho hé phuong trinh
{ax+ y=b (1)

a, b la tham so
x2-4y?=1(2) ( )

Tim cdc gid tri ciia a dé hé phuong trinh trén
¢ nghiém voi moi b.

TOﬁN HQCEé So 395 (5-2010)

- Loi gidi. T PT(1) => y = b - ax, thé vaoPT(Z)

taco X’ ~4(b-ax)’=1
o (1 —4a)> +8abx -4 - 1=0 3)

(Xem tiép trang 15)
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Gidi heé phuong trink

NGUYEN THANH HAI
(GV. THCS Nam Cudng, Nam Truc, Nam Djnh)

Trong chuong trinh Toéan 9, phén hé phuong trinh (HPT) chiém mét vj trf quan trong. Sau day
chung téi hé théng lai mét sé dang thudng gép cling phuong phép gidi.

A. Giai hé phuong trinh bing ap dung dinh 2 5
Ii Viét dao v 3
X+y=5 Bai toan 3. Gidi HPT y )
Bai toan 1.[Giai HPT{ ) Q) 1,2 .3
x“+y° =13. 3x-y x-3y 5

Lai giai. Ta co L&i giai. Diéu kién 3x -y # 0, x — 3y # 0.

x+y=5 x+y=5
() & , c:{ Y Ditu=—— v=—
(x+y)*-2xy=13 |xy=6. 3x-y x -3y
Theo dinh |i Viét ddo thi x, y 14 hai nghiém clia 2u—-5v=3 u=1
PTt2-5t+6=0&t=2;t=3. Ta dugc (3) & 3 & 1
Vay (x;v)=(2;3), (3;2). ut2v=g V=g
Bai toan 2. Cho HPT (m la tham s8): 3 ; 1
X+y=m+1 Tuds {77 YT o 1*T (théa man).
5 2 2 (¥4] x-3y=-5 y=2
Xy+y“x=2m°-m-3.
: Ix+1-3y—1=-1
a) Gidi (2) khi m = 3. Bai toan 4. Giai HPT |V VY @)
b) Chimg minh rang (2) luén cé nghiém, ¥m. 2Jx+1+5\y-1=9.
Lai giai. a) Khi m = 3 thi Lai giai. Didu kién x > -1,y > 1.
2 e x+y=4 = xty=4 Pat u=+Jx+1,v=Jy—-1(u,v>0).
xy(x+y)=12 xy = 3.
Theo dinh Ii Viét ddo thix, y |a hai nghismcia  Ta dugc (4)@{:_3;=‘;@{”=f
PT?-4t+3=0t=1;t=3. u+5v = v=1.

Vay (x;y)=(1:3),3:1).

X+y=m+1

xy(x +Yy) =(m+1)(2m - 3).
+Néum=-1thi (2) © x+y=0.Hé cd vd sé

nghiém:y=-x,xe R.

Tuaé{‘/x”:z {x+1=4 {x 3(TM)

o o

Jy-1=1 y-1=1

C. Hé phudng trinh chita tham s8

Bai toan 5. Gidi va bién luan HPT (m la tham

mmwm@{

) ) X+V=m+1 . |MX+2y =m+1 (1)

+Néum = -1thi (2) & { N f2m—3 s6): {2x+my 23 @ M

Theo dinh i Viét ddo thi x, y I hai nghlem cla Lai giai. Ty ()suyray = M
PTR—(m+ )t+2m-3=0. _ __ 2

Ta c6 A =(m+1)?-4(2m - 3) . Thay vao (2) ta dugc oy 4 MEMX+m+Y) 4
=m2-6m+13=(m-3)2+4>0, vm. . 2

Vay (2) ludn cd nghiém vm. o X2 -m)2+m)=(2-m)3+ m).

B. Gidi hé phuong trinh biing phuong phap

détanphu + Néu m = 2 thi (I)@x+y=%_ Hé cb vo s8



HUYNH CH HAO
Rectangle

HUYNH CH HAO
Rectangle

HUYNH CH HAO
Rectangle

HUYNH CH HAO
Rectangle

HUYNH CH HAO
Rectangle


nghiém: y =%—x, x e R.

+ Néu m = -2 thi Ox = —4, hé v6 nghiém.
+ Néu m = +2 thi (I) c6 nghiém duy nhat
m+3 1

X = Y = .

m+2 m+2

* Bai toan 8. Tim t4t c& cac s6 thuc m dé HPT
sau c6 nghiém duy nhét (x ; y) maA=x? + y? dat
gia tri nhé nhét (m 1a tham sé)

Bai toan 6. Cho HPT (m la tham sd)
X+my=1 (1)
mx —3my =2m+ 3. (2)
a) Gidi (2) khi m = -3. .
b) Giai va bién luan HPT theo m.

()

Lai giai. a) Khim = -3 thi

(")@{x—3y=1 e x-3y=1.

-3x+9y=-3

Hé cb v s6 nghiém: x =3y + 1,y € R.

b)y Tu(1)suyrax=1-my.

Thay vao (2) ta dugc

m(1 - my)-3my=2m+ 3
s mim+ 3)y=-(m+ 3).

+ Néu m = -3 thi hé cb vb s8 nghiém: x = 3y + 1,
xe R

+ Néu m = 0 thi O0x = -3, hé vd nghiém.

+ Néu m # -3, m # 0 thi hé c6 nghiém duy

nhdt x=2,y =—l.
m

(m-1)x-my =3m-1 (1) (V)
2x-y=m+5. 2)

L&igidi. Ty (2) suyray =2x - m - 5.

Thay vao (1) ta dugc

m-1)x-m2x-m-5)=3m-1
o (m+1)x=(m+1)>2
Hé c6 nghiém duy nhat © m = 1.
Khidox=m+1,y=m-3.
TacoA=x%+y2=(m+1)2+ (m-3)2
=2m?2-4m+10=2(m-1)2+82>8.
TUwdé A . = 8taim =1 (théa man).
Vaym=1.
Bai tap ty luyén.
Bai 1. Cho HPT (m la tham sd)
{x+y+xy£2m+1

xy(x +y) = m? +m.

a) Chimg minh rang hé ludn cé nghiém, m.
b) Tim m dé hé c6 nghiém duy nhat.

Bai toan 7. Tim tat cd cac s6 nguyén m dé
HPT sau c6 nghiém x, y nguyén duong (m la
tham s6) {mx”y =10-m (1) ()

X+my =4, (2)

22X Ly
Bai 2. Giai HpT (X1 Y1
x 3y
x+1 y+1
Bai 3. Cho HPT (m Ia tham s&) 1% T ™ =2
mx -2y =1.

a) Gidi hé khim = 2.

L&i gidi. TU (2) suy rax =4 — my.
Thay vao (1) ta dugc
m4-my)+4y=10-m
& (2-m}2 + m)y =52 - m).
+ N6um=2thix+ 2y = 4. Hé cb vb s6
nghiém: x =4 - 2y,y € R.
Péx>0thiy<2.
Khi d6 nghiém nguyén duong cta (lll) 1a
x=2,y=1.
+ Néu m = -2 thi Oy = 20, hé v6 nghiém.
+ Néu m # +2 thi hé cb nghiém duy nhét -
.8-m 5
mi2') mi2
PéyeZ'thim+2e {1;5 & me {-1;3)
thir lai théa man.
Vayme {-1;2; 3}.

b) Tim m € Z* @& hé c6 nghiém duy nhat (x ; y)
max,y>0.

c) Tim m € Z dé hé cb nghiém duy nhat (x ; y)
max,ye Z.

Bai 4. Tim tat ca cac s6 thuc m dé HPT sau
¢6 nghiém (x ; y) ma P = xy dat gia tri I6n nhat

v [((m+x+my=2m-1
(m la tham sd)

mx—y=m2—2.
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hé hoan vi vong quanh.

Xét hé phuong trinh ba 4n dang
x = f(y)
y =f(2)
‘ z =f(x)
G day f1a mot ham s6.

Thong thudng, khi gidi hé trén, ta thuong dua
vao mét s8 tinh chat clia ham f (nhu tinh ddng
bién, nghich bién... ) d€ chimg minh x = y = z réi
gidi phuong trinh x = f(x). Tir d6 tim ra nghiém cla
hé da cho.

Sau day la mét s6 vi dy.

Bai toan 1. Giai hé phuong trinh

_\/)_,=1
y-vz =1 (1)
-Ix=1.

L&i giai. Diéu kién x, y, z 2 0.
Viét lai (1) dusi dang

=\/§+1
y=J£+1
z=&+1.

Do vai trd binh déng trong hoan vi véng quanh
| cda x, y, z trong hé trén, ta c6 thé gia st

x=min{x ;y; z}.
Vix<y,x<znén

Jy 1<z 41,y #1<sIx +1hayy <z, y <x.
Tarclay=min{x;y; z}=x.
Suyrax=y=2
Tir @6 ta dugc phuong trinh

He hodn v
vong quanh

ThS. KIEU BINH MINH (GV. THPT chuyén Hung Viong, Phu Tho)

Trén cdc s6 bdo 66 va 74, TTT2 d4 gidi thigu hai bai viét cua nha gigo Nguyén Anh
Diing vé Hé phuong trinh déi xumg loai | va Il. D€ giup cédc ban c6 mét chuyén dé vé cédc
hé phuong trinh, trong sé bdo nay, chiing téi gidi thiéu thém mot hé déc biét nira, do la

Bai viét nay chi xét dén hé phuong trinh ba 4n hodn vi vong quanh cung cédch giai.
Qua dG, cédc ban ty rit ra hudng gidi cho nhing hé hodn vj vong quanh c6 s6 an khéc.

X=VX+1 Jx =x -1

= x =(x —1)? (diéu kién x >1)

<:>x2-3x+1=o@x=3+2‘/5 (do x >1).
Vay nghiém clia hé da cho la
3+f 3+J_ 3+J_
(x;y;2z)=(

2 2

Bai toan 2. Giai he phuong trinh
x3 +3x2 +2x-5=y
y3+3y2+2y—5=z (2)

224322 422-5=x.

L&i gidi. Do vai trd binh déng trong hoan vi vong
quanh clia x, y, z trong hé trén, ta c6 thé gia s
x=max{x;y;z}.
Viy<xnénx3+3x2+2x-5<x
ox3+3x2+x-5<0
o x-1)(x2+4x +5)<0.
Vix2+4x+5=(x+22+1>0nénx<1.
Maz<xnénz<t.
Lap luan ngudc lai qua trinh trén ta dugc
Z-1)22+4z+5)<0
o22+32+2z2-5<zox<z
Dodéx =2z :
Suyrax=y=z
Tu d6 ta dugc phuong trinh
x3+3x2+2x-5=x

S X-1NX2+4x+5)=0ex=1.
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Vay nghiém cla hé da cho la -

s e o2 4 t>3
iy D= (1:1: 1), Xét ham s6 f(t) = 62 — 12t + 8, véi t > 32.

Tuong tu nhu bai toan 3, ta chimg minh dugc f

Bai toan 3. Giai hé phuong trinh la ham déng bién.
x3+x24x-2=y Hé da cho dugc viét lai dudi dang
3 _
yl+y?ey-2=2z (3 y” =flx)
3
22+2%2+z-2=x z7 =f(y)
— - x3 =f(2)
Nhan xét. Ta co thé giai bai toan nay tuong tu :
nhu I8 gidi bai toén 2. Tuy nhién, ta c6 thé gidi theo Ta xét hai trudng hop sau.
mét hudng khéc bang cach xét ham s nhu sau. TH1.x>y.
Loi gidi. Xétham s f(t) =3 + 2 +t- 2, te R. Vi f 12 ham déng bién nén f(x) > f(y) hay y3 > z3.
Ta sé& chimg minh f |4 ham s8 déng bién. Dodby>z.

That vay, v6i t,, t, 1a hai 8 thuc phan biét bat

ki, ta c6 ———-f(t1) —1(tz)
t -ty

Suy ra f(y) > f(z) hay 23 > x3. Do d6 z > x.
Tudoxzy=2z2x.

Suyrax=y=2z

1 T d6 ta duge phuong trinh
=5((t1+t2)2+(t1+1)2+(t2 +12)>0. X3 -6x2+12x-8=0e (x-2)3=0 > x=2.

=+t +tity 4ty +ty +1

a 4= . o TH2. x < y.
Hé da cho dugc viét lai dudi dang Chimg mi)llmtuongtuta dugc x <y <z < x: loai.
y =f(x) Vay nghiém clia hé da cho 1a
z =1(y) (Xyi2)=(2:2;2).
x = f(z). Bai tap tu luyén.
Ta xét hai trudng hop sau. Gidi cac hé phuong trinh sau:
THL. x>y ox+1=y3+y2+y [x3-oy2+27y-27=0
Vi f 14 ham ddng bién nén f(x) > f(y) hay y > z. 3 _p 3 2
Suy ra f(y) > f(z) hay z > x. 12y+1=2"+2+2; {y° -92° +272-27=0;
Tudébx>y>z>x. _ 22+1=x3+x2+x |22 -9x2+27x-27=0
Suyrax=y=2z ) ,
Tur d6 ta dugc phuong trinh x*-16y+8=0 X+y=+v4z -1
x3+x2+2x—2=xc>x3+x2—2=0 ly* —162+48=0: ly+2z=vax—1
SX-NX+2x+2)=0x=1 4 _
Wix2+2x+2=(x+1)2+1>0). 27 -16x+8=0 [z+x=yly-1
TH2. x <.

Chimg minh tuong tu ta dudc x <y < z < x: loai.
Vay nghiémclahé dacholax=y=z=1.
Bai toan 4. Giai hé phuong trinh

y3 -6x2+12x-8=0

23 -6y? +12y-8=0 (4)

x3 -622 +122-8=0.

L&i giai. Viét lai (4) dudi dang

y3 =6x%-12x+8

2 =6y2 -12y+8

x3 =622 -12z+8.
Viy3=6(x-1)2+2>2nényz2 2.
Tuong ty: z, x = 2.
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Civ nhié

DINH NGOC THUAN (GV. THPT Théi Phién, Hai Phong)

Trong quaé trihh gidi toan, hdn cac ban da gap nhitng ding thirc hay, Ia

chia khéa d€ gidi cac bai toan khac. Bai viét nay t6i mubn chia sé vdi cac
ban mot s6 déng thire nhu vay.

Ping thirc 1. Cho ba s thuc x, y, z théa man Cong theo vé ba bat ding trén ta dugc

xyz = 1. Chitng minh rang 1 1 1 1 1

1 1 1 BS—-( + - —

= + n =1. (1) 201+x+xy 1+y+yz 1+z+zx ) 2
1+x+xy 1+y+yz 1+z+2x

i (theo (1)). TU a6 suy ra dpcm.
(Dé thi vao Idp 10, PTNK, DHQG HCM; Béng thirc xay ra khi va chikhix=y=z=1.

] _ ) Ném hoc 1997-1998) Vi du 2. Cho ba s6 thuc duong x, y, z théa
Chdmg minh. Vixyz = 1 nén man xyz = 1. Tim gia tri 16n nhat clia bidu thic
1 X X 1 1

1+y+yZ X+Xy+XyzZ X+Xy+1 =(x+1)2+y2+1+(y+1)2 222 1
1 xy Xy 1
1+Z+2X  xy+xyz+x2yz XyY+1+x

—
(z+1)2 +x2 +1

e w2 z Vi _ 2
TtrdéA=1+X+Xy=1, ta o6 dpem. Ld|g|a21|.Taoo(x+1) +Y 1= +y +2x+ 2
1+ X + xy =(X-y)+2xy+x+1)22xy + x+ 1).
Nhan xét. Tir (1) ta thu dugc dang thic sau: Suy ra 1 < 1 ]
1 1 1 x+D2+y2+1 2xy +x+1)
AT I R A e A
1+ X2 +Xy° 1+y°+yz° 1+z2°+2% Tuo 1 1 )
ng ty 7 <3 -
véi X, y, Z la ba s6 thuc théa man xyz = 1. (y+0°+2°+1 2yz+y+1)
Vi du 1. Cho ba s6 thuc duong X, y, z thda 1 < 1
man xyz = 1. Chitng minh rang 2B < 1, vGi @+ D2 +x2+1 2Azx+z+1)
B= 1 i 1 + 1 ' Cong theo vé ba dang thic trén ta dugc
2x2+y?+3 2y%+7%43 2722+x%+3 o] 1 1 1 1
<— + =—
L&i gii. Vi (x - y)2 + (x - 1)2 >0 nén 2{1+x+xy T+y+yz T+z+2zx | 2
X2+y?2-2xy+x2+1-2x20 (theo (1)), ta c6 dpcm.
S22 +y2+322(xy +x+ 1). axh
1 1 ’ Vi du 3. Cho ba sé thuc duong a, b, ¢ thda
Do d6 ———5——=< . man abc = 1. Chiing minh rang D > 1, véi
27 +y*+3  2xy+x+) a b c
= + + .
Tuong ty — 1\2 < 1 : : a+2b b+2c c+2a
2y° +z°+3 2yz+y+T) Lai giai. Viabc = 1 nén
1 < 1 a a 1 S 1

222 +x2+3 2Azx+z+1) a+2b ga+2ab’c 1+2b% 1+b? +b2c2
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(do ap dung bat déng thirc Cosi véi hai s6 duong
b? va b%c?). :
Tuong tu
b > 1 ; c_ 5 1 '
b+2c 1+c? +c2a?2 c+2a 1+a? +a%h?
Do dé

> 1 . 1 . 1 ,
1+b2 +b%c? 1+c?+c%a? 1+a’ +a%b?
(do (2)), ta c6 dpcm.
DAng thic xay ra khiva chikhia=b=c=1.
Nhan xét. Qua cac vi du trén, chung ta nhan
thay diém mau chét dé giai dugc cac bai toan &
trén 1a nhan ra cac dng thic (1) va (2).

=1

2z : 2z _ 2
2+2Z+2ZX XyZ+2Z+ZX XY+2+X

X+Xy+2
2+X+xy

Do d6 M = =1, ta cé dpcm.

Vi du 4. Cho ba s6 thuc duong x, y, z thda
man xyz = 2. Chling minh ring
X N 2y . 4z
2x? +y2 +5 6y2 +22+6 322 +4x% +16

<l
2

bang thuc 2. Cho ba so6 thuc duong a, b,
théa man xyz = 2. Chitng minh réng
X y 2z
= + + =
2+X+xy 1+y+yz 2+2z+2X
(Dé thi vao Idp 10, PTNK, PHQG HCM;
Nam hoc 2009-2010)

1. (3)

L&i giai. Vi xyz = 2 nén
y _ Xy X .
1+y+yz X+Xy+Xyz X+Xy+2'

~ L4i gidi. Tuong tu thi du 1, ta cb

X X
< ;
2x% +y? +5 20Xy +x+2)
2y .y y :
6y2+z2+6 Ayz+y+1) 2Ayz+y+1)’

4z < 4z _ z
372 4 4x2 +16 Hzx+2z+2) zX+22+2
Cong theo vé ba bat dang thitc trén va két
hgp vai (3), ta suy ra dpcm.
Déng thic xay ra khi va chi khi
x=y=1,2z=2.
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toan khac.

Bai toan 1. Giai va bién luan phuang trinh
mx?-2(m-2)x+m-3=0
vGi m 1a tham sé.

(1)

Lai gidi. Ta xét hai trudng hop.
JTH1. m = 0. Khi d6 (1) c6 dang
/ 4x-3-0ox=3,

4

TH2. m= 0. Tacod
A=Mm-22-mm-3)=4-m.

+tAN<0s4-m<loesm>4,

Khi d6 (1) v6 nghiém.

+AN=0s4-m=0m=4.

Khi d6 (1) c6 nghiém kép

+A>024-m>0= m<4.
Khi d6 (1) c6 hai nghiém phan biét

Toan Tubi tho 2 s6 84 da dang bai viét Cdc dang
todn vé phuong trinh béc hai chira tham sé. Trong
bai viét nay téi cung trao d6j voi cac ban mét sé bai

CAO QUOAC CUONG (GV. THCS Vinh Tudng, Vinh Phuc)

Tiép tuc vé phuong irinh bdc hai
chua tham so0

+Néua=1thix=1.

Thay vao (1) ta dugc a = -2.

Khi d6 (1) ¢ hai nghiém la 1 va -2, con (2) co
nghiém kép l1a 1: loai.

TH2. Ca hai phuong trinh (1) va (2) déu vo
nghiém

{A1<0 1-4a<0
eq =
Ap<0  |a°-4<0

a>1 1

4 o —<ac<?.
-2<a<2

Vay véi %<a < 2 thi hai phuong trinh da cho

tuong duong.

Bai toan 3. Cho phu’dng trinh
x2 - (m - 2)x — m2 + 3m — 4 = 0 (m la tham s6).
Tim m dé ti sé giita hai nghiém clia phuong

m-2+vJ4-m
X1'2 = ——
m
Bai toan 2. Cho hai phuong trinh
XX+x+a=0 (1)
va x2+ax+1=0 (2)(alatham s6).

Vai gia tri nao clia a thi hai phuong trinh trén
tuang duong?

L&i giai. Hai phuong trinh tuong duong néu
xay ra moét trong hai trudng hgp sau:

TH1. Moi nghiém cla (1) déu la nghiém cla
(2) va ngugc lai.

Gia sl x, 1a mét nghiém chung cla (1) va (2).

Khi d6 x4 + xg +a=0;x3 +axg +1=0.

Suyraxy+ta=ax,+t1ex@-1N)=a-1

+ Néu a = 1. Khi d6 thay vao (1) ta tinh dugc
Ay=1-4a=-3<0:v0livi(1)cb nghiém.

trinh cé qi4 tri tuyét ddi bang 2.

2 .
Lai gidi. Viac = —[m —%) —:7{ < 0 nén phuong

trinh c6 hai nghiém phan biét trai ddu x,, x,.
Dé ti s6 gitta hai nghiém ctia phuong trinh cb
gia tri tuyét d6i bang 2 thi
Xy=- ,2x2 hoac Xy = - 2x1
hay (X, + 2X,)(x, + 2x,) = 0. Tirc la

2(x12 +x%) +5x4Xp =0 & 2(x¢ + x2)2 +XXo =0.
Theo hé thirc Viét ta c6
X{+Xg =m-2
‘ X1X9 = -m? +3m-4.

Dod62(m-22-m?+3m-4=0
©m?-5m+4=0¢em=1hoscm=-4.

Vay v6i m = 1 hodc m = —4 thi ti sé gilta hai
nghiém cla phuong trinh da cho c¢6 gia tri tuyét
d6i bang 2.
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Bai toan 4. Cho phuong trinh -
x> -px+p=0
véi p la mét s6 nguyén duong.
Tim p dé phuong trinh c6 nghiém nguyén.

LJi gidi. Ta c6 A = p? — 4p.

D& phuong trinh c6 nghiém nguyén thi A phai
14 s8 chinh phuong. :

Suy ra tén tai s6 nguyén duong k dé

p2-4p=K2 = kZ-(p-2)°%=4
ok+p-2)k-p+2)=4.

Vik+p-2+k—-p+2=2k la métsd chin
nén ca haisd k + p—2va k- p + 2 déuschan.

Tedbk+p-2=k-p+2=2

hodic k+p-2=k-p+2=-2.

Suyrap=2.

Khi dé phuang trinh da cho trd thanh

x2 — 2x + 2 = 0: vb nghiém.

Vay khong ton tai s6 nguyén p dé phuong

trinh da cho c6 nghiém nguyén.

Bai toan 5. Cho p la mot s6 nguyen 1o, a la

mét s& nguyén duong thda man 1+ 2v/a khéng
14 s6 nguyén t3. Chimg minh rang phuong trinh

sau khong c6 nghiém hitu ti: x2 - 2Jax -p =0.

Loi gidi. Gia sit phuong trinh da cho c¢b
nghiém hitu ti.

Tirc 1a khi d6 cac nghiém x =+/a £ Ja+p déu
la nhimg s6 hiu ti.

Do d6 a, a + p déu la nhitng s6 chinh phuong.

Détazmz,a+p=n2,v6im,ne N, m<n.

Suy ra p =n? - m? = (n + m)(n - m).

Vip la sd nguyén td va n + m > n — m nén

n+m=p;n-m=1.

Do d6 p—1=2m=>p:1+2m=1+2\/§: vo i
theo gia thiét, ta c6 dpcm.

Bai toan 6. Tim tdt ca cac gia tri cla a dé
phuong trinh sau c6 it nhat mét nghiém nguyén:

2x2 —(4a +121Jx +4a%+7=0.
Lai giai. Gia s phuong trinh c6 moét nghiém
nguyén la x,.
Ta viét lai phuong trinh dudi dang
'4a2 —4axq + 2x(2) —%xo +7=0.

Coi day la phuong trinh bac hai véi 4n a.
Diéu kién d& phuong trinh ¢ nghiém la

A'20@4x%—22x0+28s04:>2£x0sz.

N

Vi x, la s6 nguyén nén x, € {2 ; 3}.

Véix, =2, tatimdugca=1.

+
V@i x, = 3 ta tim dugc a = 6’2\/5.
+
Vayv@ia=1hoaca= 6 '2\/5 thi phuong trinh

da cho cé it nhat mot nghiém nguyén.
Bai tap ap dung
Bai 1. Cho phuong trinh
(m-2)x2-2(m+ 1)x+m-5=0.

a) Gidi va bién luan phuong trinh.

b) V@i gia tri nao clia m thi phuong trinh trén
c6 mot nghiém béng binh phuong cla nghiém
con lai. k!

c) V4i gia tri nao clia m thi phuong trinh da
cho tuwong duong v&i phudng trinh

X2+ (@2m-1)x+m?-3=0.

Bai 2. Cho hai phuong trinh

X2 mx+ng=0(1)

va x2

+MyX +n, =0 (2).

Biét m,m, > 2(n, + n,).

Chitng minh rang it nh&t mét trong hai phuong
trinh trén c6 nghiém.
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TRONG

1. Ngay tir théi Thugng c8, loai ngudi da biét sir
dung cdng cu hinh hoc dé gidi cac bai toan dai
s8. Trong cac Kim ty thap do ngudi Ai Cép xay
dung cach day trén ba nghin nim, nhitng hinh vé
dugc khdc trén vach da da chimg té ho biét
chitng minh bat ding thirc Cési vdi hai s6 duong
tir rat som. Trén dudng thdng xy 14y ba diém A, H,
B sao cho AH = a, HB = b. Budng thing ké tir H,
vuéng géc vGi AB cit nlra dudng tron tam O
dudng kinh AB tai C.
C

A H O B
Vi CH? = ab nén CH = /ab.

Ma CO > CH nén a;szaTb.

Déng thc xay ra khi va chi khi H tring O,
nghia 1a khi va chi khi a = b.

Ngay nay, st dung cac tinh chét da biét cGa hinh
hoc c6 thé gidi cac bai toan dai sé phirc tap hon.

Bai toan 1. Cho a, b, ¢ 1a cac s6 duong.
Chimg minh rang:

VaZ —ab+b? + Vb2 —bc +c2 > Ve + ca+a’.
L&i gidi. Dung hai tam giac ABC va BCD sao
choAB =a, BC =b, BD =c, ABC = CBD = 60°.
Khi 36 AC2 = a2 — ab + b?; CD? = b? - bc + Z;
AD? = a? + ac + ¢ : :
ViAC + CD > AD nén suy ra dpcm.
Déng thirc xay ra khi va chi khi A, C, D thing
1 1

hang, nghia la khi va chi khi l+— =—,
a c b

PHUONG PHAP HINH HOC

DAI SO

PGS. LE QUOC HAN (Khoa Toan, Dai hoc Vinh)
A

60° b
60°

D

Bai toan 2. Cho s nguyén n > 1.
Chitmg minh réng
2
Vn2 —14yn?-22 4 . +\/n2 —(n-1? <n—:—.

L&i giai. Dung mét phan tu duéng tron tam O,
ban kinh bang 1.

Chia doan OB thanh n phan bang nhau bdi cac
diém chia B, B,.... B, _ 1

Tt B,, B,,... , B, _ , dung cac dudng thang
vuéng géc vdi OB, cat cung tron tai C,, C,,...

Cn-—1' A C1

Cy

O B, B, B _,B
Dung n — 1 hinh chif nhat c6 mét canh bang 1
. n
canh con lai tuong (mg la B,C,, B,C,.. ,
B,_C

n n-1




Goi S la tdng dién tich clia n — 1 hirh chif nhat
trén. Theo dinh li Pytago, ta c6

BiCi= 1_12=’1'“”‘2‘1?'3202=-1-\ln2—22;...
n n n

B.C, :11ln2_(n_1)2.

n

14

V6i chi § S < Sqoy oap =7 V2

S=—:|2—[\/n2 —1+Vn2 —22 . 4 n? —(n—1)2J

n
ta suy ra dpcm. ‘

2. Vao dau thé ki XVII, nha toan hoc Phap
R.Descartes (1596 - 1650) dua ra phuong phap
toa d6. Tir d6, viéc slr dung cong cu dai s dé giai
cac bai toan hinh hoc ngay cang dudc ap dung
rong rai. Tuy nhién, rat it ngudi thuc hién theo
chiéu nguoc lai: ding céng cu hinh hoc d€ gidi
bai toan dai s6. Sau day la motsGvidu.

Bai toan 3. Ching minh rang v8i moi s6 thuc
a, b, c, d thi

Ja2 +b2 +Vc2 + &2 > Jla+c)2 + (b +d)2.

L&i gidi. Trong mét phdng véi hé toa dé vudng
géc xOy, lay hai diém M(a ; b) va N(-c ; — d).

v4

d

Khi d6 OM = Va2 +b2;0ON = vc? + d?;

MN = \(a +c)? + (b+d)2.

Vi OM + ON > MN nén suy ra dpcm. Déng thitc
xay ra khi va chi khi M, O, N thang hang, nghia la
khivachikhia:c=b:d.

Bai toan 4. Tim m dé phuong trinh sau c¢b

nghiém \/x2 + X +_1 —\/x2 -x+1=m.
L&i gidi. Lay cac diém

A( L 'ﬁ},B[‘l —\/-5-] va M(x ; 0).

272 18272

yA
A B
X 0 _ M X

Ta thdy AB = 1 va
MA = x2+x+1; MB=\/X2—X+1.

VijMA-MB| <AB nén |m| < 1.
Vi AB // Ox va M nam trén xOx’ nén déu déng
thirc khéng xay ra.

Hon nita, \[x2 +x+1-x2 —x+1 bién thién tir
0 dén 1 khi'M chuyén dong trén tia Ox, va tir —1
dén 0 khi M chuyén dong trén tia Ox’.

Vay -1<m< 1.

Bai tap tu luyén.

Bai 1. Chimg minh bét dang thirc

a) Je(a—c) +Jc(b—c) < Vab, véi a,b>c>0.

b) va2 - v/2ab + b2 + b2 —\/3bc + c2
2\/a2—\/§—«/§ac+cz, vGia, b,c>0.

Bai 2. Tim gia tri nhd nhat cla biéu thirc

a)y =V +x+1+Vx2 —x +1.

b) y=\/x2—2px+2p2+\/x2—2qx+2q2,

véi p, q la hai s8 cho trudc khac nhau.
Bai 3. Tim m dé phuong trinh sau c6 nghiém

a) \/xz—x+1+\/x2—\/§x+1=m.
b) \/x2+x+1+\/x2—x+1=m.

Bai 4. Xac dinh diéu kién clia a, b, ¢ dé hé sau
cb nghiém duong va xac dinh nghiém duong dé:

a=qx2+xy+y?

b=\/y2+yz+z2
c=\/22+zx+x2.

Bai 5. Cho a,, a,,... , a, 1a n s thuc bat ki.
Chimg minh bat déng thic

‘/312 +(1_32)2 +\/a%+(1_-a3)2 +o.t
+ Ja,z,_1 +—(1—an)2 +\/;-(1—a1)2 Zn—\?,




Bai toan con budm. Cho [ Ia trung diém cla
day cung AB clia dudng tron (O). Qua | vé 2 day
cung tuy y MN va PQ sao cho M, Q ndm clng
phia so véi AB. Cac day cung MP va NQ cat AB
Ian lugt tai E va F.

Chimg minh rang | 1a trung diém clia EF.

Chimg minh. Goi H, K lan luot I trung diém
ctia MP va NQ.

Ta c6 IOE =IHE (vi t giac IOHE néi tiép)
=IKF (vi AIMP ¢ AIQN)

=[OF (v tir giac IOKF ndi ti€p).
Do d6 AOEF can tai O = IE = IF (dpcm).

Mot vai ing dung.

\[Ing/dung cud
BAI TOAN CON BUDM

HOANG PUC NGUYEN

*  (GV. trudng THPT chuyén Pai hoc Su pham Ha N6i)

B M C

Bai toan 2. Cho AABC nhon ¢ dudng cao AD;
O va H lan lugt 1 tdm dudng tron ngoai ti€p va
truc tam. Pudng thang qua D va vudng géc véi
ODcatABtaik.

Chimg minh rang DHK + AHC =180°.

Bai toan 1. Cho AABC nhon cé trnyc tam H.
Goi M Ia trung diém clia BC. Budng thing qua H

Chimg minh ring AMPQ can.

va vudng géc véi MH cit AB, AC Ian lugt tai P va Q.

L&i gidi. Goi giao diém cta BH vdi AC 1a B,
citaCHvVGiABIaC'.

Vi tir giac BCB'C’ ndi tiép dudng tron tam M
nén theo bai toan con budm ta c6 HP = HQ.

Do d6 AMPQ can tai M (dpcm).

LJi gidi. Goi giao diém th hai cla dudng
thdng AD vdi dudng tron (O) 1a |, clia KD véi IC
jaL.

A

Ta thdy DI = DH va DL = DK (theo bai toan con
buém). .
Do d6 AIDL = AHDK (c.g.c) = DHK = DIL.
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Vay DHK + AHC = AIC + AHC =
=IHC + AHC =180° (dpcm).

Bai toan 3. Cho AABC nhon néi ti€p dudng
tron (O) c6 H la tryc tam va tgBtgC = 3. BH va CH
theo thir tu cat (O) tai B’, C’; B'C’ cit AH tai P.

Ching minh réng P 1a trung diém clia AH.

Lai gidi. Goi Q va A’ 1an luct 1a giao diém clia
AH véi BC va dudng tron (O).

Ta c6 tgBtgC = 3 < tgBtgBHQ= 3
> BB 3 aa-3aHs AH=20f (1)

QB QH

Do d6 AH = HA’ (vi QA’ = QH).

Theo bai toan con budm ta c6 HP = HQ. 2)

Tir (1) va (2) suy ra PA = PH hay P la trung
diém cia AH (dpcm).

=

H

B\QL/ C
~

Bai toan 4. Cho AABC néi ti€p dudng tron (O)
c | 1a thm dudng tron néi tiép. Cac dudng thing
BI, Cl cét (O) tuong (g tai B’, C". Goi K, D thir tu
la giao diém cla Al véi B'C’ va BC.

Gid sir AB + AC = 2BC.

Chimg minh rang | la trung diém ctia KD.

Lai giai. Gia st Al cat (O) tai M (khac A).

Ta thady AMAC <> ABAD (g.g).

Qy

,B0_CD__BC
AB AC AB+AC
_ABBC _AB _MC _1

én

N (1)

" AB+AC 2 MA 2
A+C

Xét AMIC ¢6 MIC = = ICM.

Vay AMIC can tai M = MC = MI. (2)
Tur (1) va (2) suy ra 1A= IM.

Theo bai toan con budm ta c6 IK = ID (dpcm).
Bai tap tu luyén.

Bai 1. Cho hai tam giac nhon A BC va A.BC

cung ndi ti€p trong dudng tron (O), cb truc tam
tuong ding 1a H,, H,. Goi P, Q 1an Iuat Ia giao diém

cla H,H, véi AB,AC.

Biét raing AqH,H; = 90°.
Ching minh rang A,P = A, Q.
Bai 2. Cho tir giac ABCD néi ti€p dudng tron

(O). Hai dudng chéo AC va BD cét nhau tai | khac
O. Mét dudng thdng qua | vudng géc véi Ol cat
canh AB va CD tai M va N.

Chitng minh rang AB = CD < BM = CN.
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Tinh chat sau day clia truc tam tam giac co
nhiéu (ing dung trong viéc gidi cac bai tap hinh hoc.

Tinh chét. Cho AABC c6 H 14 truc tam, O Ia
tam duding tron ngoai ti€p va M 1a trung diém BC.
Thé thi AH = 20M.

Chimg minh. Xét trudng hgp AABC nhon (cac
trudng hgp khac ching minh tuong tu).

Vé dudng kinh BD cla (O),

A

Vi DAB = 90° nén DA L AB.

Ma CH L AB nén DA // CH.

Tuong tu DC // AH.

Suy ra t giac DAHC Ia hinh binh hanh.

Do d6 DC = AH. .

Ma DC = 20M (vi OM la dudng trung binh clia
ADBC) nén AH = 20M (dpcm).

Bai tap ap dung

Bai toan 1. Cho AABC nhon ndi ti€p dudng
tron tam O. Goi M, N va P 1an Iuct Ia trung diém
cac canh BC, CA va AB. Chimng minh rang cac
dudng thdng qua M song song vdi OA, qua N
song song v@i OB va qua P song song v8i OC
dong quy. -

L&i giai. Goi H 12 tryc tam AABC; | va E lin

luct 1a trung diém cGa HA va HO.

ViAH = 20M nén Al = IH = OM.

Ma AH // OM (do cung vudng goc vdi BC) nén
céac tir giac AIMO va IHMO Ia hinh binh hanh.

VE TRUC TAM TAM GIAC

DANG HAI GIANG
(GV. THCS Thij trén C4m Xuyén, Ha Tinh)

Suy ra MI // AO va E la trung diém clia M.

Tic 1a E thudc dudng thang qua M song song
véi OA.

Tuong tu E ciing thudc cac duding thing qua N
song song vGi OB va qua P song song v&i OC.
Tir d6 suy ra dpcm.

Bai toan 2. Cho AABC nhon c6 H 4 truc tam.
Chimg minh rang 9 dim gém chan ba dudng
cao, trung diém ba canh va trung diém cac doan
HA, HB, HC ddng vién.

L&i gidi. S dung hinh vé va chimng minh cila
bai toan 1tac6:

ED=EM=El= Ml =L0A.
23

S{r dung cac két qua tuong tu va két hgp vai
OA = OB = OC ta suy ra 9 diém da cho cung
thudc dudng tron tam E.

Bai toan 3. Cho AABC nhon ndi ti€p dudng
tron tdm O c¢b cac dudng cao-AN va CK. Budng
tron ngoai ti€p ABKN cét dudng tron (O) tai diém
thir hai M. Goi | 1a trung diém cGa AC. Chimg
minh IM 1L MB.

L&i giai. Goi H la tngc.tam clla AABC, J la
trung diém BH. :

Ta thdy J la tam dudng tron ngoai ti€p ABKN
va BH la dudng kinh ctia (J).
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Vi IHJO ia hinh binh hanh nén IH // OJ.

Mzt khac, vi M, B la giao diém cla hai dudng
tron (O), (J) nén OJ L MB.

Suy ra |lH L MB.

Ma BH la dudng kinh cta (J) nén HM L MB.

Tir d6 suy ra |, H, M thdng hang va IM 1 MB.

Bai toan 4. Cho tir giac ABCD ndi ti€p dudng
tron (O ; R). GoiH,, H,, H,, H, thir tu & tryc tdm
clla cac tam giac ACD, BCD, ABD va ABC.

Chimg minh rang:

a) BH,, AH,, CH, va DH, déng quy.

b) B6n diém H,, H,, H,, H, dbng vién.

L&i giai. a) Vi AH, = BH, (= 20M) va AH, // BH,
(vi cung vudng géc véi CD) nén tr giac AH,H,B
1a hinh binh hanh. ]

Suy ra AH,, va BH, cét nhau tai trung diém |
cla mbi dudng.

Ch(tng minh tuong tu véi cac cap diém khacta

suy ra BH,, AH,, CH, va DH, dong quy tai trung

diém | cha méi dudng (dpcm).
b) Lay O, déi x(mg vdi O qua |.

Vi tit giac DOH,O, Ia hinh binh hanh nén O, H,
=0D =R.

Chimg minh tuong tu ta cb

O,H,=0,H,=0,H,=R.

Vay bon diém H,, H,, H; H, cing thuéc
dudng tron tam O, ban kinh R (dpcm).

Bai toan 5. Cho dudng tron tam O ban kinh R
va diém P ¢8 dinh ndm ngoai dudng tron. Vé ti€p
tuyén PA va cat tuy&n PBC (A, B, C nam trén (O)).
Chimg minh rang khi cat tuyén PBC thay déi thi
tnc tam H cia AABC chay trén mot duang cb dinh.

M

Q

Lot gidi. Goi | 1a hinh chiéu cla O trén BC, K
la trung diém ciia AH. Lay O’ d6i x(mg védi O qua
trung diém ciia PA.

Ta thdy O’ 1a diém c6 dinh va t& giac AOPO’ la
hinh binh hanh.

Suy ra O'P //AO va O'P =AO.

Ciing vi t giac AOIK la hinh binh hanh nén

AO // Kl va AO = KI.

Suy ra O'P // Kl va O'P = KI. Tur d6 t& giac
O'PIK Ia hinh binh hanh. Suy ra O'K // PI.

Ma Pl L AK nén O'K 1 AK.

Suy ra AO'AH can tai O' = O'H = O'A.

Tir d6 H thudc dudng tron ¢6 dinh tam O’ ban
kinh O’A (dpcm).

Bai tap tu luyén.

Bai 1. Chimg minh réng tnfc tam, trong tm va
tam dudng tron ngoai ti€p clia moét tam giac cung
nam trén mot dudng thang (dudng théng Ole).

Bai 2. Cho dudng tron (©) va ba diém A, B, C
thay déi trén (O) sao cho truc tam H clia AABC |a
moét diém ¢d dinh nam trong (O). Tim quy tich
chan cac duong cao cla AABC.
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Tim cut Iri
co diecu kien

THAI HOU HUE (GV. THCS Quang Léc, Can Léc, Ha Tinh)

Co rét nhiéu phuong phap gidi mét bai toan bat dang thuc (BDT), nhung chung ta
cén tim mét phuong phap giai ngén gon nhét. Déc biét, chung ta can tao ki ndng chimg
minh BDT. Khi tim hiéu vé BDT, chung téi nhan thdy mét sé BT c6 bién sé xac dinh
trong cac doan thi ta can xem xét kT gia tri cac bién 6 do dé lap ra mét BET dung, réi
tir BDT dung nay, ta bién d6j thanh BDT phai chimg minh.

Bai toan 1. Chocac s6 thuc x, y, z € [-1; 2]
thda man diéu kiéen x +y + z = 0.

Chimg minh rang x2 + y2 + z2 < 6.

Loigidl. Vixe [-1;2]nén (x + 1)(x-2)<0
o x2<x+ 2.

Tuong tuy2 <y +2;22<z+ 2.

Cong vé theo vé clia ba BDT trén ta dugc

x2+y2+22<x+y+z+6=86.

DPang thirc xay ra khiva chikhix,y, ze {-1; 2}
vax+y+2z=0 e trong ba sé X, y, z co hai s
bang —1, s& con lai bang 2. -

Bai toan 2. Cho cac s6 thuc x,y, z€ [0 ; 2]
théa man diéu kién x +y + z = 3.

Chimg minh rang x2 + y2 + 22 < 5.

Ldi gidi. Vix,y,z€ [0; 2] nén

(x - 2)(y - 2)(z - 2) <0.
Sl dung gia thiét x +y + z = 3 ta duoc
XyZ—2(xy +yz+ zx) + 4(x +y+2) - 8<0
oxyz+ (X2 +y2+2) - (x+y+2°2+4<0
oxyz+ (X2 +y2+ 2% <5,

Tir d6 két hop véi xyz > 0 ta suy ra

x2+y?+22<5.

Déng thirc xay ra khi va chi khi

(X-2)(y-2)(z-2)=0;xyz=0vax+y+z=3
« trong ba s6 x, y, z ¢ mét s6 béng 2, mét s6
bang 0, s& con lai bang 1.

Bai toan 3. Chocacs6thuca, b,ce [-2; 5]
théa man diéu kién.a + 2b + 3¢ < 2.

Chimg minh ring a2 + 2b? + 3c2 < 66.

(D€ thi tuyén sinh Idp 10, nam hoc 2009-2010

S8 GD-DT Ha Tinh)

L&i gidi. Tuong tu nhu bai toan 1, tir
(a+2)(a-5)<0tasuyraa?<3a+10 cung cac
két qua tuong tu b2 < 3b + 10 va ¢? < 3¢ + 10.

Suyra

a2+ 2b% + 3c? < 3(a + 2b+ 3c) + 60 = 66 (dpcm).

Péng thifc xay ra khi va chi khi

a=-2,b=5c¢c=-2

Bai toan 4. Cho cac s thuca, b,ce [0 ; 1].

Chimg minh réng

a?+b?2+c?<1+a’b +b+ ca.
L&i gidi. Via, be [0; 1] nén
a(1 - b) = a%(1 - b).
Tuong turb(1 —¢) > b%(1 - ¢); (1 —a) 2 cX(1 -
Cong theo vé ba BDT trén ta suy ra
a+b+c—-(ab+bc+ca)
> (a2 + b? + ¢?) - (a?b + bZc + ca)
e 1-(1-a)1-b)1-c)-abc
> (@2 + b% + c?) - (a%b + b% + cZa)
& 1+ (a?b + b% + c?a) - abc
>(@%2+b%2+c?)+(1-a)1-b)1-c).

Ma(1 - a)(1 - b)(1~-c) 20 vaabc >0 nén suy
ra dpcm.

Bai toan 5. Cho 2010 s6 thuc

?1, Ay, By € [0;1].

Chimg minh rang

(14, +@y+...+ A2 2 4(af +a5 +... + a5p10)-

L&i giai. V&i cac s6 thuc x, y bat ki ta co

(X - Y220 & (X+Y)? 2 4xy.

Apdungvdix=1,y=a qta,+.. +a,y,,tacod

(1+a,+a,+..+ a2010) > 4(a1 +a,+... + y40)-




o Xi nay CO GHiNA phutong khing?

Cho s tu nhién S c6 2011 chit s6, trong d6 ¢6 2010 chir s6 5 va mdt chit s
a khac 5. Hai S c6 phai la s6 chinh phuong hay khéng?
CAO QUAC CUONG (GV. THCS Vinh Tuong, Vinh Phuc)

Céach dung. Dung mét dudng tron tam O cét
Ox, Oy tuang (ing tai cac diém A,, A,

Trén (O) dung lién tiép cac diém cac diémA,,
Ay-- + Ay PhaN bigt, khac A, A, théa man AA,
=AA, = = AAy =AA,.

Trén cung A A, cla (O) dung lién tiép cac
I diém cac diém B,, B,..., B,; phan biét, khacA,,
I A, théa man
| AgoB1 =BiB, =BBy=.. =B sBi; =AAy,:
1 Tadugc cactia OA,, OB,, OB,,.. , OB, théa

® Xét qua I_- H{PI THE NHB'D (TTT2 s 84) :

man diéu kién bai toan.
Chumng minh. Theo cach dung ta c6
A,0A; = A30A, = ... = Ajg0A, = AJ0A, =19°.

" Ma 192 = 361 nén A,0A, = 361° —360° =1°.

Suy ra

A,,OB, =B,0B, =B,0B; =..

.. =B,gO0B,7 =B;70A, =1°.

Bién luan. Bai toan luén dung dugc va cé mét
nghiém hinh.

Nhan xét. Bay la mét bai toan quen thudc.
Toa soan nhan duge nhiéu 16i giai cGa cac ban.
Ngoai cach dung quen thudc trén, cac ban con
c6 them mét s6 cach dung nifa, vdi y tidng 1a
lan Iugt tao ra cac géc 60°, 30°, 15°, 4°, 20, 10 I
hodc 95°, 5°, 20°, 1°, "

Céc ban sau dugc thudng ki nay: Trén
Phuong Nga, 9C, THCS Thanh Thly, Pha Tho;
Nguyén Dirc Tho, 9C, THCS Phan B6éi Chau, Tu
Ky, Hai Duong; Nguyén Bang Huy, 6A, THCS
Hoang Xuan Han, Birc Tho, Ha Tinh; D4u Hong
Quén, 8D, THCS Cao Xuan Huy, Dién Chau, I
Nghé An; Nhém ban Lé Chi Hiéu, Pao Anh 1
Tuyét, Nguyén Pinh Hién, 57B Quang Trung, |
TP. Quang Ngai, Quang Ngai. i

ANH COMPA |

Ma véi mdiie {1;2;..; 2010} ta cb a; > a?
(vi theo gia thiét a, € [0 ; 1]).

Tir d6 suy ra dpcm. .

Déng thirc x3y ra khi va chi khi trong 2010 s6
da cho cb 2009 sé bang 0, s& con lai bang 1.

Bai tap luyén tap. ' ‘

Bai 1. Chocacséthuca, b, ce [0 1].

Chimg minh rang aZ + 2b2 + 3¢2 < 60;

2a@%+ b3+ <3+a% +b%+ca
Bai 2. Chocac séthuca, b, ce [0 1].

b c
+ + <
bc+1 ca+1 ab+1

Chitng minh rang

1 q; |
<3< :
2010 b; 2009

Bai 3. Cho véi a;, ay..,

5000 V@ by, Dy.-.. s bogyq 1@ cac s6 thuc duong.
Chimg minh ring

1 <Htat..tapio o1
2010 - b1 +b2 +...+b2010 —2009




héi nhu sau.

Bai toan. Cho dudng tron tdm O ban
kinh r va day cung BC c6 dinh khac dudng
kinh. A 1a mét diém chuyén déng trén cung
I6n BC sao cho AABC nhon. Cac dudng
cao AD, BE, CF clla AABC cét nhau tai H
va tuong (ng cat (O) tai P, Q, R. Goi M, N,
S tuong Ung 1a trung diém ctia BC, CA, EF.

Chimg minh rang:

1) Céac tir giac AEHF, BCEF noi tiép.

2) QR // EF.

3) OA L EF.

4) 2S g = (DE + EF + FD).

Tu d6 xac dinh vi tri cia A dé chu vi
ADEF 16n nhét.

5) Téng BH-BE + CH-CF khong déi khi A
chuyén déng trén cung 16n BC nhung luén
théa man AABC nhon.

6) H [a tdm dudng tron ndi ti€p ADEF.

7) AH = 20M.

8) AS.r = AM-OM.

9) Goi (O, ; Ry), (O, ; Ry, (O ; Ry) I&n
lugt 1a cac dudng tron ngoai ti€p cac tam
giac HBC, HCA, HAB. Chimg minh rang
R, =R, = Ry = rva A40,0,0, = AABC.

Lai giai. 1) Vi AEH = AFH = 90° nén t&
gidc AEHF néi ti€p dudng tron dudng kinh AH.

Vi BEC =BFC = 90° nén t& giac BCEF
noi ti€p dudng tron dudng kinh BC.

2) Vi tir giac BCEF noi ti€p nén BEF = BCF.

% A \ o / A
TRINH THUY HANG (GV. THCS Trung Vuong, Ha N6i)

Mét s6 bai toan hinh hoc c6 mét phén gia thiét giong nhau. Céc
bai toan nhu vay thudng co nhiéu méi lién hé véi nhau. Chang toi
thir tap hop nhiéu bai toan nhd dé€ ra mét bai toan véi nhiéu cau

Ma BCF = BQR (= %sdéﬁ) nén

BEF =BQR.
Do dé QR // EF.

4

v H
N
P
3) Vi tit gidc BCEF ndi tiép nén EBF = ECF.
Ma EBF :%sd/’\b; ECF = %sarR nén
AQ = AR.

Do d6 OA L QR.

Ma QR // EF (theo céu 2)) nén OA | EF.

4) Vi OA | EF (theo céu 3)) nén

28, = EF-OA=EFr.

Tuong tu 2S5y = FDr; 2Snop = DE-T.

Ma AABC nhon nén O nam trong AABC.

Suy ra 285 = 2S5 0F + 28grop + 2S¢poE
=r(DE + EF + FD).

Vi r khéng ddi nén tir dang thitc trén suy
ra chu vi ADEF 18n nhat khi va chi khi S
I8n nhat. :

Mat khac ta c6 Sppc = %BC .AD, véi BC

ABC

| p—



khéng déi.
Do d6 chu vi ADEF 16n nhat khi va chi khi

AD 18n nhat.

Khi d6 A la trung diém ctia cung Ién BC.
5) Vi ABDH «» ABEC (g-g) nén

:BB = —B—H- < BH-BE = BD-BC.

BE BC
Tuong tu CH-CF = CD-BC.
V@i cha y D thuéc canh BC (do AABC
nhon) ta suy ra
BH-BE + CH.CF = BD-BC + CD-BC
= (BD + CD)BC = BC?: khong déi.
6) Vi cac tir giac BCEF, CDHE ndi ti€p nén

BEF = BCF =DEH.

Suy ra EH la tia phan giac cla géc DEF.
Tuong tu DH 4 tia phan giac ctia géc EDF.
Suy ra H la tm dudng tron ndi ti€p ADEF.
7) Vé dudng kinh Al ciia duang tron (O).

Vi ACI=90° nén IC 1 AC.

Ma BH L AC nén IC / BH.

Tuong ty IB // CH.

Suy ra BICH la hinh binh hanh.

Do d6 M la trung diém HI.

Ma O Ja trung diém Al nén OM la dudng
trung binh cla AIAH.

Suy ra AH = 20M.

8) Vi AH = 20M (theo cau 7)) nén ban

Vi AAEF ¢ AABC (g-g) nén
E = EM < AS.r = AM-OM.
AM r
9) Vi BICH la hinh binh hanh nén
AHBC = AICB = R, =r.

Tuongty R, =1, Ry =r.

SuyraR,=R,=R;=r.

Mat khac, vi AHBC = AICB nén O1 déi
xing véi O qua BC.

Do d6 M la trung diém OO,

Tuong tu N 1a trung diém OO,

Suy ra MN Ia duting trung binh ctia AOO, O,

Do d6 0,0, = 2MN = AB.

Tuong tu 0,0, = BC, 0,0, = CA.

Vay A0,0,0, = {SABC (c-cc).

Nhan xét. Chac chan con nhiéu két qua
thu vi nira lién quan dén bai toan nay. Mong
cac ban tu tim hiéu thém.

Cudi cung, mdi ban doc ty gidi hai két
qua sau.

a) Gia sir d la mét dudng thdng thay déi
qua H sao cho d khéng song song véi cac
duong thang AB, BC, CA. Goi d,, d,, d,
tuong (g la cac dudng thang déi ximg vai
dudng thdng d qua BC, CA, AB.

CMR khi d thay d8i thi d,, d,, d, déng
quy tai mét diém trén (O).

b) Gia sif BC =rv2. CMR QR = 2r.

" kinh dudng tron ngoai ti€p AAEF (la ban
kinh dudng tron ngoai ti€p t&r giac AEHF)
bang OM.




Danh cho cac nha

toan hoc nho

Sﬂ HUU Ti- S() VO TI
80 DAl 50 - S0 SIEU VIET

PGS. TS. NGUT. LE QUAC HAN (Khoa Toan, Dai hoc Vinh)

TTT2 s6 75-76 dang bai viét vé da thuc bat khd quy va gidi thiéu vé tiéu chuén
Aidenstaino. S6 nay, chung toi tiép tuc gidi thiéu mét sé kién thure lién quan dén da thirc
vdi hé s6 nguyén. Do la méi lién hé gilta nghiém cla da thuc voi hé s6 nguyén vai s6

vo t, s6 hitu ti, s6 dai s6 va sé siéu viét.

Trong chuong trinh Pai s6 9, cac ban
da biét cach chimg minh két qua: Khéng
c6 s6 hitu t nao binh phuong bang 2. N6i
cach khac, +2 1a mét s6 vé fi.

Chuang ta ¢ moét s8 két qua vé sé hitu
ti va sé vé ti nhu sau:

“Cho a la mét s6 vé ti, b la mét sé hiu
ti. Thé thi:
Ya+b,a—Dblacacsd vé ti
ii) N&u b # 0 thi ab, % va L acscssvot

a

Bay gid, néu cb ai hdi ban v2 + 33 1as6
htu ti hay s& vé ti thi ban c6 thé tra 1di dugc
ngay dé la s6 vo ti. Nhung dé ching minh
khéng dinh trén thi khéng phai don gian. Xin
néu hai két qua sau dé gidi bai toan trén,

K&t qua 1. Néu r 1a mét nghiém hitu tf
cla phuong trinh v8i hé s nguyén

x"+a x4+ vax+a;=0 (1)
(v6i n € N*) thi r phai 1a mét s6 nguyén.

Chitng minh. Vi r la mét s6 hitu ti nén

=E,, vlip,qe Z,qz0va(p;q)=1.

q
Thay vao (1) ta dugc
P +a, " 'q+...+apa" T +aq"=0

ep'=q@, " '+.. +ape"2rag" Y.

Dodép":iq.Ma(p;q)=1néngqg=1.
Vay r = p hay rla mét s& nguyén (dpcm).
K&t qua 2. Néu r la mét nghiém nguyén
clia phuong trinh (1) thi r la uéc s6 cla a,.

Chimg minh. Virla nghiém cta (1) nén
M+a M~ T+ . +ar+a;=0
M2
Suy ra a, : r (dpcm).
Nhén xét. Bay gio, ap dung cac két qua
trén, ta c6 thé chimg minh /2, 313, 42.... 1a
cac s6 vb ti. Ching han, 33 I1a nghiém

clia phuong trinh x2 - 3 = 0, nhung vi phuong
trinh nay khéng c6 cac nghiém nguyén la

-1
@a;=-1""" +a _ L tar+a,)

udc s6 clia 3 nén 33 1a mét s6 vé fi.
Ta tiép tuc di chimg minh r=+/2 + 33

la mot s6 vé ti. That vay, ta cb
r—x/§=§/§=>(r—x/§)3 =3

e -3/ +6r-242 =3

cn/i(3r2+2)=r3+6r—3

=23 +2)2=(r® + 6r - 3)?

e -6rt-6r+122 -36r+1=0.
Tiec la r 1a nghiém cla phuong trinh
x6-6x*—6x3+12x2-36x+1=0

| g—




Gia st r la moét s6 hitu ti.

Theo két qua 1 thir la mét s nguyén.

Theo két qua 2 thi rla mét udc s6 clia 1.

Nhung phuong trinh trén khong c6 cac
nghiém la £1: vo li.

Vay r 1a moét sé vé ti (dpem).

Nhan xét. Ta thdy rang cac sé vo ti

V2,33, 42,... c6 chung mét tinh chat dac
trung: la nghiém cia mét phuong trinh c6
dang f(x) = 0, v@i f(x) 1a mét da thirc v&i hé
$6 nguyén. Ngudi ta goi nhitng phueng
trinh ¢4 dang nhu trén |a phuong trinh dai s6.

Cac nha toan hoc Niels Henrik Abel
(1802 - 1829), ngudi Na Uy va Evariste
Galois (1811 - 1832), ngusi Phap da
chimg minh dugdc rang khéng c6 phuong
phap dai s& téng quat nao dé giai phuong
trinh dai s6 c6 bac 16n hon bon.

FHonrik Hbel (1802-§

Ngudi ta goi nhilng s6 hitu ti va sé vé ti
la nghiém cda mét phuong trinh dai sé
nao dé la sé dai sé, cac s6 con lai goi la
s6 siéu viét.

S6 hitu ti luén la s6 dai s6. Néu mét sé
dai s6 la nghiém ctia mét phuong trinh dai
s8 bac n (n € N*) ma khéng théa man bat cir
mot phuang trinh dai s6 ¢6 bac nhd hon n
thi ta goi s& d6 la s6 dai s& bac n. Chéng

han, <2 la s6 dai s6 bac 2, xfif% lass

dai s6 bac 6. S6 dai s6 bac 1 1a s hiu ti.

Ngudi ta da ching minh dudc rang
téng, hiéu, tich, thuong (néu tén tai) cla
hai s6 dai s6 la mét s6 dai s6. Hon nira,
moi nghiém clla mét da thitc v4i hé sé la
cac s6 dai s ciing la sé dai sé.

Téat ca cac s6 c6 duge bang hiu han
cac phép toan cong, trt, nhan, chia, khai
can bac n (n € N*) cla cac s6 nguyén
duong déu la sé dai s6. Tuy nhién, diéu
ngugc lai khéng dung: C6 nhitng s6 dai s6
khéng thé tinh dudc theo cach nay.

Nhan day, chung t6i xin dudc néi thém
vé li thuyét Galois. T Iau, loai ngusi da
tim cach giai va tim céng thitc nghiém cla
tat ca cac da thirc véi bac bat ki. Bat dau
tir Viete vdi cong thitc nghiém cia phuong
trinh bac hai (Pai sé 9). Tiép d6 la
Cardano véi cong thirc nghiém caa
phuong trinh bac ba. Sau dé, ngudi ta da
gidi dugc cac phuong trinh bac bdn téng
quat bang cach dat 4n phu réi gidi moét
phuong trinh bac ba trung gian (theo cong
thirc Cardano). Tiép sau d6 la Abel va
Galois da ching minh dugc rang khéng
cb phuong phap dai s6 téng quat nao dé
giai phuong trinh dai sé c6 bac I6n hon
bén. Trubc d6, cac nha toan hoc da ching
minh dudc rang néu bang phuong phap
dai s c6 thé giai dugc mot phuong trinh
dai s6 nao d6 c6 bac 16n hon bén thi
nghiém cla phuong trinh nay (la mét sé
dai s8) c6 thé dung dudc bing thudc ké
va compa. Trai qua nhiéu thé ki, ho da bé
tac & bai toan téng quat nhat: Tiéu chudn
nao dé khang dinh mét phuong trinh dai
s6 co thé gidi dugc hay khéng? Chi bing
moét coéng trinh day chua dén 100 trang
ma sau nay dudc goi la li thuyét Galois,
bai toan trén da dugc gidi quyét tron ven.
Céac nghién clu cta Abel va Galois vé
nghiém clia nhiéu da thic c6 bac khac
nhau da dat nén méng cho cac phat trién
sau hon vé Ii thuyét nhom va cac linh vuc

TN




lién quan cla dai s6 tritu tugng sau hay.
Lan dau tién, cac gidi han clda toén hoc d4
dugc kham pha. Két qua nay giup cac nha
toan hoc thé ki 19 ap dung dé chimg minh
hai bai todn Hy Lap c6 dai néi ti€ng ma
cac nha toan hoc trudc dé da tén cong vé
ich ma khéng gidi duge. D6 1a bai toan
chia ba mét géc va bai toan cau phuong
hinh trén (khéng thé chi ding thudc ké va
compa chia ba mét gbc hoac dung chiéu
dai mét hinh lap phuong cé thé tich gap
ddéi mét hinh lap phuong cho trudc, hay'
dung mét hinh vuéng c6 dién tich bang
dién tich mét hinh tron cho truéc).

Ta ti€p tuc néi vé sb siéu viét. Nam
1851, nha toan hoc ngudi Phap Joseph
Liouville (1809 - 1882) da chimng minh su
ton tai clia s6 siéu viét,

Tuy nhién, chang ta méi chi biét mét s&
rat it cac sé siéu viét va viéc chimg minh
mot s6 la sé siéu viét 1a bai toan kho.

Nam 1874, nha toan hoc ngudi Nga
Geogr Cantor (1845-1918) da chimg minh
dugc rang hau hét cac s6 déu la sé siéu
viét. Nghia la, vé mét hinh thirc, sé lugng
cac s6 siéu viét nhiéu hon cac sé dai sé.

Nam 1882, nha toan hoc ngudi Birc
Ferdinand von Lindenmann (1852 - 1939)
da chimg -minh dugc rang = 1a mét sé siéu

viét. TU két qua nay, ta cé thé chimg minh

g, n+1, /1 ... 1a cac s siéu viét. Ching

han, dé chimg minh g l& mét s6 siéu viét,

ta gia st day 1a mét s6 dai s6. Suy ra tén
tai da thirc dai s6

—_ n n-1
f(x)=ax" +a_ _x

+...tax+a,
- A T ix

(vGia # 0, n € N*) nhan 3 la nghiém.
Tic la

n n-1
I T I
a"[E] +an_1[EJ +...+a15+a0 =0.

Khi d6 = la nghiém clia phuong trinh dai s&
ax +2a x4+ 2 tax 2 =0
Tlc la nt la mot sé dai s6: vé i
vay g la mot s6'siéu viet (dpem).

Ngay nay, ngusi ta da tim dugc nhiéu
s6 siéu viét khac khéng lién quan dén sé .
Chéng han, nam 1934, hai nha toan hoc
da doc lap chitng minh dugc dinh li ma
sau nay dugc mang tén cla hai 6ng la
dinh Ii Gelfond-Schneider: Cac s cé
dang aP, trong d6 a Ia mét s6 dai s khac
0 va 1, b 1a mét sé vé ti, déu 1a sé siéu
viét. Binh Ii nay cho ta mét I8p cac cac sd
siéu viét.

Xin dugc no6i thém vé mét cong thirc
dep lién hé gilfta cac sé siéu viét e, tva s
40 i nhu sau: €™ = -1 (céng thiac Euler).
Ba hang sd dep nay cac ban sé dugc hoc
trong truong trinh THPT.

D& két thic, mdi cac ban gidi cac bai
toan sau.

Bai 1. Chimg minh ring 3 +32 1a
mét sé vo ti.

Bai 2. Chimg minh ring v 13 mot s&
siéu viét.

Bai 3. Gia s{ f(x) la mét da thirc dai s6
théa man f(0) va f(1) 1a nhitng s6 18.

Chimg minh ring phuong trinh f(x) = 0
khéng ¢6 nghiém nguyén.

VN




HOANG TRONG HAO (Ha Néi)

LTS. Thdi gian gan day, TTT ddng kha nhiéu bai viét va cac dé toan lién quan dén bat
déng thirc (BDT), phén kién thirc tuong d6i kho di voi kha nhiéu ban hoc sinh. Tuy nhién,
rén luyén céac ki ndng chimg minh BDT khéng nhimg gitp fch cho viéc phat trién tu duy ma
con giap chung ta c6 Ioi thé hon trong cac ki thi nhut thi vao I6p 10 THPT, thi vao cac trudng
chuyén, Idp chon, thi Dai hoc, Cao déng,..sva ca thi Toan Quéc té.

Dudi day, nham déng vién céc ban hoc sinh THCS, chung téi giSi thiéu mét s6 bai toan
lién quan dén BDT va cuc trj trong Ki thi Tuyén sinh Dai hoc ndm hoc 2009 - 2010 vira dugc
B6 Gido duc va Pao tao t6 chire dau thang 7 nam 2009.

Bai toan 1. Chimg minh rang véi moi sé
thuc duong X, y, z thda man x(x +y +z) = 3yz,
ta co:

X+ Y3+ (x+2)%+3(x + y)X + 2)(y + 2)
< 5(y + z)3.

(Cau V (1,0 diém) mon Toan khéi A)

Lé&igidi. Data=x+y, b=x+z

Suyraa,b>0vaa-b=y-2z

Khi dé x(x +y + z) = 3yz
S (X +Y)X +2) =4yz & ab = 4yz,

Taco (x+y)>> + (x+2)3=a’+ b
=(a + b)(@? - ab + b?d)

= J(@+b)? [(a—b)2 + ab]

= J(a-b)? + 4ab[(a —b)? +ab]
=y -2)? +16yz[(y - 2)% + 4yz]
=y +2)? +12yz(y + 2)°

<y +2)? +3(y +2)% (v +2)°

=2y +2)°. (a)
Mat khac (x + y)(X + z) =ab =4yz < (y + 2)?
= 3(X + y)(X + 2){(y + 2) < 3(y + 2)°. (b)

Cdng theo vé clia (a) va (b) suy ra dpcm.
DPAng thirc xay ra khiva chikhix =y = z.
Nhan xét. Mau chét clia bai toan la nhin
ra hai BBT (a) va (b). Viéc ching minh (b)

tuong déi don gidn. Khi chiing minh (a), ta
cé thé chi ra duoc -
aZ—ab+b?=(y +2)%
Van dé chi yéu con lai la phai chithg minh
a+b<2(y+2). *)
Théng thudng rat khé phat hién ra (*).
Dang BDT ra theo kiéu cla bai toan nay cé
moét cach thuong duoce sir dung la dat thém
dnphuc=y+z>0.

Khi dé x+y+z=a+2+c,
a+b-c a+c-b b+c-a
X = ,y= , =
2 2 2

va gia thiét cla bai toan tuong duong véi
(@+b-c)a+b+c)=3(@a+c-b)b+c-a)
& (a+b)2-c2=3(c? - (a-b)?
& c2=a+b?-ab.
Suyradc?=3(@-b)2+(a+b)2>(a+b)?
= 2c>a+ b. Tirc la (*) da duge chimg minh.
Bai toan 2. Cho cac sé thuc x, y thay déi
va thda man (x +y)3 + 4xy > 2.
Tim gia tri nho nhat cta biéu thirc
A=3(x*+y* + x&2) — 2(x2 + y?) + 1.
(Céu V (1,0 diém) mén Toan khéi.B)
Loi gidi. Dat S=x+y, P =xy, t=x2 + y2.
Vi(x-y)2=>0nén(x +y)P224xy o S2>4P.

VRN



Tur gid thist suy ra S3+ S22 83+ 4P > 2.
Dod6S3+82-220
& (S-1)(S2+25+2)20
&S21(VisS?+25+2>0).

1
Le U2 2 _1 2 Y-
Dodét=x°+y —2((X+y) +(x~y) )

2_1g2,1
X+ =—-82>_.
( y) > >
Dodo
82 22,2 22
=2 @07y yA2)
—2(x?% +y?) +1

> %(x2 + y2)2 —2(x2 + y2) +1

2
S _ote1=[31-2] .2
2 3 9
Vi t>—1—nen gt _2_ gl_gzl
2 2 3 22 3 12
Suy ra A_>__1_+_5_=i.
144 9 16

Déng thic xay ra khi va chi khi x =y = 1

(thda man gia thiét).

[\¥]

Vay gia tri nhd nhat cla A la %
Nhan xét. Sau khi ching minh dugc S > 1,

dandént> % thi c6 nhiéu cach dé bién ddi

2 _yz)z)

Bai toan 3. Cho cac s6 thuc khong am
X,y thay d8iva théamanx +y = 1.

Tim gié tri 16n nhat va gia tri nhd nhat cla
biu thitc S = (4x? + 3y)(4y? + 3x) + 25xy.

(Cau V (1,0 diém) mén Toén khoi D)

Lai gidi. Ta cd

S = 1203 + y3) + 16x2%y? + 34xy.
=12((x + )2 — 3xy(x + y)) + 16x%y2 + 34xy
=12(1 - 3xy) + 16x%2 + 34xy (dox +y=1) .

A nhung cach biéu dién
V2 22
—2(3(x +y9)T +(x

la don gian hon ca.

x* + y* + x%y2

= 16x2y2 —2xy + 12.

E)étt:xy.Tacéosts%(x+y)2s%vé

1

2
S=16t2 -2t + 12 =[4t—z] + 19

16

ViOStSlnén —154t—
4 4

=0< 4t—— i=>ESSSE§.
4 16 16 2

xX+y=1
*S=1—9—14:>t=—1—. Khi do 1
16 16 y_1—6-

Theo dinh li Vi-ét ddo thi x, y 1a hai

nghiém cla phuong trinh X2 - X+ % =0.

3
<z
4

Gidi phuong trinh trén ta suy ra
2 + \/— 2 -3

4
hos x = 2 \/— 2+\/§.

4 4
191
Vay gia tri nho nhat clia S 1a =

16

~ .
2 4 2
A ez oeirs I . 25
Vay gia tri I6n nhat cla S fa -
Nhan xét. Thong thudng, viéc tim cuc tri
cac da thic d&i ximg nhu dé bai, véi gid
thiét x + y = a, ta thudng dat &n phu t = xy

2
WG It < aT) dé gidi. & bai toan nay thi véi

gid thiét x,y>0,thio<t<

~I>I-A

Dé két thic, mdi cac ban hay tim them
céc 13i giai khac cho méi bai toan trén.
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MOT BAI TOAN
THU VI

NGUYEN BUC TAN (TP. H6 Chi Minh)
Tinh c6, chung téi phat hién ra mét bai toan thu vi. Bai viét nay xin duoc trao
déi cung ban doc bai toan nay. )
Bai toan. Cho AABC nhon. Goi O, |, H, Ma Bl + Cl -BD - CE > 0 (do Bi >BD va
G lan luot la tam dudng tron ngoai ti€p, tam  Cl > CE) nén AB = AC (dpcm).
dudng tron nodi ti€p, truc tam va trong tam Nhan xét. Bai toan van dung trong
clia AABC. trudng hop diém X triing v6i mét trong ba diém
Gid st X € {O; | ; H; G}. Chitng minh 1a tm dudng tron bang ti€p clia AABC. Ban
rang néu XB + AC = XC + AB (*) thi AABC doc tu chiing minh (tugng tu nhu chimng

can. minh céu 2). . c
L&i gidi. 1) Xét trudng hgp X = O.
Khi dé6 OB = OC.
T (*) suy ra AC = AB (dpcm). A
2) XétX = 1.
Ve ID 1 AB, IE 1L AC (D € AB, E € AC).
A
E B X
D 3) Xét X = H.
Goi AM, BN la cac dudng cao clia AABC.
| A
N
B C
Ta thdy D, E thir tu thudc canh AB, AC va H
ID = IE.
Ap dung dinh li Py-ta-go vao cac tam
giac BID va CIE ta c6 al
BI2 - BD? = ID? = IE2 = CP - CE? B M C
— BI2- cI2 = BD2 - CE? Vi AABC nhon nén H ndm trong tam giac
& (Bl + Cl)(BI - Cl) = (BD + CE)(BD -~ CE). va M, N theo th( tu trén canh BC, AC.
Tur (*) suy ra Bl - Cl = AB — AC. Ap dung dinh Ii Py-ta-go ta suy ra

Ma BD — CE = AB - AC (vi AD = AE) nén BHZ — CH2 = BM? - CM? = AB? - AC?
(Bl + CI)(AB —AC) = (BD + CE)(AB —AC) = (BH+ CH)(BH - CH) = (AB + AC)(AB —AC).
< (AB —AC)(BI + Cl - BD - CE) = 0. ~ Ma BH - CH = AB - AC (theo (*)) nén

0000000000000 0000000000000000000000000000000000000000000000000080800000000000cc0sBBLS!
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(AB — AC)(BH + CH -~ AB —AC) = 0. Tir d6 suy ra (1).
Mat khac ta c6 BH < BN < AB. Tuong tu 2(CA2 + CBZ) :4CR2 +AB2Z. 2)
;lfdng thHé ;\C-AB AC <0 Trir theo V& ciia (1) va (2) ta suy ra

uy ra BH + - - < U 3AB2_AC2 = A&B 2 _ R2
Do d6 AB = AC (dpcm). ( 2 2 ) (2Q (32 )
Nhan xét. N6u H,, H,, H, I4n lugt la < AB"~AC”=3(GB"~GCH

diém déi xiig clia H qua BC, CA, ABthiba (viBQ = %GB; CR= %CG)

diém nay nam trén dudng tron ngoai tiép

AABC. Khi d6 bai toan van dang néu < (AB +AC)AB ~AC) =3(GB + GC)(GB - GC).
XE{H i H, ; H). MéAB*ACzGB—GC(theo(*))nén
A 12 (AB — AC)[AB + AC - 3(GB + GC)] = 0.
. Mat khac ta c6
GB + GR > BR; GC + GQ > CQ.
Suyra GB + GR + GC+ GQ > BR + CQ
H & AB + AC - 3(GB + GC) < 0.
Do d6 AB = AC (dpcm).
- Nhan xét. Néu G, G,, G, thit tu la diém
B c déi xing cia G qua P, Q, R thi bai toan van
dung néu X € {G;; G, G,}
H

A
)
4) Xét X =G.
Goi AP, BQ, CR la cac dudng trung tuyén
clia AABC. : l l
A
C

N B
R Q
G,
G K&t luan. 1) Diém X that dep, bai toan
that hay va thu vi. Hon niia, y tudng chung
B P c dé chimg minh cac két qua trén la ap dung
Ta ching minh dinh li Py-ta-go va st dung b4t dang thirc

2(BAZ + BC?) = 4BQ2 + AC2. (1) tam 7giéc.’Dé),l la n'hlfmg kién thirc hinh hoc
cd ban cla sach giao khoa.

z 3 i3 ¥ N 3 it 5 s ? L d - af
That vay, gia st N nam gida A va Q (cac 2) Bai toan trén chi st dung gia thiét

truong hgp con lai chimg minh tuong tu). AABC nhon trong tnidng hop X = H. Ba

Theo dinh li Py-ta-go ta c6 N \ .z U e
2 2 2 2 o 5, truong hgp con lai van ra két qua dang vdi
BA“+ BC = (BN“ + AN“) + (BN“ + NC“)  \ ABC bat ki.

= 2BN + (AQ - QN)* + (CQ + QN)? 3) Ngoai bén diém O, I, H, G va cac diém
= 2BN? + 2AQ? + 2QN? (viAQ = CQ) da néi & trén, theo cac ban con cé diém X
nao khac cé cung tinh chat nhu trén ha
= 2(BN? + QN?) + 2AQ? , khong? 9 y
2 ’ ’ : 2
_2802+ 27 wina-lac). _Céc ban hay tim thém cac bai toan kiéu
2 2 trén nheé.
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CHUNG M G4 T 3 T 0 TG
HUONG LA MAT 50 NGUUEN

THAI NHAT PHUONG

(GV. THCS Nguyén Van Tréi, Cam Nghia, Cam Ranh, Khanh Hoa)

Pé chimng minh gié tri cia mot biéu th&c A khdng phai la mét s6 nguyén, ta cé thé sl

dung mét s6 cach lam sau:
-Chimg minhn<A<n+1,v8ine Z.

- Biéu dién A dudi dang m (v6i m, n € Z, n # 0), rdi chiing minh m khéng chia hét cho n.
n

- Viét A dudi dang be, trong d6 b € Z, b # 0 va ¢ khodng la mét sd nguyén.

Sau day la mét s6 vi du.

Bai toan 1. Cho biéu thic

A= 1+L 1+L w1+ L .
1-3 24 99.101

Chimg minh rang A khéng phai la mot
s6 nguyén.

Lai giai. Vi mbi sé tu nhién n > 0 ta co6
_(n+1)?
nn+2)

1 n +2n+1
n(n+2) n(n+ 2)
Suy ra
22 32 42
1324357
_ 200
T 101

T d6 ta c6 dpcm.

992 _ 1002
98.100 99.101

Bai toan 2. Cho biéu thirc

a b c .
B= + + ,vdia, b, ce N*
atb b+c c+a

Chdng minh rang B khéng phai [a mét
s6 nguyén.
Lai giai. Ta c6
B>—2 b & -1
a+b+c b+c+a c+a+b

Mat khac

B 1-—L_|+[1-—C_4[1-_2
a+b b+c c+a
_3_ b L_c . a
a+b b+c c+a

b c a
<3- + + =2,
at+tb+c b+c+a c+a+b

Vay 1 <B < 2, ta ¢6 dpcm.

Baitoan 3. Cho C =

1 1
_+_
Vi+V2 J3+4
1 1 ‘ 1

+ + ot )
J5+6 J7+48 V99 + 100
Ching minh rang C khéng phai 1a mot

s nguyén.

Lai giai. Vi
1> 1 > 1 >.> 1
V1442 V2443 J100 + /101
. 1 1
nén 2C>ﬁ+ﬁ+ﬁ+ﬁ+
+ 1 + 1
J99 + 100 100 + 101

=V2=1+43 -2 +...+/101- /100

=101-1>10-1=9




1 1
+ +
N PSRN NG
1 1

=142 -1+ V3 -v2 +...+100 - B9
=+/100 =10.

Suy ra4 < C <5, ta c6 dpcm.

Bai toan 4. Chiing minh réng v6i moi s&
tu nhién x thi gia tri cGia biéu thirc

D= \/x2 + \/4x2 +/36x% +10x +3
khong thé [a mét sé nguyén.
Lai gidi. Véi x = 0 thi D khéng la mét s6
nguyén. Khi x 1a s6 nguyén duong thi
36x2 < 36x2 + 10x + 3 < 36x% + 24x + 4
& (6x)2 < 36x2 + 10X + 3 < (6x + 2)2

= B6X < V36x2 +10x+3 <6x+2
=>4x2+6x<4x2+\/36x2+10x+3<

<4x2 1 6x +2.
Ma (2x + 1)2 < 4x2 + 6x va
4x? + 6x + 2 < (2x + 2)2 nén

2x+1<\/4x2+\/36x2+10x+3 <2x+2.

Suy ra
D>\/x2+2x+1=\/(x+1)2 =X+1

va 2C <1+

va D<\/x2+2x+2< \/(?+2)2= X+ 2.
Taclax+1 <D< x+ 2, tacoddpcm.
Bai toan 5. Ching minh rang v&i moi s&

tu nhién n > 1 thi gia tri biéu thirc

E_ 3n° L1
2n? +n-1 n+1
khéng thé |a mét s& tu nhién.
Lai gidi. Ta c6

E_ 3n? L 3n? +2n-1

n+D2n-17) n+1 (M+H2n-1).

_(n+)@Bn-1) 3n-1

T (+@n-1) 2n-1

GiasCEe N. Suyra(3n-1):(2n-1).
Do dé (6n-2): (2n - 1).
Ma (6n - 3) : (2n - 1) nén
{6n-2)-Gn-3):(2n-1)
hay 1:(2n-1):volivizan-1> 1.
Vay gia tri cia E khong thé 1a mot s&
tu nhién, ta cé dpcm.
Bai toan 6. Cho n 1a mét s6 tu nhién va
s6 thuc G thda man
G2 =11111...1077777..781111111..1.
avt.wrif L9111

nchits61 nchits67 n+1chitsé

Chimg minh rang G khéng phai la mot
s6 nguyén.

L&i giai (van tat). Bién déi

9G® =(10"* ' - 19)® = 0090909..9%
Y
. n+1chirsé 9
Suyra G= %/5-3333333.:.3,
n+1chttsé 3

Vi ¥3 1a mot s6 v ti nén G la mot s6 vo
ti. Tic la G khong thé 1a mot s6 nguyén, ta
c6 dpcm.

Bai toan 7. Cho p la tich cla n s6
nguyén t6 dau tién (n € N*). Chimg minh
rang /p+1 khong la mét s6 nguyén.

Lgi gidi. Vipchannénp + 11é.

Nhu thé, néu \Jp+1 1a mét s6 nguyén
thi ton tai sé tu nhién k thda man

Jpt1=2k+1.

Do d6 p = 4k? + 4k = 4k(k + 1).
Suy ra p : 4: vo li, suy ra dpcm.




Danh cho cac nha
toan hoc nho

VAN DUNG DUONG THANG SIM-SON
BE GIAI TOAN

(GV. THCS Nguyén Van Tréi, Cam Nghia, Cam Ranh, Khanh Hoa)

THAI NHAT PHUONG

Pudng thing Sim-son

Cho tam giac ABC néi tiép dudng tron (O)
va M Ia mot diém bat ki trén (0). Goi D, E, F
1an Tudt 1a hinh chiéu vuéng géc clia M trén
cac dusng thdng AB, BC, CA. Chitng minh
D, E, F thang hang.

Pudng thang di qua D, E, F ¢6 tén Ia
dudng thang Sim-son (mg véi diém M cla
AABC.

Chimg minh. Xét trudng hgp AABC

nhon va MBA >MCA (cac trudng hgp

‘khac ching minh tuong tu).
Khi d6 D thudc tia d6i clia tia BA, Eva F
tuong (tng nam trén canh BC, CA.

A

D
M

Vi céc tir giac MDBE, ABMC va MCFE ndi
ti€p nén MED =MBD = ACM =180° -MEF
= MED +MEF =180° < DEF =180°

Do d6 D, E, F thang hang (dpcm).

Bay gid ta van dung dinh Ii trén dé giai
mot s6 bai toan sau. .

Bai toan 1. Cho AABC nhon noi tiép
dudng tron (O). H la truc tam AABC, D la
mét diém nam trén cung nhé BC. Goi E, F

I&n luot 1& hinh chiéu vudng géc ctia D trén
cac dusng thidng AB, BC.
a) Chimg minh rang EF di qua trung
diém clia DH.
b) Xac dinh vi tri cha D dé EF 18n nhat.
Ldi giai. a) Xét trudng hop BAD > BCD
(cac trudng hgp khac chitng minh tuong tu).
Khi d6 E thudc tia déi clia tia AB va F
nam trén canh BC.

Ha DI L AC (Il € AC). Khi d6 EF la dudng
thang Sim-son (ng véi diém D cha AABC.
Haon nita, | nam giira E va F.

Goi P, Q thir tu Ia diém d&i xitng cha D
qua cac dudng thidng AB, AC.

Vi APB = ADB = ACB =180° —AHB nén
t&r giac AHBP néi tiép = AHP = ABP = ABD.

Tuong tv CHQ = CBD.

Suy ra AHP + AHC + CHQ

= ABD + AHC + CBD = 180°.

Do d6 P, H, Q thdng hang.

Ma |E 1& dudng trung binh clla ADPQ
nén IE di qua trung diém ctia DH hay EF di




qua trung diém clia DH (dpcm).
b) Vi DEI = DAI va DFI =DCI nén
ADEF «» ADAC (g-9).

Do d6 EF 18n nhat bang AC va xay ra khi
va chi khi BD 1a dudng kinh cha (O).

Bai toan 2. Cho hai dudng tron (O) va
(O’) cat nhau tai hai diém phan biét A va B.
M6t cat tuyén thay déi qua A cat (O) va (O)
tuang (ng tai C va D. Goi E, F thir tu |a hinh
chiéu vudng goc clia B 1é&n tiép tuyén cla
(O) tai C va tiép tuyén clia (O') tai D.

Chimg minh rang EF ti€p xic mét dudng
tron ¢é dinh.

L&i giai. Dat T = CE ~ DF.

Gia sit TCB > TDB. Ha Bl L CD (I € CD).

T

Vi CBD = CBA +DBA = TCD + TDC nén
CBD+CTD =180°.
Do d6 tr giac TCBD ndi tiép.
Suy ra EF 1a dudng thang Sim-son (ing
véi diém B clia ATCD.
Do d6 I, E, F thdng hang. Ma tt giac

BICE ndi tiép nén BIE = BCE =BAC.

Vay EF tiép xdac véi dudng tron duong
kinh AB cd dinh (dpcm).

Bai toan 3. Cho ngiu giac ABCDE nbi
ti€p mot dudng tron. Goi M, N, P, Q, R, S,
T va U 1an luct Ia hinh chiéu vuéng goc clia
E trén cac dudng thang AB, BC, CD, DA,
MN, NP, PQ va QM. '

Chimg minh ring R, S, T, U thang hang.

L&i gidi. Ha El L AC (I € AC)..

Pudng thdng Sim-son (ng véi diém E
clia cac tam giac ABC, ACD va IMQ cho ta
caccap diémM,N, |, R; P, Q,I,TvaR, U, T
théng hang.

Tuong tu R, S, T thdng hang, ta c6 dpcm.

Bai tap tu luyén.

Bai 1. Cho AABC nhon noi tiép dusing
tron (O). M la mét diém bat ki trén (O), H 1a
truc tm AABC. Ching minh rang H va cac
diém ddi xiing clia M qua AB, BC, CA thang
hang.

Bai 2. Cho luc giac ABCDEF ndi ti€p
dudng tron dudng kinh AD va BC = EF. Goi
H, K Ian lugt 14 giao diém clia AC véi BD va
AE véi DF; P, Q va R, S lan lugt 1a hinh
chiéu vuéng gbéc clia H trén cac duong
thdng AF, DE va K trén cac dudng thang
AB, CD. Chimg minh rang RS, PQ, HK
déng quy.

Bai 3. Cho dudng tron (O) va mét diém
A ¢c6 dinh ndm ngoai (O). M 1a mét diém
thay d&i trén dudng thing qua A vudng géc
v@i AO. Goi MB, MC Ia céc ti€p tuyén cla
(O) (B, C la cac tiép diém). K& AE L MB,
AF1 MC (E € MB, F € MC). Chitng minh
réng EF di qua mét diém ¢6 dinh.

Bai 4. Cho AABC nhon ndi ti€p dudng
tron (O). M 1a mét diém thay ddi trén cung
nhd BC. Ké ME L AB, AF L MC (E € AB,
F € AC).

1) Xé&c dinh vi tri cia M dé EF di qua
trung diém ctia BC.

2) K& AP L MB, AQ L MF (P € MB,
Q € MC). Ching minh rang PQ di qua mét
diém cd dinh.
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bai toan nhu vay.

Bai toan 1. Cho x, y 1a cac s6 thuc khong
am thay déi théa man x + y = 1. Tim gié tri
nhd nhat cia biéu thic A = x3 + y5.

(Tir mét bai toan cuc tri don gian - TTT2
s6 72, thang 2.2009)

L&i giai. Cach 1 (Dua vé mét bién s6).

Tugia thietsuyray=1-xva0<x<1.

TudéA=x3+ (1-x)3

=3x% - 3x + 1 =3(x—1)2+12—1-.
2 4 4

A=1@x=
4

N.l -

1, . 1
Vay Amin = taix =3

Cach 2 (Str dung bét déng thifc).

Ta chimg minh x> 1535 (1)
474
That vay, bién déi (1) trd thanh
(x—%)z(x+1)20.
1.3
Tuong ty y3 +—>y. 2
gy + =7y (2)

Cong theo vé clia (1) va (2) suyra A > 1

4
Céach 3 (Phan tich di lén). )
Vi (X - y)2 > 0 nén x2 — xy + y2 > xy.
Suy ra (X + y)(X% — xy + y2) = xy(x +y)

CAO NGOC TOAN

(GV. THPT Tam Giang, Phong Dién, Thira Thién - Hué)

Vdi méi bai todn, néu gidi duoc bdng nhiéu cdch thi thét Ia thd vi. Bai todn cd hém
qua nhung cdch giai moi hém nay. Bai viét dudi day xin gidi thiéu voi ban doc mét

hay x3 + y3 > xy(x + y)
o403 +y) 2x3+y3 + 3xy(x + y)
o403+ vy 2 (x +y)3.

Tur d6 cling suy ra Ay, = %

Mbt s& hudng phat trién bai toan.

Hudng 1. T8ng quét bai toan 1theo sé mi
cla x va y (da trinh bay trong bai viét trén).

Huéng 2. Thay ddi két luan bai toan 1
thanh tim gia tri I6n nhat cha biéu thitc A.

Bai toan 2. Cho x, y la cac s6 thuc khéng
am thay d8i théa man x + y = 1. Tim gia tri
16n nhat cha bidu thirc A = x3 + y3.

L&i giai. Tur gia thi€t suy ra 0 < x < 1.

Do d6 x3 < x.

Tuong tr y3 < y.

Cong theo vé& hai bat bat déng thic trén
tadugcA<x+y=1.

A=1e(x;y)e{(1;0),(0; N}

Huéng 3. Thay ddi gia thiét va két luan
bai toan 1 cho nhau.

Bai toan 3. Cho x, y 1a cac s8 thuc khong
am thay déi théa man x3 + y3 = 1. Tim gia
tri 16n nhat ca biéu thirc B = x + y.

Loi gidi. Theo cach 3 bai toan 1 ta co6

4x3+y3) > (x+y P hayB< ¥4, .

B=§/Z4:x=y=%.
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BAI TOAN CU
vdi cdch gidi mdi



o Xi nay Bdi Ioa'n .
mMUngG Sany MYAT T0AR TROI THO

hao mimg 10 n&m sinh nhat Toan Tudi tha 25.10.2010, mdi cac
ban thir sirc véi bai toan sau:
Cho 2010 s thuc, trong dé tich clia 25 sd bat ki trong chiing la
mot s am. Chimg minh réng téng clia 10 sé bat ki trong 2010 sé
da cho ludn 1a s am.

. NGUYEN BUC TAN (TP, H6 Chi Minh)
V4 ?
o %ét qua LON HON HAY NHO HON? (17122550
1 1 1 1 Nhan xét. Ngoai cach bién ddi M nhurtrén,
bat M= 0 %3 ;0_3 + o209 mot s6 ban da quy déng mau s6 cac phan
s6 trong M va tinh dugc M= 0,11111...1
) 1 1 1 AL
Taco10M=1+ﬁ+—5+... 5o 2009 chit s6 1
10 10 cling suy ra dugc dap s6.
Suyra10M-M=1-——<1=sM<1.  C4c ban sau dugc thudng ki nay: Ngé
102009 Vuong Minh, 7A;, THCS thi trén Cau
MaA=(9+M?7nénA<10°=1000.  Di&n, Tur Liém, Ha N&i; Nguyén Thi Mai
Vay Ve n6i ding. Huong, 9A;, THCS Vi Thu, Thai Binh;
Mat khac, khi thay ddu “~" truéc phan Bui DU ) A .

o oo b . AR Gi Puc Thinh, 8A, THCS Xuan Trudng,
sc_)ﬂcua ’bléu thirc A b0|3dau +"thitaduge oo Dinh: Tr4n Phuong Nga, 9C, THCS
biéu thirc B = (11 + M)°. Thanh Thiy, Pha Tho; Vi Manh Tién, 9A,

Vi M > 0 nén B > 113 > 1000. THCS Béng Ky, TX. TUr Son, Bac Ninh.

Vay Vui ciling néi dang. ANH COM PA

VY Bray = ¥4 taix =y = VY Crax =¥2" " taix =y =~

Nhan xét. Tiép tuc tdng quat bai toan 3 Viéc phat trién va md rdng cac bai toan
ta dugc bai toan sau. trén chac chan sé con nhiéu hap dan can

Bai toan 4. Cho x, y la cac s6 thuc kham pha. Rat mong dugc cling trao d&i
khéng am thay déi théa man x” + y" = 1  VGi ban doc.
(n € N, n> 1). Tim gia tri 16n nhét cla biéu
thicC =x +v.

Lai gidi. Bang quy nap toan hoc, ta
chimg minh dugc 2"~ 1(x" + y") > (x +y)".

Do dé C <2 !

c=Y2n-1 @x=y=1.
2




Ve them
iong thing song song

TRAN BA DUY LINH

(SV. 16p 30, Pai hoc Kinh t& TP. H6 Chi Minh)

Vé thém dudng phu la mét trong nhimg céach gitup chung ta don gidn héa mét sé bai
toan phurc tap. Ngoai cac phuong phap vé thém thudng gap nhu vé thém dudng vubdng
goc, dung trung diém, vé duong phan giac... thi vé thém dudng thdng song song tré
nén hiéu qua vdi cac bai toan cé lién quan dén ti 1é thure.

Sau day 14 mét sé vi du.

Bai toan 1. Cho AABC (AC > AB). Lay
cac diém D, E tuy y thr tu ndm trén cac
canh AB, AC sao cho BD = CE. Goi K |a
giao diém clGa DE va BC. Chimg minh

-rang ti s6 % khéng phu thuéc vao cach

chon cac diém D va E.
L&i giai. Ké DG // AC (G € BC)

A

B G C K
Thelo dinh li Ta-lét, véi cha y BD = CE,
., KE EC BD AB ,
tacO —=—=—=—, tacod dpcm.
KD DG DG AC
Bai toan 2. Cho géc xOy va diém M cd
dinh thuéc mién trong clia géc. Mot dudng
thang thay d8i quay quanh M cit hai tia
Ox, Oy lan lugt tai cac diém A, B. Goi S,
S, tuong (g la dién tich cac tam giac
MOA, MOB. 1 1 |
a) Chimg minh raing — + — khéng déi.
S, s, _

b) Tim gia tri 16n nhat cla i+i
. MA MB

L&i gidi. a) K&é MK // OB (K € OA).

X
nén Mok _ Smos
Smoa  Saos
hay Spop X Syok = S45;
1 1 S$1+S; Spap . 1
S'S; S5, S5,
khéng d8i, ta c6 dpcm.
b) K& AC L OM, BD L OM(C, D € OM).

Smok

P 2 2
Tacd —+—= +
S S, OM-AC OM.BD
L2, 1
OM'MA MB

Tirdb, két hop véi két qué chu a) ta suy ra




1,1 oM

MA MB ™ 2Syok

Vay gia tri I16n nhat cla i+—1— 4
MA MB

OM _ " dat dutgc khi va chi khi AB L OM.

Smok
Bai toan 3. Cho géc xOy va hai diém
A, B thi tu chuyén déng trén hai tia Ox,

Oy sao cho —1—+—j—=k (k 1a hang s6
OA OB ‘

duong cho truéc). Chimg minh rang dudng
thdng AB luén di qua mét diém c6 dinh.

Nhan xét. Néu |ay C thudc Oy, D thude
Ox sao cho OC = OA, OD = OB thi
—1—+-1—:k. Vay diém c6 dinh phai la
oCc OD
giao diém cGia AB va CD. Goi M Ia giao
clia AB va CD. Ta thdy OM la phan giac
clia géc xOy.

L&i gidi. Goi M Ia giao diém cla tia
phan giac clia géc xOy vdi AB.

K& MN // OA (N € Oy).

o) A X
Vi NMO = MOA =MON nén ANMO can
tai N.
__ ON OB-ON
en — = ——,
BO

:>ON=1:
k

khéng d8i. Do d6 N ¢ dinh.

Tit d6 M c6 dinh, ta c6 dpem.

Bai toan 4. Cho t giac ABCD. Goi M,
N thit turla trung diém cla CD va CB. O |a
giao diém clia AM va DN. ’

Biét OA _ 4 va @:3 Chimg minh
oM ON 3
rang ABCD la hinh binh hanh.
L&i gidi. K& OH //AD, MK //BC (H e CD,
K € DN).

A B

K

D HM C
.OD 2 , OD 2
Vi—=—=nén —=—.
ON 3 DN 5§
Vi MK // BC va M Ia trung diém CD nén
K la trung diém DN.

oD 4
Suyra —=—.
DK 5
Mat khac, vi OH // AD nén
DH OA DH 4
—=——=4= —=—
HM OM DM 5
Do d6 bo =D—H. Suy ra OH // MK.
DK DM

Ma OH // AD, MK // BC nén AD // BC.
Tuong tu AB // CD, ta c6 dpcm.

Bai tap tu luyén.

Bai 1. Cho AABC, trung tuyén AM. Goi
| 1a diém bat ki trén canh BC. Budng
théng qua | song song vdi AB cit AM, AC
thif tu & E. Chimg minh ring AE = BK.

Bai 2. Cho AABC c6 AB =4, AC =6 va
phan giac AD. O la diém thuéc doan AD
sao cho OA = 20D. Goi K |a giao diém
clia BO va AC. Tinh ti s AK : KC.

Bai 3. Diém M chuyén dong trén day
nhé AB cla hinh thang ABCD. Goi O Ia
giao diém clia cac canh bén cia hinh
thang, G 1a giao diém clla OAva CM, H a
giao diém cla OB va DM. Chimg minh
rang khi M chuyén déng trén day AB thi

- GO HO .. .
téng &0 + ™ khong déi.

| p—




Danh cho cac nha

NHIEU DUONG TRON TIHP XUC NGOAI NHAU

NGUT. ThS. TRAN ANH DUNG

(GV. THPT chuyén Luong Thé Vinh, Béng Nai)

Nhiimg bai todn duoc gidi thiéu dudi ddy la mét phén nhé trong “Cdc bai todn c6”
xuét hién trong khoang thé ki 18, 19 6 Nhét Ban.

Pé thuan tién, ta quy udc khai niém “xau
dudng tron” nhu sau: Mét xau gém n dudng
tron (0,), (O,),... , (O), véine N, n>2, 1
tap hop n dudng tron théa man (O,) tiép
xtc ngoai véi (O,), (O,) tiép xtc ngoai véi
(03),..., (O, _,) ti€p xuc ngoai véi (O,) va
(O,) ti€p xuc ngoai véi (O,).

Hinh dudi 1a mot xau gém 4 dudng tron.

R

Bai toan 1. M4t xau 4 dudng tron, trong
d6 2 dudng cb6 ban kinh R, 2 dudng con lai
c6 ban kinh r (hinh vé). Biét rang méi dudng
tron thudc xau trén ti€p déu tiép xdc ngoai
véi duang tron (O ; t). TinhttheoRvar.

Bai toan 2. M6t xau 4 duong tron ¢ ban
kinh tuong ting la r, r,, ry varr,, trong d6 mdi
dudng tron thudc xau déu ti€p xdic trong vdi
dudng tron (O ; R). Tinh Rtheor,, r,, ryvar,.

6%

Bai toan 3. Mot xau 3 dudng tron (O, ; r,),
(O, ;1) va (O ; ry). I 1a mét ti€p tuyén
chung ngoai clia (O,) va (O,). Biét rang ton
tai mét ti€p tuyén m clia (O,) sao cho cb cac
dudng tron (0), (O) cling ti€p xuc véi I, m
théa man (O), (0,), (O,) & mét xau va (O,
(0,), (O) la mét xau. Tinh r, theo r,, .




Bai toan 4. 4 ti€p tuyén clia dudng tron
(O) tiép xtc véi 4 dudng tron ban kinh 1an
lugt 1a Ty Toi T3 va Ty (hinh vé&). Chiing minh
rang ryfy = ryfy.

Bai toan 7. Cho hai dudng tron (O ; a) va
(O; b) tiép xtc ngoai nhau cb f 1a mét tiép
tuyén chung. Biét rang ton tai mét xau 3
duang tron c6 ban kinh lan lugt la Mo T T3
ti€p xUc ngoai véi cac dudng tron (O), (O')
va tiép xtc véi / (hinh vé). Tinh a, b theo r,,
r,var,.

Bai toan 5. 4 dudng tron c6 ban kinh 1an
lugt 1a r,, r,, ry va r, ti€p xUc ngoai vdi
dudng tron (O) va ti€p xic vdi cac canh clia
hinh thang vuéng ABCD (hinh vé).

Chitng minh rang \/€+ JE = \/E

0,0,
Bai toan 8. M6t xau 5 dudng tron c6 ban

kinh lan lugtla r,, r,, ry , r, va r; nhan / la
mét ti€p tuyén chung (hinh v&). Chitg minh

, 1.1 1
rang n I f2'

D
Bai toan 6. 4 dudng trdn c6 ban kinh 1an
lugt la r,, rs, 1, va rg ti€p xUc ngoai vdi
dudng tron (O, ; r,) va tiép xtc véi hai tiép 4 »
tuyén cla (O,) (hinh vé). Chimg minh réng 0,0,0,

o3 —Iyls . . Y
YR tig +l5 = JH i + \/r—+ \/r—+\[r_+\/r—' Chiic cac ban thanh céng trong viéc giai
2 i3 Tyla +yl5

-cac bai toan trén..




UG DUNG (U

v0 KIM THOY
.—

Vi du. a) Néu gia clia mét mat hang tang 35% thi gia sau khi tang bang 100% + 35%
= 135% cla gia ban dau (gia géc).

b) Néu gia sau khi tang bang 112% clia gia géc thi gia da ting 112% - 100% hay 12%
cla gia goc.

c) Néu gia cha mot mat hang gidm 18% thi gia sau khi giam bang 100% — 18% hay
82% cla gia gdc.

d) Néu gia sau khi giém clla mét mat hang l1a 76% clia gia géc thi gia da giam di
100% — 76% hay 24% clia gia gc.

Chu y. Khi ta néi “gia dugc tang 35%" nghia la “gia dudgc tang 35% cla gia goc”. Nhu
vay gia géc ing vai 100%. -

Ménh dé: GDP nam 2009 tang 6% so v8i ndm 2008 tuong dudng v8i ménh dé GDP
nam 2009 bdng 106% cta nam 2008. Nham |an trong trudng hap nay la néi: GDP nam
2009 tang 106%.

Bai tap 1. Mot ngudi tiét kiém dugc $80 trong mot thang nhat dinh.

a) Trong thang sau, anh &y tiét kiém dugc $96. Tim s phan tram tang Ién cla s6 tién
tiét kiém.

b) Trong thang th(r ba, anh &y tiét kiem dugc $86,40. Tim s6 phan tram giam di clia s6
tién tiét kiém.,

L&i giai. a) S6 tién tang 1én = $96 — $80 = $16.

Do vay s6 phan tram tang lén = %%MOO% =20%.

b) SG tién giam di = $96 - $86,40 = $9,60.

60

Vay sé phan tram gidm di = S 5 x100% = 10%.

Chu y. Khi néi vé phan tram tang 1én, chung ta cha y dén tir “tang”. Trong trudng hop
nay la so vdi s8 tién tiét kiém cla thang trudc. S8 tang thém 1a $96 — $80 = $16.

Trong cau b) chlng ta cha y tir “giam” v6i ham y thang truéc lac nay la $96 chit khdng
phai $80 (khi d& bai khdng ndi la so vdi thang dau tién).

Bai tip 2. Hai sinh vién A va B (ng clr vao Hdi déng sinh vién. A nhan dugc 60% s6
phiéu bau va sé phiéu chénh léch 1a 45 so véi B. HOI ¢6 bao nhiéu sinh vién da tham gia
bau clr?

L&i gidi. B nhan dugc 100% — 60% = 40% s& phieu bau.

Vay A nhan dudc nhiéu hon 60% — 40% hay 20% s6 phiéu (cla téng s6 sinh vaen tham
gia bau ct¥). Ta ¢6

20% s6 sinh vién = 45

1% 8 sinh vien = 2>
. 29N



100% s sinh vién =%X100 =225.

Vay cb 225 sinh vién tham gia bau ctr.

Bai tap. An alloy of copper and silver containing 60% of pure silver is mixed with another
alloy, also of copper and silver containing 65% of pure silver. How much of each type is
needed to produce 1200 g of alloy containing 62% of pure silver?

Ldi giai. Chd cac ban g vé.

TU TIENG ANH THUONG GAP

increased price . gia da tang, gia sau khi téng
original price gia gbc, gia ban diu
article mat hang
decreased price gia da dugc gidm, gia sau khi gidm
correspond to tuong (ng véi
the percentage increase phén tram tang lén
the percentage decrease phén tram gidm di
a certain month mét thang nhét dinh, mét thang nao d6
‘the enrolment ddu vao, hoc sinh- mdi vio
TU TRONG BAI
alloy hop kim
pure n
copper déng

silver bac

mg co Ton qtap Todn Tudi tha 2009 chua?’

Téng tAp Toan Tudi tho 2009 Ia cudn sach déng ci 12 s8 TTT ném 2009, ngodicd
bia ciing, dep. C6 trong tay cudn sach nay, ban s& théy tién fgi trong viée doc, tim kigm,
tra i ndi dung. Néu ban da c6 cac Téng tap nhiing nam trubc thi khong thé khong
tim88n Téng tap nam nay. Néu ban chua c6 cubn Téng tap nao thi hy. bﬁtdﬁuWTﬂng
tap TTT 2009 va suu tdm tiép cac cudn con thiéu, Thu vién clia:céc: tmt‘mg hocnén.co
dé& gi4o vién va hoc sinh c6 dip tidp xdc vai nhidu thiy ¢b gido va ban doc yéu todn
khép c& nuéc. Ban cidn mua ma gap khé khan hay lién hé Vi tba soar theo dia chi:

Téng 5, s6 361 dudng Trudng Chinh, quén Thanh Xu#in, Ha Noi.
Dién thoai: (04) 35682701 - Fax: (04) 35682702
Mong ban s6m c6 dugc T6ng tap TTT 2009. -

-




06 DUNG cﬁé ‘I‘RUNG,BIE?M
VAO GIAI TOAN

AU ANH MINH

(HS. 9A,, THCS Kim Héng, TP. Cao L&nh, Béng Théap)

Co6 nhiéu céach tao ra yéu té phu G€ gidi bai toan hinh hoc, trong dé co6 viéc

tao ra trung diém cia doan thdng. Diéu nay giup ta s dung dudc céc tinh chét

vé dudng trung binh cia tam giac, hinh thang hay tinh chéat duéng trung tuyén,...
Sau day 1a mét sé vi du.

Bai toan 1. Cho hinh vuéng ABCD tam Bai toan 2. Cho hinh vuéng ABCD. M, N
0. Goi K, E tuong mg la trung diém clia tuong (mg 1a trung diém clia AB, BC. | 1a

AB, OC. Chitng minh rang KE L DE. giao diém clia CM vai DN.
L&i giai. Goi F 1a trung diém OD. Chiing minh riing Al = ID.
A K B L&i giai. Cach 1. Goi P la trung diém CD,
Hla giao diém cla APVGiDN.
Vi ADCN = ACBM (c-g-c) nén IDC = ICN.
Do dé Cl L DN.
o) Tuong tu AP | DN. Suy ra AP // Cl.
Ma PD = PC nén HD = HI.
F E Ma AP L DN nén AADI can tai A.
Do d6 Al = AD (dpcm).
A M B
D C
Vi EF la dudng trung binh ctia AOCD nén
EF = 1DC.
2 N
Ma OK =%AB (do OK la duong trung H |
tuyén clla AOAB vuéng can) nén EF = OK.
Mat khac ta cé DF = OE; D P C

SEE ° _AFE _ o0 _EAi i
DFE =180" ~OFE =135" =EOK. Céach 2. Kéo dai CM cit DA tai P.

Suy ra ADFE = AEOK (c-g-c). Theo céach 1 thi Cl L DN,
Do d6 FDE = OEK Tirc la AIPD vuéng tai l.
e — Ma AAMP = ABMC (g-c-g) nén
= DEK =DEO +OEK =DEO +FDE - AP = BC = AD. .

= AOD (tinh chat goc ngoai clia tam giac)
= 90° hay KE 1 DE (dpcm).

' Do d6 Al = %DP =AD (dpcm).
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P
M B
A
N
X
D C

Nhan xét. Cach 1 tao ra trung diém H
ctGa DI dé sit dung tinh chat: Néu mot tam
gidc c6 dudng trung tuyén déng thoi 1a
duang cao thi tam giac dy can. Cach 2 tao
ra diém P dé sir dung tinh chat: Trong mot
tam giac vudng thi dudng trung tuyén thudc
canh huyén bang ntfa canh huyén.

Bai toan 3. Cho AABC vubng tai B. Trén
tia d6i cla tia BA lay diém D théa man
AD = 3AB. Pudng thdng vudng gbc véi CD
tai D cat dudng thang vudng géc véi AC tai
A & E. Chimg minh raing ABDE can.

LgJi giai. Goi N, |, M thir tu 1a trung diém
CE, AD, BD.

Vi AD = 3AB va do cach dung c4c diém
M, | ta suy ra | la trung diém BM.

Vi AN, DN tuong Ung la dudng trung
tuyén cla cac tam giac ACE, DCE nén

AN = %CE =DN.

Do d6 ANAD can tai N.

Suy ra NI L AD.

Goi J |a giao diém cta NI véi BE.

Vi JN // BC (do cung vuéng géc vdi AD) ma
N Ia trung diém CE nén J Ia trung diém BE.

Ma | 1a trung diém BM nén IJ 1a dudng
trung binh clla ABME.

Do d6 |J // ME.

Suy ra EM L BD (vi NI L AD).

Ma M la trung diém BD nén ABDE can tai
E (dpcm).

Bai toan 4. Cho dudng tron tam O duong
kinh AB = 2R va diém M thdéa man
OM = 2R. Mét dudng thdng qua M cat (O)
tai hai diém'C, D (D nam giita M, C) théa
man COD = 90°. Tinh MC, MD.

Ldi giai. Goi.H la trung diém CD.

C

Vi AOCD vudng can tai O nén

OH=-1—CD=£R.
2 2
Ta c6 MH? = MO? - OH?
2 2
=4R? _E_zﬁ_
2 2
Do d6 MH :@R.
Suy ra .
MD=——\/ﬁ2_\/§R; MC=—M+\/§R.

sssecssssenececa



Khi hoc vé da thitec mét bién, hoc sinh
thudng gap mét sé dang toan sau.

1. Xac dinh da thic

Bai toan 1. a) Tim da thirc P(x) bac 4
théa méan cac diéu kién sau: P(-1) = 0;
PX) -Px— 1) =x(x + 1)(2x + 1), ¥x € R.

b) Tur d6 tinh t8ng

S$=123+235+..+n(n+1)2n+1).

L&i giai. V&i x = 0 thi P(0) = P(-1) = 0.

V@i x =-1thi P(-1) =P(-2) = 0.

Suy ra P(x) nhan 0, -1, -2 la nghiém.

Dat P(x) = x(x + 1)(x + 2)(ax + b}, véia # 0.

V@i x = 1thi P(1) =P(0) + 6 = 6.

Suyraa+b=1.

Vi x = 2 thi P(2) = P(1) + 30 = 36.

Suyra2a+b:§.
2

) 4z 1

Todéba=b=—.
2

Vay P(x) = -;—x(x +1)2(x + 2).

b) Tacé S =P(1) - P(0) + P(2) - P(1) +...
+P(n)-P(n-1)=

= P(n) — P(0) = P(n) = —;-n(n + 1)%(n + 2).

2. Tinh gia tri cba da thirc
Bai toan 2. Cho da thic P(x) théa man

P(1)=1; P(l) = —12—P(x), vx £ 0;
X X

P(x; + x,) = P(x,) + P(xz), VX4, X, € R

Mot sb dang toan
vt da thic mot bign

NGUYEN VAN TIEN (GV. THCS Lam Thao, Phu Tho)

, 5
Tinh P(7).
L&i giai. Ta cd
P(2)=P(1+1)=P(1) + P(1) = 2.
Tuong tu P(3) = 3; P(5) =5, P(7) =7.

1. 1 1
Tir d6 P(=) = —P(7) = —;
) =—5PM =3

2 1 1, 2
P(7) = P(;) + P(;) = 7
5
7

3. Pa thirc véi hé sé nguyén

Bai toan 3. Cho da thitc P(x) = ax? + bx + ¢
théa man diéu kién vdi s& nguyén x bat ki
thi P(x) 1a mét s& chinh phuong. Chimng
minh réng a, b, ¢ la cac sé nguyén va b 13
s6 chan.

Lai gidi. Vi P(0) = ¢ [a mét sé chinh
phuong nén ¢ = m2, véi m la mét sé
nguyén (hién nhién ¢ la mét s6 nguyén).

ViP(l)=a+b+cvaP(-1)=a-b+c
la nhitng s6 nguyén néna +b,a~b e Z.

Suy ra 2a, 2b € Z.

Dit 2a = n; 2b = p: P(4) = k2, vdi n, p,
ke Z.

Suy ra k? - m2=16a +4b hay

(k + m}(k — m) = 2(4n + p).

Néu k, m khéac tinh chan Ié thi (k + m)(k — m)
|a s& 18: v i.

" Do d6 k, m cung tinh chan 1é.

3. 3 _5
Tuong tu P(2) = =: P(2) =
gty (7) Z (7)




Suyra(k+ m)k-m):4,

Dodb(@4n+p):2hayp: 2.

Suyrabe Z.

Maa+be Znénace Z.

Pat P(2) =12, véit e Z.

Ta co t? — m? = 2(2a + b).

Lap luan tuong tu nhu trén ta suy ra b
ch&n (dpcm).

4. Chia hét va chia con du

Bai toan 4. Cho cac da thitc P(x) = x3 - x
va Qx) =x8" + x®¥ + xP 4+ x¥ + x + 1.

a) Tim du trong phép chia Q(x) cho P(x).

b) Tim x dé Q(x) : P(x).

L&i giai. a) Ta c6 P(x) = x(x2 - 1);

Q(x) =x(x80 = 1) + x(x*® — 1) + x(x2* - 1)
+x(x® - 1) + 5x + 1.

Vi cac da thie x80 — 1, x8 — 1, x24 - 1
va x8 — 1 déu chia hét cho x2 - 1 nén Q(x)
chia P(x) du 5x + 1.

b)Taco Qx) : PX) & 5x+1=0
1

o X=——.
5

Bai tap tu giai.

Bai 1. Chimg minh rang v6i méi s6 a > 0
thi da thirc f(x) = x* + ax® + 2 viét duoc
thanh t8ng cac binh phuong clia hai da
thic bac hai.

Bai 2. Tim da thirc P(x) bac 3 thda man
cac diéu kién sau: P(-1) = —18 va khi chia
P(x) chox -1, x - 2, x — 3 déu du 6.

Bai 3. Cho da thitc P(x) = ax® + bx + ¢
théa man diéu kién véi s& nguyén x bat ki
thi P(x) la mét s& nguyén. Hbi a, b, ¢ ¢b
nhat thiét 1a nhitng s& nguyén hay khéng?

Bai 4. a) Chimg minh rang néu P(x) |a
mét da thie thi [P(x) — P(x — 2)] : (x — 2).

b) Biét rang P(x), Q(x) la nhimg da thirc
théa man (2x — 5)P(x) + (4x — 1)Q(x) la mét
da thic chia (x - 2) du 17. Tinh Q(2).

TN
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BAITOAN TONG QUAT

NGUYEN DINH THI (HS. 12 Toan,

THPT chuyén Luong Van Chanh, TP. Tuy Hoéa, Phu Yén)

TTT2 sé 70 c6 dang bai toan 4 (thi GTQT), d6 Ia bai 2 trong
ki thi Toan Quéc t€ (IMO) nam 2008. Bai toan nay c6 rat nhiéu
cach giai nhung t tudng chinh van ia dua vé binh phuong cla
mot téng dang_x2 > 0. Trong bai nay, t6i xin gidi thiéu vdi cac
ban mét I8i gidi nhu thé va mot I8i gidi khac niia cling dep mat

bang bat ding thiic Bu-nhia-cop-xki, va phan cudi sé Ia bai toan tdng quat.

Bai toan 1. Cho x, y, z la cac s6 thuc
khac 1 va théa man xyz = 1. Ching minh
X2 2 2

ring ()
x=-0 (-0 (z-1
. N b
Lbigial1.DatX:i;y:—;z=E;
b c a
m:a+b;n=b+c; _c+a Khi d6
a-b b-c c-a

a 2 b 2 c 2
mﬁ[a—b} +[b—c] +[c—aj >1(2)

sm+1)2+m+1)2+(p+1)°>4
oem2+nl+p?+2m+n+p) 1. (3)

Vim+1)(n+1){(p+1)
=(m-1)(n-1)p-1)nénmn+np+pm= -1.

Dodb (3) © (M+n+p)2+2(m+n+p)=—1
& (m+n+p+ 1)220:dung (dpcm).

LJi giai 2. Cing nhu trén, dé chimg
minh (2) ta s dung bat dang thic
Bu-nhia-c6p-xki cho hai bd sé (a — b)(a - ¢),
(b-c)b-a), (c-a)c - b)va ——,

a-b
b
b-c' c-a

+ (b - )b - a)? + (c - a)’c -

5 (=

> (a2 - ac + b2 - ba + ¢ - cb)2.
Khai trién hai vé& clia bat déng thic trén

ta duoc [(a - b)%(a - c)? +

b)?]x

ta c6 dpcm.

Trén day la hai 16i giadi dep mat cho bai
toan 1. Tuy nhién chua ding lai, ta th&r tim
mot bai toan téng quat hon nhu sau.

Bai toan 2. Cho x, y, z la cac sé thuc
khac 1 va thda man xyz = 1. Chitg minh
rang v6i moi s8 thuc m ta cé

x+m2 y+m2 z+m2
+ + >1. (4)
S

Loi gidi . Dot a =M p-YEM
x -1 y -1
_Z+m
z-1
a+m b+m c+m
Suyra x = A ;Z= .
a-1 b-1 c-1
Dod(,)a+m'b+m_c+m:
a-1 b-1 c-1
o (m+1)fab+rbctca+(m-1)a+b+c)+
+m2-m+1]=0.

Néu m = -1 thi (4) dung.

Néu m # —1 thiab + bc + ca
=(1-mfa+b+c)-m2+m-1.

Suy ra a2 + b2 + ¢?
=(@+b+c+m-1)2%+m2+121 (dpcm).

Nhan xét. RO rang bai toan 2 |a bai toan
tng quat, bai todn 1 Ia trudng hop riéng
{ng véi m = 0, va diéu kién dé ddng thic
xay ra trong bai toan 2 cling la m = 0. Cac

ban hay giai baj toan 2 theo hudng cta I6i

gidi 1 clla bai toan 1, xem nhu bai tap.



Dainh cho cac nha

toanhocnho

DINH Li PTOLEME VA UNG DUNG

PHAM VAN CHIEN
(GV. THCS Xuan Phong, Xuan Trudng, Nam Bijnh)

Pinh li. Chimg minh rang néu ABCD la
t& giac ndi ti€p thi
AB-CD + AD-BC = AC-BD.
Ching minh. Gi4 sir DBC > ABD.
Lay diém M trén doan AC thdéa man
MBC = ABD.

A TN\p | R
[\

B D C

=)

Bai toan 2. Cho hinh binh hanh ABCD.
M6t dudng tron di qua A cat cac doan thang
AB, AC, AD Ian luot tai diém th hai khac A

Tu dé suy ra dpcm.

A B

c la P, Q, R. Chimg minh ring
Vi AABM «> ADBC (g-g) nén AB-AP + AD-AR = AQ-AC.
AB.CD = BD-AM.

L&i giai.

Tuong tu AD-BC = BD-CM.

Suy ra AB-CD + AD-BC = BD(AM + CM)
= AC-BD (dpcm).

Ung dung.

Bai toan 1. Cho hinh vuéng ABCD néi
ti€p dudng tron tam O ban kinh R. P la mét Q
diém nam trén cung nhé CD cha (O).

Chimg minh ring PA + PC = 2PB.
L&i gidi. Vi ABCD la hinh vuéng ndi ti€p R
dudng trén (O ; R) nén AB=BC =Ry2, D ~C
AC = 2R.

Ap dung dinh i Ptolémé cho t& giac
ABCP ta dudc AB-CP + AP-BC = AC:BP.

Vi ACB = CAD =RPQ va BAC =PRQ
nén AABC o> ARQP (g-g).

N




AB BC AC

Suyra —=—=— (datlat).
RQ QP RP
KhidéRQ=—At—B, QP:EtE, RP:A_tC_.

Ap dung dinh li Ptélémé cho tir giac APQR

ta dugc AP-QR + AR-PQ = AQ-PR

o AP-—A;—B+ AR-B—tC-:AQ-ATC.

Tir d6 suy ra dpcm. )

Bai toan 3. Cho AABC nhon néi tiép
dudng tron tam O, ban kinh R va ngoai ti€p
dudng tron tam |, ban kinh r. Goi x, y, z tht
tu la khoang cach tir O dén BC, CA, AB.
Chingminhrangx +y+z=R+r.

L&i giai. D3t BC =a, CA=b, AB = c.

A

Ap dung dinh I Ptélémé cho tir giac

oy, bz _aR

ANOP ta dugec < + viNP =3
2 2 2 2

o cy +bz=aR.
Tuong tu az + cx = bR; bx + ay = cR.
Suy ra
aly+z)+bz+x)+c(x+y)=R(@+b+c).
Maax + by + cz=2S,;c=(@a+b+o)r
nén cong theo vé hai dang thic trén réi chia
hai vé& cho (a + b + ¢), suy ra dpcm. "

Bai toan 4. Cho duang tron (O) va day
BC ¢6 dinh (khac dudng kinh). Xac dinh vi
tri cla diém A trén cung l6n BC sao cho
AB + AC 16n nhat.

L&i gidi. Goi D la trung diém cla cung
nhoé BC.

Ap dung dinh li Ptdiémé cho ti giac
ABDC ta dugc AB-DC + AC-BD = AD.BC.
& DC(AB + AC) = AD-BC (vi BD = DC).

Vi DC va BC c6 dinh nén AB + AC 16n
nhat khi va chi khi AD 16n nhat.

Vay A la trung diém cla cung 16n BC.

A

A

D

Bai tap tu luyén.

Bai 1. Cho ngi giac déu ABCDE néi tiép
dudng tron (0). Goi M 1a mét diém thude
cung nhé AE. Chimg minh rang

MA + MC + ME = MB + MD.

Bai 2. Cho AABC tu. Goi R la ban kinh
dudng tron ngoai ti€p, r 1a ban kinh dudng
tron néi ti€p tam giac va x, y, z thr tu 1a
khodng cach tirtam O cla dudng tron ngoai
tiép t6i cac canh BC, CA, AB.

Ching minhrangy +z~-z=R +r.

Bai 3. Cho dudng tron (O) va day BC cé
dinh (khac dudng kinh). Xac dinh vi tri clia
diém A trén cung 16n BC sao cho AB + 2AC
[6n nhat.

o




Trong thuc t€ cudc séng, ching ta cling
¢ da thdy dugc tdm quan trong cla yéu té
' trung gian va viéc lua chon dugdc yéu t6
trung gian phu hgp cho tung trudng hop, ddi
tuong cu thé. Nhan dip TTT2 s6 42 dé cap
dén moét dang toan so sanh biéu thic trong
sach gido khoa, t6i muén nhic lai véi cac
iban mét phuong phap quan trong dé so
sanh gia tri cha hai biéu thirc, d6 chinh la
phuong phap xét biéu thic trung gian. Mdi
cac ban hay theo dobi cac vi du sau.

Vi du 1. Vdi moi s6 tu nhién n > 2, hay so

sanh A=—+i+—1-+ +— vdi 1
22 32 4 n
L&i giai.
! Cdch 1.Dol2< v&i moi n > 2 nén
i n n° -1
iA<B: 1 + L + 21 +.+ 21 .
: 221 32-1 424 n? -1
Mat khac,
1 1 1 1
+ +.
1.3 2.4 3.5 (n=Nn+1
1M1 1 1 1 1 1 1 1
===t ==t ——= +—_——
2\1 3 2 4 3 5 n-1 n+1
1 1 1 1 13 3
= 14=— == «—2=21
2 2 n n+1) 22 4
Vay A <1
Cach 2. Do i< véi moi n > 2
n? (n-1n '

nén2qQ-=

NGUYEN ANH THUAN
(S8 GD-BT Hai Phong)
A R R R X E R R EXXXXXS

nénA<Cz—1—+L+ 1 +..+ 1 .

1.2 2.3 3.4 (n—-1Hn
Mat khac,
L UL O A 11
12 2 3.3 4 n-1 n
:1—1<1.'

n

vayA<1.

Nhan xét. Hai cach giai trén déu chon
dudc biéu thirc trung gian c6 thé so sanh
truc ti€p dugc vai biéu thitc A va so sanh
dudc v8i 1 chi qua cac budc bién ddi kha
don gian va quen thudc.

Trong bai toan cu thé nay, ré rang céach 2
ngén gon va don gian hon cach 1, tuy nhién

néu bai toan bat so sanh A voi % thi duong

nhién khong thé diing dugc céach 2.
Vi duy 2. V&i moi s6 tu nhién n > 2, hay so
sanh P =-1—+i-+—1-+...+ 1 véi l
22 4% 2 @2n@ 2
Lai giai.
Cdch 1. Tuong tu cach 1 cla vidy 1,taco
1 + 1 +...+ 1 .
221 42 -1 (2n)% -1
1 2
-1 2n+1 (2n=N(2n+1)
2 2
—_—t =
2n -1)(2n +1)

P<Q=

Mat khac, L
2n

2
—
1.3 35

RS R



11 1 1 1 1 1
e — b ————— ot -
13 3 4 5 2n-1 2n+1
=1- ! <1
2n+1

Suyra P<Q<%.

Cédch 2. Thit nghi dén viéc st dung két
qua trong vi du 7 ta bién ddi P nhu sau :
1 1 1 1

=—t—+—+...+

22 42 g2 7 (2n)?

1 1 1 1 1

——2—2— +2—2-+-3—2-+-4—2-+...+n—2
1

=—2'2—(1+A).

1 1
Suyra P<-—(1+1)=—.
y <22( )=3

Nhéan xét. Cach 2 trong vi du 1 la mot
Iua chon tot, nhung ap dung vao vi du 2 thi
sé la mét cong viéc kho khan. Khi do ta co

1 1
..+

P<R=—+; -
1.2 3-4 5.6 (2n-1-2n

va ta phai so sanh R vdi %

Nhu vay, viéc chon biéu thirc trung gian
cg ban phai thda man dugc nhimmg diéu
kién thuan Igi cho viéc rat gon, so sanh
ho%c gan két dudc vdi biéu thic can so
sanh ...

Qua cac vi du trén, phan nao ching ta

thdy dugc yéu cau va lgi thé cla phuong ¢

phap stf dung biéu thic trung gian trong bai
toan so sanh gia tri hai biéu thirc. Chuc cac
ban thanh cong va dé két thuc, dé nghi cac
ban th(r lam bai tap sau :

Hay so sanh :

1357 999999 . 1

- va .
2468 1000000 1000

@ Két qua ¢ (111255 1)
A ~ A N
Cau d8 Houg Ha

San phd&m mdi cta Hong Ha
Giup nhau rt dé nhan ra cung truong

Moi ngudi chéc da té tudng
Goi tén sdn phdm yéu thuong do la :

Déng phuc hoc sinh Héng Ha
Vai t6t, ki€u dang that I1a dé thuong.

Ki nay co rat nhiéu ban tham gia giai
cau do6. Tat cd déu trd |3i dang dap an.
Hdng Ha xin tang qua cho cac ban tra 10i
bang tho hay nhat : Nguyén Thi Ha, Buu
dién C8 Tiét, Tam Nong, Pha Tho ; Lé Thi
Héng Nhung, xém 6, Thuy Quynh, Thai
Thuy, Thai Binh ; Hoang Van Béng, xom 1,
Xuan Son, Ba Ludng ; Hoang Thu Phuong,
me la Nguyén Thi Duang, gido vién THCS
Pong Son, D6 Luong ; Tran Thai Son, bd
la Tran Thanh Bjén, xdm 7, xa Nghi Hoa,
Nghi Loc, Nghé& An ; Pham Kiéu Linh, 140
Trung Tric, Phac Yén ; Lé Thai Son, khu 2,
xa Té L3, Yén Lac ; Nguyén Thj Ngoc, 7A,,
THCS Yén Lac, Yén Lac, Vinh Phic ;
Trinh Viét Hing, xém 5, Tho Trudng, Tho
Xuan ; Lé Thi Mai Phuong, s6 nha 01
dudng 30 thang 4, tiéu khu 4, Thi tran Ha
Trung, Ha Trung, Thanh Héa ; B Kiéu
Linh, @i ll, xdm 4, thén Tao Khé, xa Tao
Duong Van, Ung Hoa, Ha Tay ; Kiéu Hong
Vén, t8 2, khdi 8, Bdc Héng, Héng Linh,
TX. Ha Tinh ; Ngé Thu Hudng, s 31, Ha
Huy Tap, P. Nam Ha, TX. Ha Tinh, Ha Tinh :
Nguyén Thi My Linh, 48D/212, Pa Nang,
Ngd Quyén, Hai Phéng ; Nguyén Diéu
Thém, Pong L&, Pong Tao, Khoai Chau,
Hung Yén ; Nguyén Kiéu My, con bd
Nguyén Van Thitc, Ban Dan van Tinh Oy
Quang Ngai, 146 Lé Trung Dinh, TP. Quang
Ngai, Quang Ngai ; Trdn Hoang Phuong
Thao, 50/3 dudng Phan Chu Trinh, TP. Hué,
Thira Thién - Hué ; Nguyén Dinh* Cuong,
me la Nguyén Thi Xuan, s§ 6 Téng Duy
Tan, phudng Ngoc Chau, TP. Hai Duang.
Hai Duong.

 p—



BAI TOAN VE KHOANG CACH
TREN MAT PHANG TQA B0

NGUYEN THANH HAI
(THCS Nam Cuong, Nam Truc, Nam Binh)

* kK Kk k k kk ok ok ok ok ok ok ok Kk

N

Trong ndi dung ham sé va dé thi ¢b mc}f va tinh dién tich cla né.
dang toan cing hay dudc dé cap dén & cac L&i giai. Ap dung (*) ta c6
: ki thi cudi cép, do la xac dinh khoang cach ~ AB?=(-1-3)% + (-3 + 1)2=20
: gilta hai diém : hai duong thing song song CA2=(3-2)2+(-1+4)2=10
trén mat phéng toa do. CB? = (-1 -2)% + (-3 + 4)2 = 10. :
e Trén mit phéng toa d6 Oxy, cho hai diém  Suyra CA = CBva AB? = CA? + CB? hay
A(X, i ¥). B(Xg : yg). Khoang cach gitta A tam giac ABC vudng can tai C

: va B dugc tinh bdi cong thirc = Sapc deacs- 0. Ji0=5
: 2 2 '
N R IR I \ )
AB=\(xg—xaP +0s-yaR. () du 2 (dé thi tuyén sinh vao Idp 10

Ching minh. THPT chuyén Lé Héng Phong, Nam Binh,
yA 1997-1998). Cho dudng thing (d) co *

phuang trinh y = mx — m + 1 va parabol (P)
Ve c6 phuong trinh y = x2. Tim gia tri cGa m dé

Ya

(d) cét (P) tai hai diém phan biét A va B sao -
cho AB = /3.

L&i giai. Hoanh do giao diém cla (d) va
(P) 1a nghiém clia phuong trinh :

mx—m+1=x2c>x2—mx+m—1=0,

>\

0o Xa X8
Goi C la giao diém clia Ay, va Bx,. Ta ¢6

AABC vuéng tai C va AC = |xg - x| ;

BC = lyg - y,|- Suy ra AB? = AC? + BC?

co hai nghiémla x, =1;x,=m - 1.
Gia sl X, = X4 Va Xg = X, thi ta c6
A(1;1)yvaBm-1;(m-1)3.
= AB =\(xg - Xa)2 + (Y5 - ¥a)?. Tu d6, véi gia thist AB = 3, ap dung (*)
e Khoéng cach gilta hai dusng thdng d, / d, ta cé AB? = (m - 2)?+ [(m - 1) - 1]° =
chinh 1a khodng cach gilta hai diém Ava B, =m*-4m3 +5m? -4m + 4 =3,
trong d6 A thudc d,, B thuéc d, va AB Suyram®-4m® +5m? - 4m+1=0,
vudng géc vdi d; va d,. ’ m = 0 khéng |a nghiém clia phuong trinh
Vidu1.Cho A(3;-1), B(-1;-3), C(2;-4). nay nén chia ca hai v& cta phuong trinh :
Chimg minh rang tam giac ABC vuéng can cho m? ta dudc phuong trinh tuong duong :

|
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m? +—1—}—4[m+l]+5:0
m

m2

(

<:>t2—4t+3=0véit=m+—1—;|t|22
m

1 3+.5

>t=m+—=3>m= .
m 2
Vi du 3. Cho dudng thang (d) ¢6 phuong
trinh y = mx — 2 va parabol (P) cé phugng
2
trinh yz—%. Chimg minh rang (d) luén

cat (P) tai hai diém A, B phan biét. Véi gia
tri nao cta m thi doan thang AB ¢ do dai
ngan nhat ? Tim gia tri do.
L&i giai. Hoanh d6 giao diém cla (d) va
(P) la nghiém cla phuong trinh :
2
mx—2:—xTc> x? +4mx -8=0,

co A" =4m? + 8 > 0 v4i moi m nén phuong
trinh ludén c6 hai nghiém phan biét. Néi cach
khac, (d) ludn cit (P) tai hai diém phan biét A, B.

Theo dinh Ii Vi-ét ta c6 x5 + x, = -4m ;
XgX, = -8. Tl phuong trinh dudng théng (d)
ta co yg —y, = (mxg ~2) ~ (mx, - 2) =
Y+
)2

M(xg - X,) Nén theo (*), AB? = (x5 ~ x
)2

A
(xg - xA)2(1 + mz) = [(xB + X

(Vg = ¥4 A
— 4xgx, (1 + mP) = [(-4m)? - 4(-8)(1 + m?)
= (16m? + 32)(1 + m?).
Suy ra AB = \[(16m? + 32)(1+ m?) > J32.

vay AB c6 do dai ngan nhat Ia
J32 =442, khim =0.

Vi du 4. Cho hai dudng thang d, va d,
1an lugt cd phuong trinh 13 :

2

y=x+2véy=(2m2—m)x+m +m.
a) Xac dinh gia tri cla m dé d, /I d,.

b) Biét A thudc d, c6 hoanh dd bang 2.
Viét phuong trinh dudng thang d, di"qua A
vuéng goc vai d, va d,.

¢) Tinh khoang cach giita d, va d,.

‘khoang céch giifa hai dusng thang dé.

L&i giai.

2m% —m =1 :

ayd dy e T M e ma L

m? +m2 2

(vc’Jim——1thid 'y—x—1) :
2 2. 4.

b) Ta c6 A(2 ; 4) ; d; vudng goc véi d, va
diquaAsuyradscodangy=-x+b
=>4=-2+bo>b=6>d;iy=—x+6.

c) Goi B la giao diém cia d; va d, thi

2523

B( s ) (14 nghiém cda hé hai phuong

trinh y=x—-::;y=—x +6). Khoang céach

gita d, va d, chinh la dé dai doan AB:
25

oo () o2

2 9 =
Cac ban lam thém moét s6 bai tap sau :

2

8
=X va haif
2 .

Z 4
8

Bai 1. Cho parabol (P) :

didm /0 ; 2), M(m ; 0). Viét phuong trinh :
dudng théng (d) di qua / va M. Ching minh
rang (d) luén cat (P) tai hai diém phan biét
A BvaAB> 4. :

X2 X
Bai2.Cho(P): y = =i (0): y = ——+2

a) Chimg minh (d) luén cat (P) tai hai diém :
phan biét A, B. Tinh d6 dai doan thing AB. *

b) Tim diém M trén cung AB cla (P) sac
cho tam giac MAB c¢6 dién tich 16n nhat.

c) Tim trén truc hoanh Ox diém N sao
cho NA + NB c6 d6 dai nhé nhat.

Bai 3. Cho (P) : y = -x? va dudng théng :
(d) cb hé s6 gbc k, di qua /(0 ; -1). Chimg :
minh ring (d) ludn cAt (P) tai hai diém phan :
biét A, B va tam giac AOB vudng. :

Bai 4. Cho hai dudng thdng y =-x +2va:
y=2mx - m? + 4. Tim gia tri cla’'m dé hai :
dudng thdng song song vdi nhau. Tinh

P N
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7S. NGUYEN MINH HA (BHSP Ha N&i)
(Tiép theo ki truoc)

Pé chimg minh hé qua 1, ta can cé mét
b dé.

Bo dé 3. Tam giac ABC ¢6 (/) la dudng
tron noi tiép, (/,) la duong tron bang tiép
déi dién véi dinh A. (1), (/,) theo thir ty tiép
xic v@i BC tai M, N. L 1a diém déi ximng
clia M qua /. Khi doé A, L, N thang hang.

Chimg minh.

Dé& thdy A, /, I, théng hang.

Mat khac ta ¢ :

IL 1 BC

{IaN 1BC @)

Goi H, K la tiép diém ciia (1), (/) v&i AB.
L IH A

e—=— = — 3
LK 1A ©)

(1)

= IL Il I,N.

(Vi 1H 11 1.K).

Tu (1), (2), (3), theo dinh li Ta-lét, dé
dang suy ra A, L, N thang hang.
Trd lai viéc chimg minh hé qua 1.

A

Goi (/) 1a dudng tron noi ti€p tam giac
ABC ; goi E, F theo thir tu 1a tiép diém cla
(I,) v6i BD, BA ; M la tiép diém clia (/) voi
BC : L 1a diém d6i ximg ctia M qua /.

Qua L, ké A tiép xtic vdi (/).

DathAmEF;HzAmEI1.

Theo b6 dé 3, L € AD. Suyra:

LFK = AFK = DFE (di dinh)
= DEF (ADEF can tai D)

=FKL (A I/ BC)
= LF=LK. (1
Theo dinh li Lyness md réng, | € EF.
KL IL

Suyra — =— (viA// BC)
EM IM

=1 (vi IL = IM)

77N\




= KL=EM.

Mat khac, dé thdy EMLH la hinh chir
nhat. Suy ra EM = LH. (3)

Tu (1), (2), 3)suyra LF=LH
= ALFI, = ALHI, = Fl, = HI, = D tiép xtc
véi (1) tai H.

Goi r, ry, ry 1a ban kinh cta (1), (/,), ().

Ta c6 2r, =EH=ML=2r=r,=r.

Tuong tu ry=r. Vayr, = ry.

Hé qua 1 da dugc chimg minh. Dé thiy
ké&i tuan “ban kinh p clia (0) bang " trong
bai 4(40) da dudc ching minh trong phép
chiing minh hé qua 1.

So vdi hé qua 1, hé qua sau day cb vé
tha vi hon nhiéu.

Hé qua 2. Tam giac ABC noi ti€p dudng
tron (0), D la mot diém bat ki trén canh BC
clia tam giac. Cac dudng tron (O,), (O,)
cling ti€p xuc véi (O) ; cung ti€p xic véi
doan DA va theo th( tu tiép xuc vdi cac
doan DB, DC. Ta ¢6 0,0, di qua tam
dudng tron ndi tiép clia tam giac ABC.

Tac gia cla hé qua 2 |a mét nha toan
hoc Mi, rat tiéc 1a t6i khong nhé tén. Dé
ching minh hé qua 2, ta can c6 mot bé dé.

Bo dé 4. MN, PQ theo thir tu [a tiép tuyén
chung ngoai, ti€p tuyén chung trong clia
cac duang tron (04), (O,) (M, P e (Oy) ;

N, Q € (0,)). Ta c6 MP, NQ, 0,0, déng quy.
Chimg minh.

(2)

Dat K= MP n NO, ; L = NQ n MO, ;
R =MN ~ PQ. Dé thay RO, L R02 (1)
(phan giac cla hai goc ké bu).

Tu (1), véi cha y rang NQ L RO,,
MP L RO, ta c6 RO, I/ NQ ; RO, I/ MP
_ OM _RM _OK

oL RN O.N
LM 1L MN
KN 1L MN

(2)

Mat khac ta cé : {

= LM /I KN. 3)
Tu (2), (3), theo dinh li vé chim dudng
thdng déng quy, ta c6 MP, NQ, 0,0,
déng quy.
Trd lai viéc chiing minh hé qua 2.
A.

Goi / 1a thm dudng tron ndi tiép tam
giac ABC ; goi E,, F, 1a ti€p diém clia (O,)
véi cac doan DB, DA ; goi E,, F, la tiép
diém clia (O,) vdi cac doan DC, DA.

Theo dinh li Lyness md réng, ta c6
l e E1F1 vale E,F,. Suyra:

I= E\Fy A E,Fy (1)

Theo b6 dé 4 ta c6 E,F,, E,F,, 0,0,
déng quy. (2)

Tir (1), (2) suy ra I € 0,0, N&i cach
khac, 0,0, di qua tam dudng tron ndi tiép
tam giac ABC.

—




Cong thirc do6 1a

1
11111...1:%-99999...9:5-(10n~1)
nchirsd 1 nchrsé 9

(v8in e N*).

Sau day la mot s6 vi du.
Bai toan 1. Rt gon tdng sau
S=7+77+777+ ...+777777 ... 7.
—_—
2008 chit s6 7
L&i gidi. Ta co

7

2 2008
S=§-((10~1)+(10 )+ ... +(10 -1))

=L 11111110 - 2008)
—
2008 chirsé 1

-7 1111111 109102).
R ——

2004 chir s6 1

Bai toan 2. Chimg minh rang v6i moi s@

tu nhién n > 0 thi 6 sau la tich cda hai s6
tu nhién lién tiép :

a=11111...122222... 2.
nchsd1 nchirsd?2
L&i gidi. Tacé a=11111...1.10" +
%,—__‘_/
n chit s6 1
n_1 10" -
+2222...2:10 10"+ 2. 0 1:
‘—-—f'—' 9
n chir s6 2
n_ n_ n
=10 1.(10n+2):10 1'103+2:

=3333...3-333333...34,suy ra dpcm.
n chit s8 3

n-1chirsé3

Tt‘r MOT CONG THUC DON GIAN

PHAN THE HAI (GV. CDSP Ba Ria - Viing Tau)

Khi lam bai tap, cac em co thé gap bai toan lién quan dén sé
tu nhién c6 dang aa...a. Bai viét nay sé gitp cac em st dung mot
cong thic don gian dé giai mot s6 bai toan dang nay.

Bai toan 3. Chimg minh rang sé sau la
mét sé chinh phuong (tdc la mét binh
phuong dung clia moét s6 tu nhién) :

N=1111111...1-1000000 ... 05 +1.
1995 chirs61 1994 chirs6 0

Lai giai. Ta co

N- —9_.(1.01995 +5)+1

101995+22 101995 4 2
- 3 = 3 +1

= 333333 ... 342, suy ra dpcm.
D990 Y
1994 chirsé 3

Baitoan 4. Cho A =99999 ... 9 (véin e N¥).
—
nchrsé9

So sanh tdng cac chit s6 clia A? véi tdng
cac chir s6 cla A.

Lai giai. Ta co A2
= (10"~ 2)10" + 1 =
=999999 ... 98000000 ... 01.

n-1chirsé9

= (10" - 1)2 =

n-1chirsd 0

Suy ra t8ng cac chit s6 clia A2 1a 9n,
bang téng cac chir s6 clta A.

Bai toan 5. Tim cac chirsé a, b, ¢ >0
sao cho v6i moi so tu nhién n > 0 thi

aaaa...abbbb ...b+1=(cccc ... c+1)2. (1)
nchirsba nchirséb nchirséc

Loi giéi. Patm=11111..1.
———
n chir 86 1

Ta co (1) < am-10" + bm + 1 = (cm + 1)

VanN



&> am(Om + 1) + bm + 1= (cm + 1)2.
Diéu kién clia bai toan da cho tuong

c2
9a = c? a:_9_
duong véi a= -
a+b=2c c?
b=2c —

9
Suyrace {3;6;9}. Tacoébabd(a;b;c)
thdbamanita(1;5;3),(4;8;6)va(9;9;9).
Bai toan 6. Tim tat ca cac chi s6 x, y
thda man sé A chia hét cho 37, véi .

A =1000000 ... 01000000 ... O xy.
2009 chits6 0 2008 chrs6 0

L&i gidi. Ta c6 A = 104020 . 102010, yy
= (104020 _ 1) 4 (102010 _ 1) 4+ xy + 2
=9999999 ... 9+ 9999999 ... 9 + Xy + 2.

4020 chirs6 9 2010 chirs6 9

Vi 999 : 37 ; 4020 : 3; 2010 : 3 nén cac
s6 9999999 ... 9 va 9999999 ... 9 déu chia

4020 chirs6 9 2010 chirs6 9

hét cho 37.
Do d6 yéu ciu bai toan da cho tuong

duong v6i (xy +2) i 37.
Vay xy e {35; 72}.

Cac bai toan luyén tap.

Bai 1. Ching minh ring véi moi s§ tu
nhién n thi (10" + 18n - 1) : 27.

Bai 2. Rut gon tich sau

33333...3:-6666... 6, vdin € N*.

—— e ———

nchifrs63 nchirsé6

Bai3.Chome N*: A=111111_..1;
-
2m chir s6 1

B=1111111...1; C = 66666 ... 6.

m + 1ch{ s6 1

m chirs6 6
Chimg minh rang A+ B + C + 8 |a mot s6
chinh phuang vdi moi m e N*,

Bai 4. Tim cac chiisd a, b, ¢, d > 0 sao
cho véi moi s6 tu nhién n > 0 thi

aaaa ... abbbb ...bcccc...c+1
nchirs6a nchirséb nchirsé c

=(dddd ... d +1)°.

bbbl
nchirséd
Bai 5. Tim tat cd cac chii s6 a sao cho
véi moi s6 tu nhién n > 0 thi M 1a mot s6
chinh phuang, véi
M =4444 ... 435555 ... 5a.

Y ——
n chir s6 4

N
nchirsé 5




1. Bai toan tinh téng
Vi du 1. Tinh téng sau
1 1 1

= + o )
1442 J2+3 J99 +100
L&i giai. V(’Ji moi s6 thuc duong n ta c6

Jnidnet \/—+1 =l

Suy ra S=v2-1+V3-V2+...+
+100 - /99 = 100 -1=10-1=09.

2. Tinh gia tri cia mot biéu thac theo
cac so vé ti cho trudc

Vidu 2. Tinh S = i+—1- biét
a® b°

743 b J7 -3
2 2
La&i giai. TU gia thiét suy ra
a+b=+7;ab=1.
Dodéa’+b?=(a+b)’>-2ab=5;
a3 +b3=(a+b)> - 3ab(a + b) = 4V7.
Suy ra 8:25—+B1€:a5 +bd =
= (a? + b?)(a® + b%) ~
= 2047 -7 =19V7.
3. Chimg minh mét sé la sé vo ti
Vi du 3. Cho x = V3 + ¥/2. Chiing minh
rang x la mot sé vé ti.
L&i giai. Gia sl x 1a mot s6 hitu ti.

Tacod 32 =x-+3 <= 2=(x-3)%

a’b?(a + b) =

MAT 56 0ANG ToAN E ciin THiC

ThS. NGUYEN ANH DUNG (Ha Néi)

Trong cac dé thi 8 cdp THCS, ta thudng gap mot so bai toan
vé can thic. Phan 1dn cac bai toan loai nay hay va khéng dé. Sau
day la mot sé vi du.

< 2=x3-3/3x? +9x - 33
3 .
- 3= X_*Lzﬂ_%
3(x° +1)
Suy ra V3 1a mét s6 hituti : vo Ii, ta c6 dpem.
4. Chimg minh mét sé la s nguyén

Vi du 4. Chiing minh réng sé sau la mét
s6 nguyén

y=¥7+52 +¥7-542.
Ldi giai. Ta c6
y=31143v2+ 322 1 (+2)°
=2 302y =

=142 +1-42 =2, suyra dpcm.
1+5 b= 1-5
2 7 2
Chimg minh rang véi moi s6 tu nhién n
this6 S =a" + b" la mot s6 tu nhién.
Ldigi?i.Tacc')a+b:1 ;ab = -1,
Véi moéi s6 tu nhién n ta co

Vidu 5. Cho a =

Sn+2:an+2 bn+2:
=@"*1+b"* )a +b) - ab(@" + b") =
7Sn+1 'rSn

Kéthgp véi S =2 ; S, =1 tadudc
S, =Sy +5,e N ;S3= 5, +5, e Nj
Bang quy nap ta ching minh dugc
S,, ¢ N véi moi s6 tu nhién n, ta c6 dpcm.
5. Bai toan vé phan nguyén




Vi du 6. Ching minh rang néu n la s6
nguyén duong thi

[Vn+/n+1] =[4n + 2]

trong d6 ki hiéu [a] chi s& nguyén I6n nhat
khéng 1én hon a.

L&i giai. Dat a=[v4n+2] (a € N).

Tacoa<Va4n+2 = aZ<4n + 2.

Vi khong ¢6 s6 chinh phuong cé dang
an+2néna?-z4n+2.Doddal<4n+ 1.

Suyraac< Jan+1=sa< [V4n +1].

Ta ¢o
(\E+M)2 =2n+1+2Vn% +n>4n+1.
Suy ra Jn+dn+1> Jan+1
S [Wn+vne1]2Van 1]z a. (1)
Mat khac ta co
(\fn—ﬁl?)z >0:>2n+1>2\/ﬁ(;1T15
=4n+2>(n+ \/ﬁ?)z
o Van+2 > Y+ n e

= [Van+2] 2 [Vn++n+1]
hay [vh+vn+1] < a. )
Tu (1) va (2) suy ra
[Wn+vn+1]=a=[4n+2],
ta co dpcm.
Nhan xét. Néu a < b thi [a] < [b].
Bai tap tu luyén.
Bai 1. Tinh S = —1—7- +l7, biét
a b
NGRS
2 2
Bai 2. Cho x = v2 + ¥/5. Chimg minh réng
x 12 mot s6 vo ti.
Bai 3. Ching minh rang s6 sau 1a moét

s6 nguyén i/G + ,8_27_ + %/6 - /92—7
27 27

Bai 4. Ching minh ring v6i méi s& tu
nhién n thi [(2++/3)"] 1a mét s6 tu nhién 1é.
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| BIEN DOI CAN BAC HAI
' IPHUC TAP DANG M : 2N

NGUYEN BUC HAO (GV. THCS Lam Son, Q.6, TP. H6 Chi Minh)

LTS. Theo dé nghi cGa nhiéu déc gia, tir s& nay TTT md chuyén muc mdi On tap
cung ban. Tai day s& dang cac bai giip cac ban hoc sinh én tip chuong, phan,

chuyén dé hoic toan hoc ki.

Rat mong dugc cac thiy cé giao hudng img viét bai cho chuyén muc méi nay.

Trong céc ki thi tuyén sinh vao 16p 10 va
thi chon hoc sinh gidi I6p 9 thudng cé bai
toan nhd yéu cau “tinh” hay “rut gon” mét
bidu thirc c6 dang YM+ 2N (M, N ¢ N).

Ta chu y dén hai hang dang thirc sau

(\/;+\/;)2 :x+y+2\/x_);;

(Vx =y =x+y-2xy.

Nhu vay, néu ta tim dugc hai s6 tu nhién
x, y théa man x + y = M va xy = N thi

Mx2UN = J(dx £ 2.
Sau day lamotsGvidu.
Bai toan 1. Rat gon A — 5+ 26.

Taco6=32=61 Haisé 2va3thda
man 3 +2=5. Do dé

A=\B312J2-J3+2 - W3+ 272 -
= N3+v2]=V3+42. ) )
Bai toan 2. Rut gon B = \[7—2\/5.

L&i giai. Ta chon dugc cip s6 1 va 6
thda man 6.1 =6 ;6 + 1 =7. Do d6

B Hﬁﬁ;?;ﬁsﬂ (viv6 -1>0).

Bai tap tuong tu. Rut gon cac biéu thic
sau : \[7+2\/:|_0 ; \/6-2\/5 ;
J8 1247 ; J11-2430.

Bai toan 3. Rt gon C = /7 +44/3.

L&i giai. Ta phan tich 443 =2-2./3 va

c6 4+3=7.Suyra C=2+43.
Bai tap tuong tu. RGt gon cac biéu thic

sau : \/9 r4+/5 ; \/11»—6\/5 ;

J1948Y3 : 11-ad7.
Bai toan 4. Rat gon D - 8- 44/3.

L&i gidi. Taco 43 =2412; 12 =62 ;
6+2=8.

SuyraD = \/(,\[677\/?)E - J6-2.
Bai tap tuong tu. Rat gon cac biéu thirc
sau : \/11+4\/é ;\/23»~4ﬁ§ ;
J9+642 ;13 -443.
Bai toan 5. Rut gon E - \/Zl_m/‘ILS
Lai giai. Ta c6 Ev2 - 8+ 2415 =
= \/(\[?3—:\/_5)5 =3+ 5.
o5 6+
J2 2
Bai tap tuong tu. Rt gon cac bidu thic

sau : \/2+\/§ ;\[3 -J5 ;\/5—\/?:

Suyra E=

Bai toan 6. Rt gon F = 49 + 596.

L&i gidi. Ta c6 49 = 24 + 25 va
5,96 = 52 .22 .24 = 2./25 24.

Suy ra F =24 +25 =24 +5.

Bai tap tuong tu. Rut gon cac biéu thirc
sau :

- J51- 748 : 28+ 5412 ; J12-3J12.

e——



Bai toan 7. Rat gon biéu thirc

P= (/6 +v2)(v3 - 243 1 2.
Ldi giai. Ta c6 thé thuc hién theo mot
s6 hudng sau.

P=(2 -VBV3 12 =
(/26732 -
a2 BB A E D) -2
P = (6 1 v2)(V3 - 2).@

W2 \/6)‘/5_2‘/22_2_9 Y

Bai tap tuong tu. Rat gon cac biéu
thirc sau : (\/TO' i \/év)(6*2\f5—)\/3 +V5;

T ) \/4 G

(JZ ﬁ)(s. 1)\/51"_71.

Bai tap tu luyén. Rat gon cac biéu

thirc sau : a) \[44\[6 2f (V10 - \/'

by 6+ 25 - 129 - 1245 .
c) (4+ Jﬁ)(ﬁd - \/é)\/Z:_\/Tg.
) (3¥2 1 V66 343.

e) \/7 43 74443
f) \/53 1 12410 — /47 -6410.
y_ 3436 3-V6
\/§+\/3+-\/' \/'\ﬁ’:\/g

\/5 +26 - 8- 2J15
7+2\/—

) V13-1160 + /534 4/90.

Qua mdt s6 vi du va bai tap tuong tu,
mong rang cac em da thanh thao dugc
mét dang toan vé cin thifc va tu tin déi
tua bai doc thém nay la “CAN BAC HAI
DON GIAN".

{CI0n THIEU -
 TRUING ATH G0 QUAC TE 4R Nt o

(Hanoi International College)

Trudng Anh nglr Qudc t€ Ha Ngi Hico thanh
I lap dudgc 8 nam. Theo thdi gian, nha trudng
Ingay cang kh&ng dinh minh ximg dang voi
I long tin cly cla cac hoc vién. T& nam 1999
I d&n nay, nha truang 1a thanh vién thudng nién
1 clia t6 chirc NAFSA (Hoa Ky), t8 chirc cac nha
I gido duc Qudc té va tao cac co hdi md réng
1 hop tac vdi cac truong dai hoc My va cac
I truang dai hoc, cao déng trén toan thé gidi.

| K& tir khi thanh Iap truong dén nay, Hico da
I dao tao trén 17.000 hoc vién ti€ng Anh & cac
: cdp do, cac Iia tudi, Hico.Ta mdt trong nhimg
I don vi giao duc di ddu vé dao tao Anh ngit
: theo tiéu chudn Quéc té ciing nhuv dao tao
I tiéng Thai Lan, ti€ng Tay Ban Nha va Cong
: nghé thong tin. Day chinh 1a nhimg cd s& quan
1 trong nham trang bi cho cac ban hoc sinh, sinh
vién va cac can b cdng nhan vién c6 thé thich
Ung vdi mdi tryang lam viéc hién nay.

Hico cé tat ca cac chuong trinh tiéng Anh
phu hop cho t&t ca cac trinh d6, d6i tugng tir
mau gido dén cac khéa luyén thi cao cap.

Nha trudng cb déi ngd gido vién day kinh
nghiém, trong d6 cé 12 giac vién ban ngit
(Anh, My, Uc) cé bang su pham, trinh dé cao.

Ca sd vat chat cla truong dap (ng diéu
kién t5t nhat cho mdi hoc vién theo hoc vdi 20
phong hoc tiéu chudn quéc t6 ; 1 phong
multimedia va 30 may tinh hién dai dung cho
dao tao tin hoc va ngoai ngi, c6 thé truy cap
internet ; 1 thu vién cho cac giang vién va hoc
vién nghién clu thong tin cap nhap ; 1 cau lac
bé tiéng Anh cho hoc vién va cac hdi vién c6
nhu cau nang cao giao tiép.

————— - — e e v vy

10 ddc gid cua TTT ¢6 co hoi
dudc nhan hoc béng tri gid
500.000 dong/sudt cOa Hico
" khi cdm 13 bao nay dén
15 Cao Ba Quat, Ha Noi



TU GIAC NGOAI TIEP

TS. NGUYEN MINH HA (BHSP Ha Noi)

Cung vdi t giac noi ti€p, tr giac ngoai

Diéu kién di.

ti&p 1a mot khai niém thu vi lién quan téi* + Néu AB = AD thi CD = CB. Khi dé giao

duong tron. Tuy nhién, trong cac tai liéu
vé dudng tron, tir giac ngoai tiép thudng it
dugc dé cap. Vi li do trén, t6i viét bai bao
nay nhdm giGi thiéu v6i ban doc TTT2
nhiing hiéu biét chung nhat, nhiing két qua
co ban nhat lién quan tdi t( giac ngoai tiép
cung mét s6 bai toan rén luyén ki nang.

I. Binh nghia va cac dijnh li

1. Binh nghia. Mét 1 giac dugce goi la
t&r giac ngoai ti€p néu ton tai mot dudng
trbn nam trong tir giac d6 va tiép xuc voi
cac canh cla tl giac.

Puong tron ndi trong dinh nghia trén
dugc goi la dudng tron ndi ti€p tir giac.

2. Pinh Ii 1. T(r giac ABCD Ia ngoai tiép
khi va chi khi ba trong bén géc cla t giac
¢6 cac dudng phan giac déng quy.

Chimg minh. Diéu kién can. Danh cho
ban doc.

Diéu kién du. Khéng mat tinh tdng quat,
gid st duong giac cua cac goéc A, B, C
déng quy tai | (ban doc tu vé hinh).

Goi M, N, P, Q theo thir tu 1a hinh chiéu
vudng gbéc cla | trén AB, BC, CD, DA.

Tac6 IM=IN=IP=1Q.

Vi céac tia Al, Bl, Cl thir tu nam trong cac
g6c DAB, ABC, BCD nén | nam trong t
giac ABCD.

Suy ra dudng tron (1 ; IM) nam trong tr
giac ABCD va tiép xuc v6i cac canh cua ti
giac. Do d6, tit giac ABCD ngoai tiép.

3. Binh Ii 2. T giac ABCD Ia ngoai tiép
khi va chi khi AB + CD = AD + CB.

Chimg minh. Diéu kién can. Danh cho
ban doc.

diém | cia AC vdi dudng phan giac trong
g6c B chinh la tam duong tron ndi ti€p tir
giac ABCD, ta cé dpcm.
C
D

A E B

+ Xét truong hgp AB > AD (truong hgp
AB < AD ching minh tuong tu).

ViAB + CD =AD + BC nén BC > CD.

Do d6 tén tai cac diém E, F thirtu trén cac
canh AB, BC sao cho AE = AD, CF = CD.

Suy ra BE = BF.

Vi cac tam giac ADE, BEF, CDF thir tu
can tai A, B, C nén cac dudng phan giac
trong clia cac géc A, B, C chinh la cac duong
trung truc tuong Ung cla cac canh DE,
EF, FD cla ADEF, do d6 chung déng quy.

Vay theo dinh /i 1 thi t& giac ABCD
ngoai ti€p, ta cé dpcm.

binh 1i 3. Cho tir giac ABCD. Cac tia
AB, DC cat nhau tai E. Céac tia AD, BC cét
nhau tai F. Khi dé t& giac ABCD la ngoai
ti€p khi va chi khi AE + CF = AF + CE.

Chimg minh. Diéu kién céan.

Gia s dudng tron ndi ti€p ti giac
ABCD theo thir tu ti€p xac véi cac canh
DA,AB,BC,CDtaiM, N, P, Q.

TacbAE+CF=AN+EN + FP - CP =




=AM+ EQ+ FM - CQ =AM + FM + EQ -
_CQ=AF 1 EC.

Diéu kién d0. DAtAE —AF =CE - CF=m.
+ Truong hgp m = 0 : ban doc tu chiing minh.
+ Xét m > O (trudng hgp m < 0 chdmg minh
tuong tu). Vim > 0 nén trén cac doan AE,
DE theo th(r tu tn tai cac diém H, K sao
cho AH = AF ; CK = CF. A

Dé thay EH = EK (cung bang m).

Vay cac tam giac AHF, CFK, EKH theo
thir tu can tai A, C, F.

Suy ra dudng phan giac cla cac gbc
HAF, FCK, KEH la cac dudng trung truc
cla AFHK, do dé chiang dong quy.

Goi () la duong tron ndi ti€p tam giac
ADE thi | chinh 1a giao diém cla cac
duang phan giac clia cac goc HAF, FCK,
KEH. Dé thay (1) ciing chinh la dudng tron
ndi ti€p tam giac ABF. Diéu d6 co nghia la
(1) cling ta duong tron ndi ti€p tlt giac
ABCD.

Vay tir giac ABCD ngoai ti€p.

5. Dinh li 4. Cho tlr giac ABCD. Cac tia
AB, DC cat nhau tai E. Cac tia AD, BC cat
nhau tai -F. Khi dé ti giac ABCD la ngoai
tiép khi va chi khi EB + BF = ED + DF.

Chimg minh. Diéu kién can. Gia st
dudng tron ndi tiép tr giac ABCD theo thit
tu ti€p xuc véi cac canh DA, AB, BC, CD
tai M, N, P, Q.

Taco6EB+BF =EN-BN +BP + FP =
=EN+FP=EQ+FM=ED -DQ + DM+
+ FD = ED + DF.

Diéu kién d0. D&t BF - DF =ED -EB=m.
+ Truong hop m = 0 : ban doc tu chiing minh.
+ Xét m > 0 (trudng hop m < 0 ching minh
tuong tu).

Vim > 0 nén tén tai cac diém G, H thit tu
trén cac tia FB, BA theo saocho FG =FD ;
EH = ED. A

H

Dé thay BG = BH (cung bang m).

Vay cac tam giac FGD, EDH, BHG
theo th(r tu can tai F, E, B.

Suy ra dudng phan giac cla cac goc
GFD, DEH, HBG la cac dudng trung truc
clia AGHD, do d6 chung dong quy.

Goi (1) 1a duong tron bang ti€p doi dién
vdi dinh E cla tam giac EBC thi | chinh Ia
giao diém clia cac dudng phan giac cia
cac goc GFD, DEH, HBG. Dé thay (l)
ciing chinh la dudng tron bang tiép doi
dién vai dinh F clia tam giac FDC. Diéu d6
c6 nghia la (1) cing la duong tron ndi ti€p
& giac ABCD.

Vay tr giac ABCD ngoai tiép.

(Ki sau dang tiép)




BAI TOAN THAP FA NOI
(Khoa CNT;G:éiliigu\i)?v:r;NH’-'éHN%g

Bai toan Thap Ha coc khac. Vi vay b, < 7. Cac budc thuc

Noi dugc phat biéu hien duoc néu trong hinh 2.

nhu sau : ,
' Bai toan. Mot ngon (1)
thap duoc xép bdi 8 TN
dia kich thudc khac nhau dugc xép vao 1 v
trong 3 cai coc nhu trong hinh dudi day. (a)
S
(b)
. {3
C | e
[ 1 N N ]
Hinh 1 ()
Céac budc chuyén toan bo 8 dia tir mét coc (4)
sang coc khac tuan theo cac quy luat sau : /’\
i) M&i budc thuc hién chi dudc chuyén ! e — |
dang mot dia (d)
ii) Khéng dia nao dugc xép trén dia nho (5 ';

hon né. T~
Tinh s8 budc chuyén it nhat co thé dé /,/‘ | ,

c6 thé chuyén hét 8 dia tur coc ban dau
sang mét coc khac.

1oL € e o (6)

JTa,kl hLeu b, If soﬂbuoo chu;l/en I,t nhat TN
dé c6 thé chuyén hét n dia tr mét coc

) , 1] || ]

sang moét coc khac. )

Bai toan trén la bai toan xac dinh gia tri 7)
cla b,

8

D€ xac dinh dudc con s6 nay, chung ta /\F"—'—_l
thlr khdo sat mét vai vi du don gian nhét. N — |
D& thdy b, = 1. Khi n = 2 ta ¢6 thé thay 2 (9
budc chuyén khong thé dd thuc hién va
v8i 3 budc chuyén thi ta méi ¢ thé lam
duoc viéc chuyén 2 dia sang mét coc
khac. Vivay b, = 3. (h

Truong hop n = 3, ta c6 thé dung 7 Hinh 2

budc chuyén dé chuyén 3 dia sang mét ~ Liéu 7 budc thuc hién c6 phai 1a it nhat

| p——




-

c6 thé khéng ? Ta hay xem hinh 2. Truéc
khi chuyén dia 16n nhat ndm dudi cung, ta
can phai chuyén hai dia ndm trén no sang
mot coc khac, va sé phép chuyén it nhat
nhu ta da biét 1a b, = 3. Sau d6, can mét
phép chuyén dé dua dia I6n nhat ra khoi coc
ban dau va ta cén b, = 3 phép chuyén nita
dé chuyén 2 dia nhd Ién trén dia I6n nhat.
Téng cong ta can it nhat b, + 1 +b, = 7
phép dich chuyén tat ca. .

Vay b3 =7.

Chinh x&c hon, ta da chira b, = 2b, + 1.

M6t cach tdng quat, ngudi ta da chimg
minh dugc réng b, , =2b +1=2"""1-1,
vGi moi sé tu nhién n.

Dén day ta co by = 28 - 1 =255,

Diéu tha vi da ndi dau tién 1a bai toan
nay dudc goi tén la Bai toan thap Ha Noi.
Tai sao lai dudc goi ta Ha Ngi, tha doé cia
Viét Nam ? Viéc nay lién quan téi hai diéu.
Trudc hét 1a ngudi nghi ra bai toan nay la
mot nguoi Phap va sau nla 1a bai toan
dudc dua ra vao dung luc Phap dang xam
chiém Viét Nam (xem [1]).

Hinh 3 ’
Theo Hinz (xem [2]), buc tranh trong

hinh 3 dugc tim thay & Paris vao nam 1883.
NE&u nhin vao blrc tranh ki ludng chung ta
sé thdy nhiéu diém phu hdp vdi khi hau va
dat nudc con nguodi Viét Nam. Trong tranh
¢6 mot nguadi Vit Nam doi non véi cac
dong chir : Tonkin (Bac ki) va Annam (Tén
cl chi Viét Nam). Cé hai tén d#c biét xuat
hién trén dé nra. D6 la gido su N. Claus
va trudng cla 6ng 1a Li-Sou-Stian.

Theo cac nha toan hoc Phap thi d6 |a
tén cla nha toan hoc Phap Lucas va
trudng Saint Louis. Nguoi ta tin rang
Lucas |a ngudi cong ngon thap 10 tang
trong tranh.

Edouard Anatole Lucas (1842 - 1891)
l4 nha toan hoc Phap lam nhiéu trong i
thuyét s, day truy hoi ... Trong thdi ki
con chua cd may tinh dién t, 6ng la nguoi
da timg phat hién dugc sé nguyén to I6n
nhat. Day s6 2, 1, 3, 4, ... dudc xay dung
tuong tu nhu day s6 Fibonacci dugc mang
tén cla ong.

Tai liéu tham khao

[11 A. M. Hinz, The tower of Hanoi,
Enseign. Math (2) 35 (1989), 289-321.

[2] A. M. Hinz, The tower of Hanoi,
Algebras and Combinatorics, An
International Congress, ICAC. 97,
Hongkong, Springer Verlag (1999) 217-236.
_(Theo Mathematical Medley, Volume
26, No 2, December 1999)




Khi tim gia tri nhd nhat (GTNN) hay gia tri
I6n nhat (GTLN) cda biéu thirc cé chira dau
gia tri tuyét ddi, ching ta thudng xét cac trudng
hop dé khir ddu gia tri tuyét dsi dé vé dé thi
hoac st dung cac bat déng thirc vé gia tri tuyét

déi nhu |a| + |b| z|a+ b| = ||a| - |b|| ..., sau do

xét kha nang trd thanh ding thirc. Bai viét
nay dé cap dén mét phuang phap tim GTNN,
GTLN kha hiéu qua cho mét 13p bai toan.

Gia s(rton tai ma GTNN clia ham s f(x)
trén mién D khi d6 f(x) > m v8i moi x € D.

Véi mot s6 o € D thi m sé dat tai cac gia
tri x thda man diéu kién f(x) < fla). Tu db
xac dinh dudc x € K, trong d6 K < D dudc
goi la pham vi tim kiém.

Dé tim gia tri m ctia ham sé f(x) trén mién
D, khi dé ta chi can tim gia tri m trén mién
K (tuang tu déi vai GTLN). Néu chon dugc
s6 B khac o ma fla) < f(B) thi ta s& xac dinh
dugc pham vi tim ki€m hep hon.

Phuong phap nay can cé ki nang gidi bat
phuong trinh dé tim dugc K.

Céng viéc trén dugc vi gidéng nhu ta di tim
chiéc chia khoda bi danh roi, néu ta chic
chan né bi roi trong nha thi khéng 1é ta lai
tim né & ngoai dudng ?

Vi du 1. Tim GTNN cQia ham s :

y =f(x)=|x+1+[2x -1|.
Ldi giai.
Ham s& y = f(x) ¢c6 tap xac dinh la R.

Cdch 1. Vi f(%) =—2— nén ta chi can tim x b) y =g(x)=3|x -1+

TiM GIA TRI NHG NHAT CUA HAM §0
(0 CHUA DAV GIA TRI TUYET B0

DANG XUAN SCN

(GV Trudng nang khiéu Tran Phu, Hai Phdng)
*****‘*************

thda man f(x) sg-, suy ra:

|x+1|s§-; |2x—1|£§.
2 2
Gidi hé hai bat phuong trinh trén, ta nhan
dugc pham vi tim kiém K = {—% , %}
Chicanxétxe K tacox+1>0;1-2x>0

suy ra f(x)=2—x'2%.

Ding thitc xay ra < x =% e K.
Vay GTNN cla f(x) 1a %
Cdch 2. Taco |2x -1 =

1
x ——| suy ra
> y

>

f(x) =[x+ 1 +[2x =1 = |x +1] +

1
X___
2

>

(x+1)—(x—%)!=§2-.

Mat khéac, f(l) _3 nén GTNN f(x) la g
' 2 2 2

Binh luan. Mac du cach 2 don gian hon
cach 1 nhung khéng phat huy dugc cho cac
bai toan dugi day.

Vi du 2. Tim GTNN cla cac ham s6 sau :

a) y =f(x)=|x-1|+

2
X

2
X

VN



c) y =h(x)=2|x+1+

x -1

L&i giai.

1) L&i gidi cho cé céu a) va céu b).

Vi f(1) = 2 = g(1) nén ta chi can tim x thda

-1<x<3
2 SZD{

man |x—‘||32;— |x|21

x =-1
=
1< x <3. )

Do f(-1) > 2 va g(-1) > 2 nén chi can xét
x thuéc mién K =[1; 3], ta c6

FX)=(x N+ 2= x+2 1222 1.
X X

Ping thirc X3y ra < x = V2 € K.
Vay GTNN ciia f(x) 1a 242 1.

g(x):3(x—1)+g=2[x +1]+x—3
X X

>2:2+1-3=2,
Pang thitc xay ra < x=1 € K.
Vay GTNN cia g(x) la 2.
2) L&i giagi cho céu c).
Vi h(-1) = 2 nén ta chi can tim x thda
x -1
X

man h(x) <2, suyra 2|x +1<2; <2,

gidi hé hai bat phuong trinh nay ta thu duogc
mién K =[-2; -1]. Vdi x € Kta c6
h(x) = —2(x +1)+ X = —[x +1]—x—1 >
X X
>22-(-H-1=2.

Péng thitc xay ra < x = -1 € K.

Vay GTNN cua h(x) 1a 2.

Binh luan. Cach tim mién K nhu vay
gitp cho viéc khir diu gi tri tuyét déi thuan
Igi va dua bai toan da cho vé viéc tim GTNN
cia ham s6 trén mét mién K nhd hon.
Phuang phéap nay té ra rat hiéu qua déi vdi
bai toan chita tham s@.

Vi duy 3. Tim m dé GTNN cla ham s6

y = f(x) = ‘ﬂ
X

+3|x-11a 2.

Lai gii.
Diéu kién can. Néu GTNN cula f(x) 1a 2
thi ta c6 f(1) = |m| = 2.

Diéu kign dd. V6i |m| =2, ta xét x thoa

man diéu kién f(x) = \ﬂ +3|x-1<2 suyra
X

|_”l| <x<
2

’

m
X

52;3|x—1|32:>|x|2

W=
wijom

:xeK:[tgil.VdiXGK,tacé

f(x)=|—m—|+3x—3=[l—nl|+2x}+x~32
X X

22,/2|m| +1-3 =2,2|m| -2 > 2.

Péng thitc xdy ra < x =1 e Kva |m| =2,
suy ra GTNN ctia g{x) |a 2.

Két luan. Vay véi m = +2 thi GTNN cla
fix) 1a 2.

Bai tap ap dung.

Bai 1. Tim GTNN cla cac ham sé sau :

a) y =[x +1+[2x -1 +]2x +1];

b)y=|x—1|+£—1;
X
x-2|.

o)y =|x+1+ qu,
x% -1

d) y=|x+2/+2 R

Bai 2. Tim m dé cac ham s6 :
a) y =|x+1+|2x - m|+|4x +2m|

dat GTNN la g;

b) y = 2|x + 1|+ =

dat GTNN 1a 2 ;
X

m
X

c) y =[x -1+ — dat GTNN Ia 2¢2 -1.

N




. Baitoan chimg minh bat ddng thirc c6 rét
: nhiéu dang va da gay khéng it trd ngai cho
: cac ban hoc sinh trong céac ki thi. Mot trong
I cac phuong phap dudc st dung dé chimg
: minh b4t dng thirc chinh 1a phuong phap
: phan chimg. Phuong phap nay té ra c6 uu
: thé& rd rét khi trong gia thiét va két luan ctia
: bai todn c6 nhiéu bat déng thic.

Sau day la cac vi du minh hoa.

Vi du 1. Chimg minh riing (a + b)? > 4ab.

L&i giai. Gia st (a + b)2 < 4ab suy ra

a’+2ab+ b? < 4ab=a’-2ab+b?<0
= (a - b)? < 0, diéu nay la sai vdi moi a, b.
: Vay gia sif trén 1a sai, suy ra dpem.
Vi du 2. Cho ba s6 a, b, c € (0 ; 1).
: Ching minh ring c6 it nhat mét trong cac
: bat ding thitc sau day Ia sai :

1 1 1

a(1 b)>4 ;b(1 c)>4 c(1 a)>4.
. Lo giai. Gia sif ca ba bat dang thirc trén
. déu dung. Theo gia thiéttacd a, b,c, 1-a
: 1 -b,1-cdéula cac s6 dudng, suy ra

’
a(1-b)b(1-c)e(1-a) > —. 1
(1-b)p(1-c)e(1-a) > = (1)

1 (1 ¥ 1

Mat khac a(1—a)=——{.-_a] <—-

4 \2 4
. 1 1
Tu’ongtutacob(1—b)sz; (1—¢)5Z
suy ra a(1—b)b(1—c)c(1_a)5€}_ . (2)

: Ta co (1) mau thuan véi (2) nén giad sit
: ban @au la sai, suy ra dpcm.

PHU’O’NG PHAP
('H(I’NG MINH BAT mma TH(I’('

GIAP TRAN QUAN (Ha N6i) +

 EEX X X XXX XXX X X R

Vi du 3. :
Chimng minh rang néu a,-a, > 2(b, + b,) :
thi it nhat mét trong hai phudng trinh sau ¢b
nghiém : x>+ a,x +b, =0 (1) :
X%+ ax+b,=0. @) :

Lgi giai. Gia st (1) va (2) déu vé nghiém, +
khi d6 ta cé Ay < 0va Ay < Osuyra

A -4b + az 4by <0
+ 32 -4(by+by) <0
= a? +a3 < 4(by +by) <2a4a; ¢
—ap )2 < 0,
diéu nay la sai véi moi a,, a,. Vay gia sir :
trén la sai, suy ra dpcm. :

Vi du 4. (dé thi vé dich Tiép Khic 1959) *
Cho cac s6 thuc a, b, ¢ théa man diéu kién :

(1)+A()<0 :>a1

.

= (31

a+b+c>0 (1
ab+bc+ca>0 (2
abc > 0. (3)

Chimg minh rang a, b, ¢ cung duong. :
L&i giai. Gia sir co mét trong ba sé a, b, ©

¢ khong duong. Khéng mét tinh téng quat,

gia st s6 khéng duong dé la a (a < 0).
Tu@)suyraa<0vabec<O

a<0 a<0 .
=<<b<0 (4) hodac b>0 (5):
c>0 c<0. :

Néu (4) xdy rathia+ b <0 suyra (theOE
(Mc>~(a+b)y>0=cla+b)y<—(a+b)?:
:>ab+c(a+b)<ab (a + b)2 .



: = ab+bc+ca<—(a®+ab+b?) <0, mau
: thudn vai (2). :
:  Néu (5) xay ra thi tuong tu ta ciing chira *
: dudc ab + bc + ca < 0, mau thuan véi (2).
:  Vay gia st ban d4u 12 sai va ta c6 dpcm.
:  Vidu 5. (dé thi HSG Mat-xco-va 1986) *
: Vdi moi s6 thuc x, y, z, chitng minh rang c6 : J > E
> it nh&t mét trong ba bat déng thitc sau la sai - N
M<ly-z:<lz-x;lzd<x-y. w0\
L&i gidi. Gia sif ca ba bat déng thic trén :
: déu dang, suy ra x2 < (y - z)2 :
=2 - (y-22<0 E Z. \/!
s > (x-y+2z)(x+y-2)<0;tuongtutaco : -
y-z+x)y+z-x)<0;
(z-x+y)(z+x-y)<O. .
:  Nhan theo tilmg v& 3 bat ding thic trén *
Psuyra(x—y+22(y-z+x)2(z-x+yP2 <0+

TRAN BAU THO BA MU0 TAM

(Tiép theo trang 19) D

8 v 2 C

M3t khac tir dang thic A _IB e
. IC JD

. Ia bat ddng thic sai véi moi x, y, z = gia st -
! = S(ADE) = S(BCE) = S(OXE) = S(OYE)

P (ViOX=AD;0Y=BC)=>Zec OE=>E €
Bai 1. Cho a + b = 2cd. Chimg minh rang :

: ban dau la sai = dpcm.
. Baitap ap dung.

£S(ABE) = ﬂS(ABE)
JD IC

oz

: it nhat mat trong hai bat ding thitc sau fa :
:ding:c?za;d?2b. . Vay duong thdng OZ chinh la dudng
: Bai2.Chocacsda, b, c A B Cthda : thing EF. (2)

: man aC - 2bB + cA=0vaac-b*>0.:  Tu(1)va(2) suyraEF Il HK.

: Chimg minh rang AC - B2 <0. : Lai binh. V6 si Trung xithg dang la
:  Bai 3. Cho cac s8 duong a, b, ¢ théa i nguai ding quang trong tran dau nay vi sy
: man abc = 1. Ching minh rang : + ©0 gang trong viéc md rong bai toan thach

[a—1+-1—][b—1+-1](c—1+1_]51. . dau.
b c a :

(V6 dinh Toan quéc t& 2000) *
. Bai 4. Cho abc # 0, ching minh rang it :
: nhat mét trong ba phuong trinh sau cé :
* nghiém: ax® +2bx+¢=0; b’ +2cx+a=0; *
P ox®+2ax+b=0.
. Bai 5. Ching minh réng trong ba bat :
. ding thirc sau day, c6 it nhat mot bat ding *
(b+cy .

Tudng tu ta cé F e OZ.

NGUYEN MINH HA

: thitc ding : a° + b2 >

+ a)2

;cz+a2>




Phuong trinh (dai sd) 1a bai toan thudng
xuat hién trong cac ki thi tuyén sinh, thi hoc
sinh gi6i. Co6 rat nhiéu phuong phap giai
phuang trinh nhu diing cac phép bién déi
dai s6 dé dua phuong trinh vé dang tich,
dang da thirc, diing bat ding thirc, diing
tinh chat don diéu cOa ham s6 ... va mot s6
phuong trinh con dudc giai bang cach dua
vé giai hé phuang trinh.

Bai toan 1. Giai phuang trinh :

X +2-Jx-6=2.

Lai giai. Didu kién x > 6.

Pata=Vx+2;b=+vx-6 (a, b khong am),

tlr d6 ta cé hé :

a-b =2 fa-b=2 [a=3
= fe)
a2-p2 =8 a+b=4 b=1
Vx+2 = x+2=9
JIx —6~1 x-6=1

x = 7 thda man diéu kién nén la nghiém
cla phuong trinh.
Bai toan 2. Giai phuong trinh :

Ix-1-IYx-3=3.
Lai gidi. Dat a=3x-1 ; b=¥x-3, tr
détacohé:
{a—b =32 {a—b =32
=

a®-b3=2 a’ +ab+ b?

o x=7.

¥

_p=3 _3
- a-b=32 - a-b=32
ab=0 .

(a-b)? +3ab=34

GIAI PHUONG TRINH

BANG CACH DUA VE
HE PHUOGNG TRINH

CAO MINH QUANG

. (GV Toan truang THPT chuyén Nguyén Binh Khiém, Vinh Long)
PFIIEIE 44444000444

_3
hoac a=32
b=0.

a=0
=
b=-32
Néua=0;b=-Y2 thisuyrax=1;

Néu a =32, b=0 thi suy ra x = 3.
Vay phuong trinh ¢6 hai nghiém la 1 va 3.
Bai toan 3. Giai phuang trinh :

3/l+5(+ /l—x =1.
2 2

L&i giai. Diéu kién : x <

bat a= 3} +X b=, |—-

he a+b =
co hé
‘ a3+b2=1

a+b=1 a+b=1
= =
a3+(1—a)2:1 a’+a’-2a=0

a=0 a=1 a=-2
= hoac hoac
b=1 b=0 b=3.

Tir db ta tinh dugc cac gia tri cla x la

I\)I—L

), tir do ta

Vi b va x déu thda man diéu kién nén
phuong trinh cé ba nghiém trén.
Bai toan 4. Giai phuong trinh :

v2-x.

"L&i giai. Diéu kién : x < 2,

x%242=




-

D3t y =v2-x (y=0), tirdo taco hé Lai giai. Pat y =3¥35-x3, tir d6 ta cb

2 2
—x“+2=y |x“+y=2 L [xy(x+y)=
2 V2 2 he:d 3 3
-y<+2=x XC—y =x-y x° +y” =35
2 _ 2 _ xy(x+y)=30
o X +y=2 hosic x“+y=2 Q{ 5
x—-y=0 x+y =1. (x+y)” -3xy(x+y) =35
2 _ =y = xy(x+y)=30 =
Néu {* +y~2thisuyra x=y=1 = yix+y) XY=
3
x-y=0 X=y=-2, (x+y)’ =125 |[xy=6
145 x=3 x=2
2 9 X = = o ho&c _3
Néu {X Y=< thisuyra 2 y= y=9
x+y =1 y=1J?J§_ Vay phuong trinh ¢ nghiém x =3 va x = 2,
2

® Mot sd bai tap tu luyén
Kéthop vdidiukien x<2vay>0tasuy  Giaj cac phudng trinh sau :
ra phuong trinh ban dau cé hai nghiém la 1

~-Jx+5=5;
va 1_2\/5. . x Ix-3=%2;
C3x -

Bai toan 5. Giai phuong trinh :
x> +1=2.32x -1,
L&i gidi. D5t y = Y2x -1, trd6 ta co hé :
{x3+1=2y X341 =2y )
1.3 .3
x> -y =2(y-x). (2)

Taco (2 & (X - X2 +xy+y2+2)=0
ox-y=0

1

2 1+%3/x

3 2+Yx+3=2x+1;
4. Yx-1+Jx+2 =1

5 Yx+8-Yx-8=2;

6. 57 -x +¥x+40=5;
7. (x+3)* +(x+5)* =2
8. x%+
9.

y3+1=2x

X2 +3(16-x3)? =8;

Yo7 _x+Yx-15=4:

IS

1 V2 3 105 x+5——x—
vi x2+xy+y2+2=(x+-2—y] +Zy2+2>0.

Suy ra x = y, thé vao (1) ta ¢ :

3 -2x+1=0 e x =1 holc x=—1i;\/—5_.
Vay phudng trinh c6 ba nghiém la :
; 1+45
T

Bai toan 6. Giai phuong trinh :

x-335-x3 .[x+3\/35-x3]=_3o.




.................

VUQT VO MON

Chung ta déu biét rang diéu kién can va
dd dé phuong trinh bac hai ax? + bx + ¢ =0
* (a#0) conghiém la A =b? - 4acz0; diéu
" kién nay dugc st dung dé giai kha nhiéu
dang toan, trong d6 c6 dang toan tim gia tri
I6n nhat (GTLN) va gia tri nhd nhat (GTNN)
clia mot biéu thirc. Sau day 1a mét s6 vi du
: minh hoa.
* Vidu 1. Tim GTLN va GTNN cua biéu
X% -2x+2

x% —x+1

. thic Q =

P Ldi gidi. Do x? - x + 1> 0 véi moi x nén
- Q xac dinh véi moi x. Gia sU ton tai x dé Q
- dat GTLN va GTNN, khi d6 phuong trinh
: QU2-x+1)=x2-2x+2
S(Q-ND+2-Qx+Q-2=0 *)
phai c6 nghiém déi véi an x.
NéuQ=1thi(*) > x=1;
Né&u Q = 1 thi (*) 1a mot phuang trinh bac
- hai d6i véi an x, c6 nghiém <> A, 20
S 2-QP-4Q-1)(Q-2)20

<:>(Q—2)(—3Q+2)20<3§3Q52.

Vi§<1<2 suyra:
Q dat GTLN la 2 < x = 0 (thay vao (")) ;
Q dat GTNN Ié§<:>x=2.

: Nhan xét. Vi du 1 c6 thé md rong cho
- - biéu thifc téng quat co dang :

a1X2 +b1X +Cq

Q(x) = vOi b22 - c, < 0.

a2x2 +box +cp

------------------------------------------

MOT PHUUNG PHAP
7iMm cuc TRI
CUA MOT BIEU THUC

PHAN BICH NGOC :
(THCS Chu Van An, Huong Khé, Ha Tinh) -

Vi du 2. Tim GTLN va GTNN cha bidu :
X+2y +1

x2+y2+7'

L&i gidi. Ta c6 Q xac dinh v4i moi x, y.
Ta tim Q d& t6n tai x, y thda man :
Q:.);+2y2+1
. XS +y+7 .
hay Q® - x+ QY +7Q-2y-1=0. ()
Vi Q=0thi () tréthanh x + 2y + 1 =0
hién nhién ton ‘tai x va y, chang han :

thic Q =

x=0,y=—%.

Vai Q = 0 thi tén tai x, y théa man (*) < :
ton tai y théa man A, > 0 <> ton tai y théa :
man : 4C)2y2 - 8Qy+28Q%-4Q-1<0

Ay
<04y, 20
4Q?
1

2802 —4Q-5<0 > -2 < Q<.
14 2

nén Q dat GTLN :

oS -

Véix=1,y:2thiQ=—1—

L1

N

Vi x——— y-—ﬁtth———S—nean
15 14

-----------------------------------------



: dat GTNN la -3
14

Vi du 3. Cho x, y thda man hé thirc

B2 090, ()] Ths gidi toan qua fhtj

Tim GTLN Vé GTNN ctia biéu thic :

— _2x+y+5. @ : : Trén Vi Trung, 9A,, THCS Phiing

. Loigiai. Tu’ (2)suyray=2x+P-5,thay .  ChiKién, TP. Nam Dinh, Nam Binh ;
vao (1) ta dudc phuong trinh : : Nguyén Ngoc Trung, 9A1, THCS Lam
36x% + 16(2x + P~ 5)2 - 9=0 :  Thao, Lam Thao, PhaG Tho ; Pham

D <> 100x° + 64(P — 5)x + 16(P - 5)2j9: Q0 Tu&n Minh, 7/3, THCS Lé Quy Don,
Phuong trinh cé nghiém déi véi an x :

L a2 o TP. Hai Dudng, Hai Duong ; Lé Dai
: 1 2 — S X
P 16XP C>2 : ; ) Thanh, 9A,, THC S Tra Néc, TP. Cén
. — < :

s = 16(P - 5)° < The, Can Tho ; Tran Van Khang, 9A,

15 25 : ' ]
=TS P< T :  THCS Tir Son, TU Son, Bac Ninh ;
b 15 2 g :  Nguyén Phugc Thinh, 8H, THCS
=7 S xiy)= [g ‘2_0] : Hung Vuong, TP. Tuy Hod, Phu Yén ;
25 [ 2 9 } Nguyén Hoang Hiép, 1278, tiéu khu 3,
P=—o X y)=-2i> .
4 520 thi tr8n Neo, Yén Diing, Bac Giang ;

: Vay P dat GTLN la 2 vaGTNN13 12 1 Mai Chi Pat, 9A, THCS Ly Thudng
4 Kiét, Ha Trung, Thanh Héa ; Hoang

Nhan xeét. Tir vi du 3, ta ¢ t bai : .
&n x6t. TU vi du 3, ta c6 thé gidi bai 1 gy 65 THCS thi én Ki Anh,

toan téng quat sau :

“Cho x, y thda man hé thic : Ki Anh, Ha Tinh ; Duwong Bang Hiép,

ax? +by? +cxy + dx + ey + f=0. . 9A, THCS KiLam, thi tran Son Duong,
Tim GTLN va GTNN cla biéu thirc : y . A

P=Ax+By+C V6B =0 5 Son Duong Tuygn Quang ; Lé 7ih.l
e Bai tap 4p dung. Tuyét Mai, 8A,, THCS Yén Lac, Yén
Bai 1. : Lac, Vinh Phic.
Tim GTLN va GTNN clia cac biéu thifc :
2
A- # . B M
X< +1 x? + y

Bai 2.

: Chox?+5y? —4xy - x+2y—-6=0.Tim !
: GTLN va GTNN cia biéu thuc : :
Azi—y+1.

2 2

Goi y : Déi véi biéu thirc B cé thé xety 0
th| B =0 véi x = 0. Khi y # 0 chia ca tf va :

mauchoy vadattzx
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PHAT HIEN BAI TOAN CO BAN !
cO NHIEU UNG DUNG

NGUYEN BA DANG (S8 GD-BT tinh Hai Duong)

GIAITOAN THENAO? o6 6D = 2+ ABi va IBD = 16C + CBD -

Trong ki thi toan quéc t& IMO nam 2006 =/BC+ CAD :/BC“Lg-
tai S16-vé-ni-a, thi sinh bat gép bai toan :
“Cho AABC ngoai tiép dudng tron tam |.
piém P nim trong tam giac, théa man = 2 . ABI-iBC+2 o ABI - IBC
PBA + PCA = PBC + PCB. Chumg minh réng 2 2
+ AP > Al, ddng thuc xdy ra < P =1."
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< I thudc dudng phan giac cla goc B
< /la tam dudng tron ndi tiép AABC.
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' Thuc ra day la mot bai toan cta 10p 9, Baj toan co ban 2. Cho / la tam duong
; trong chuong trinh SGK hién nay. D& gidi  tron noi tiép ciia AABC. Ching minh riing
I quyét bai toan nay ciing nhu nhiéu bai toan i

: trong cac ki thi khac, déu xuat phat tir hai  B/C =90° +5 (Ban doc tu chung minh).
§ bai toan co ban, quen thudc sau day. e Van dung hai bai todn co ban trén
: Bai toan ca ba\n 1. L ching ta sé giai quyét dugc cac bai toan
i Cho AABC, dudng phan giac ctua goc A sau day.

I cat duong tron ngoai tiép tam giac tai D Baj toan 1. (bai 51 trang 87, SGK Toan
i Biém / nam trong AABC va thuéc doan AD. ¢ tap 2) Cho /, O 1an lugt Ia tam dudng tron
3 Chimg minh rang / la tam dudng tron noi g tiép, tam dudng tron ngoai tiép AABC
: tiép ctia AABC < DB = DC = DI.
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e véi A=60° Goi H la giao didm cla cac
Ldi giai.

B \ dudng cao BB’ va CC’. Chitng minh réng
e : cac diém B, C, O, H, | cung thudc mét

/’: , ” dudng tron.
/_/ N Loi gidi. |
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Vi AD |a phan giac cla goc A nén ta co
BAD = CAD = CBD = DCB va DB = DC ;
Vi I ndm trong AABC va thudc AD nén ta
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Tir gia thiét A = 60° k&t hop véi - D la tam duong tron qua B, P, I, Csuy ra
PD=ID=AP +PD2AD=Al+ID
= AP > Al
Déng thitc xay ra <> P € AD < P=1.
Bai toan 3. Cho AABC c6 /la tam duong
tron ndi tiép. Al, Bl, Cl 1an lugt cit dudng

+ H a giao diém cla cac dudng cao BB’
va CC’ suy ra t& giac AB’HC’ nji ti€p
= BHC = B'HC’ =180° - A =120° ;

+ O la tam dudng tron ngoai ti€ép AABC

suy ra BOC=2-A=120°; tron ngoai tiép tam giac tai P, Q, R. Chimg
+ [ 1a tam dudng tron noi tiép AABC, ap minh rang AP + BQ + CR > AB + BC + CA.
dung bai toan co ban 2 ta suy ra Lai glél Theo bai toan co ban 1ta ¢ :
-~ . 2//1R=RA+RB > AB;
B//E:90°+§=900+30°=120°. 2P =PB+PC >BC:
Vay O, H, I cling nhin BC duéi goc 120°, 21Q=QC+ QA > CA.
suy ra dpcm. ,,,’:i‘\f*' :
Bai ton 2. (IMO-2006 - xem dé bai toén /7/ AN

A N\ e
& dau bai viét) L AN I
Lai giai. § \/ Lo \
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Ay

Y ,
Suyra2(IR+IP+1Q)> AB + BC + CA.
E ] Mat khac CR = Cl + IR ; AP = Al + IP ;

\ D / BQ=B! +IQsuyra _
\ / 2(CR + AP + BQ) = [(Al + Bl) + (Bl + IC) §
e +(IC+IA+2(IR+IP +1Q) >

> 2(AB + BC + CA)
= AP+ BQ + CR>AB + BC + CA.
S e Bai toan 1 da dugc phat trién dudi
tif gia thiét suy ra PBC + PCB = B+C nhiéu géc d6 khac nhau dé ra dé trong cac i
2 ki thi, chung ta hay cling khai thac dé thay
= BPC =180° - PBC - PCB vé dep cla bai toan dé nhé.
B+C

Ta cd @+@+%+@:é+é,

o~

— 2 toA 5 A_RA° (4
_90° +§=B/C Bai toan 4. Cho AABC cé A =60°. Cac

diém O, H 1an lugt 14 tam dudng tron ngoai
(ap dung bai toan co ban 2) tiép, truc tam cla tam giac. Budng thing

= 180° -

RS oMMy GOV EEN EEN Sme EEE SW ENT MMR W0 R RGE GOR CET WD W OATO T AR w

= B, P, I, C cung thuéc mét dudng tron. OH cat canh AB, AC lan lugt tai M, N. §
Goi D la giao diém cla Al va dudng tron  Chiing minh ring AAMN déu.
} ngoai ti€p AABC, theo bai todn co ban 1thi - (Xem tiép trang 15)

e o - —— - —— - -—— e e



+  Khi giai bai toan hinh hoc, viéc vé thém'
: hinh phu dé& tao “cau néi" gifa gia thiét va
tkét luan la coéng viéc rat phd bién. Tuy
sthudc vao mdi bai toan, dang toan ma
.chiung ta cheon nhitng cach vé hinh phuy
: khac nhau. Sau day la mét vai bai toan giai
: dugc bang cach vé thém hinh binh hanh.

. Bai toan 1. Cho t& giac ABCD c6 M, N
*1an lugt 1a trung diém clia hai canh AD va
- BC. Goi H, G lan lugt la giao diém clia MN
:vdi hai dusng chéo AC, BD. Chimg minh

Sring AC = BD < AHM = BGN.
L&i giai.

V& hinh binh hanh ACPB. Khi d6 AC =
BP; AC// BP:; N la trung diém cla BC nén
N ciing la trung diém cla AP.

Suy ra MN la duong trung binh cla
AAPD, ta c6 MN /i PD, do d6 BGN = BDP.

Goi | 1a giao diém cGa AC va PD suy ra
AHM = AID = BPD. _

TU cac két qua trén suy ra AC = BD <
BP = BD < BDP = BPD <> AHM = BGN.

Nhan xét. Bai toan yéu cau ching minh

900000000000 000000000000000s00000000000

TA QUANG HUNG
(THCS Nghia Hung, Vinh Tudng, Vinh Phuc)

mét quan hé tuong duong gita mot dang
thic vé goc va mét dang thic vé do dai.
Diéu nay luén tén tai & tam giac can, viéc
vé thém hinh binh hanh ACPB da lam xuat
hién dugc tam giac can dé (ABDP).

Bai toan 2. Cho ti giac ABCD cé
C =40°; D=80° va AD = BC. Goi E, Flan
lugt 1a trung diém clia cac canh AB, CD.
Tinh s& do clia EFD.

L&i giai.

A

M
V& hinh binh hanh ACMD, khi d6 :
AD I/ CM suy ra DCM = ADC = 80°

= BCM = BCD + DCM =120° ;

CM = AD = BC suy ra ACMB can tai C
= CMB =30° :

F la trung diém cGa CD nén F ciing la

trung diém cla AM, suy ra EF 1a dudng
trung binh cla AABM = EF /| BM

_, £FD - 6D - G, |
Tu cac két qua trén, xét AMIC ta cb

EFD = CIM =180° - 80° - 30° = 70°.
Nhan xét. Viéc vé thém hinh binh hanh

—
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ACMD da tao ra ABMC can tai C c6
BCM =120°, thuan Igi cho viéc tinh EFD.
Bai toan 3. Cho AABC c6 A til. Trong A
vé cac doan thidng AD, AE thdéa man
AD 1 AB; AD=AB; AE1 AC ; AE = AC.
Goi M la trung diém cla DE, chimg minh
rang AM L BC.
Lai giai. A X

A

B H
E

N
Goi Ax la tia d6i cla tia AB, H la giao

diém clla AM va BC ; V& hinh binh hanh
ADNE, goi K la giao diém cla DN va AC.

< ‘Khi dé :

s es st essssscecssessevecese

M la trung diém clla DE nén A, H, M, N
thing hang ;

AE [/ DN suy ra DN L AC (vi AE L AC),
mat khac AB 1L AD suy ra ADN = BAC (hai
géc c6 canh tuang ng vudng goc) ;

DN = AE = AC.

Theo gia thiét, AD = AB suy ra ABAC va
AADN bang nhau theo trudng hgp c.g.c
= DAN = ABC.

Ta lai c6 DAN + NAB = BAD = 90°
= ABC + NAB = 90° = AHB = 90°
hay AM 1 BC.

Bai toan 4. Cho AABC vudng tai C ; BC
= 3AC ; cac diém D, E chia canh BC thanh
ba doan c6 do dai bang nhau. Chimg minh
ring ABC + ADC + AEC = 90°.

Lai gidi. Khong mat tinh tdng quat, gia
st bon diém B, D, E, C trén BC dudc xép
theo th(r tu dé.

T gia thiét suy ra AACE vudng can tai C :

— AEC = 45° Suy ra diéu phai chimng

minh tuong duong v8i ABC + ADC = 45°,
That vay, vé hinh binh hanh ACGD ta cé

G, E, Athang hang (vi ED = EC) ; AD I/ CG ;

GD=AC=DB-= DE. Suyra

DAG = AGC ; BGA = BGE =90° = BCA

= t{r giac BGCA ndi tiép

= ABC = AGC = DAG = DAE

= ADC = ABC + BAD = DAE + BAD = BAE

= ABC + ADC = ABC + BAE = ACE = 45°.
Sau ddy la mét s6 bai tap ap dung.
Bai 1. Cho tir gidc ABCD c6 CD > AB.

Goi E, Flan lugt la trung diém ciia BD, AC.

Chitng minh EF = Chb-AB

< AB//ICD.

Bai 2. Chimg minh rang trong mot tam
giac, néu hai trong ba dudng trung tuyén
vudng gdc vdi nhau thi ton tai mot tam giac
vudng cé dd dai ba canh bang do dai ba
duang trung tuyén do.

Bai 3. Cho tam giac ABC c¢6 dudng cao
Al. Trén mién ngoai cla tam giac dung cac
hinh vudng ABEF, ACGH. Chiig minh rang
Al, BG, CE ddng quy.

Bai 4. Cho tam giac ABC c¢b cac diém D,
E theo thir tu thudc tia doi cla cac tia BA,

CA sao cho BD = CE = BC. Goi O la giao
diém clia BE va CD. Qua O k& dudng thang :
song song vdi tia phan giac cla. géc A, .
dudng thdng nay cit AC tai K. Chimg minh +

rang AB = CK.

yaiN



XAC PINH TRONG TAM TAM GIAC

NGUYEN VAN THIEM (Ha Noi)

\/ 7 \/ 7 7 \/ \/ Z / / \/
0 o 0’0 0’0 0’0 00 00 0’0 0’0 0’0 °o

/ \/ / \/ X/ 7 @, \/ 7 Z 7 \/
0’0 L X4 0’0 0’0 0’0 0’0 0’0 L X4 0’0 0’0 0’0 0

Khi hoc, ai cling dugc biét rang trong tam
clia mét tam giac chinh la giao diém cda ba
dudng trung tuyén (cac dudng néi tir dinh
dén trung diém cla canh déi dién). Tuy
nhién trong thuc té€ thi tam giac khéng chi
c6 mét loai duy nhat nhu ta da hoc va trong
tam cda timg loai tam giac ciing khac nhau.

e Ngudi ta chia tam giac thanh ba loai :

Tam giac khong chiéu. Mét tam giac
khdng chiéu ABC |a mét tap hop ba diém A,
B, C khéng théng hang (hinh 1).

Tam gidc mot chiéu. Mot tam giac mot
chiéu ABC goém tap hop tat ca cac diém
nam trén dudng gap khuc khép kin gém ba
doan thing AB, BC, CA (hinh 2).

Tam giac hai chiéu. Mét tam giac hai
chiéu ABC gom tap hdp tat ca cac diém cua
mat phing ABC, ndm trong mién tam giac
ABC (hinh 3).

hinh 1 hinh 2

Ngudi ta con phan biét ca tam giac hai
chiéu md, 1a phan tam giac hai chiéu ABC
bo di phan tam giac moét chiéu ABC.

e Su phan biét cac loai tam giac nhu trén
la rat can thiét va quan trong trong thuc té.
Vi du nhu trong cd hoc, trong tam clia moét
vat 13 diém can bang trong Iuc cta vat dé,
dé tim trong tam cGa mét vat hinh tam giac
ma khéng xac dinh r6 n6 thudc loai nao thi
bai toan sé hoan toan v6 nghia.

hinh 3

7\

Bay gid ta sé thir tim cach xac dinh trong
tam cla timg loai tam giac trong thuc t€, cu
thé la :

- Ba khéi kim loai hinh cau (déu dan,
thuan nhat va cé khéi lugng nhu nhau dang
tam giac khéng chiéu) ;

- Mét tdm kim loai hinh tam giac (phdng,
déu dan va thudn nhét dang tam giéc hai
chiéu) ; :

- M6t khung kim loai hinh tam giac
(phdng, déu dan va thudn nhét dang tam
giac mot chiéu).

Liéu chung c6 cung chung mét cach xac
dinh trong tam hay khéng, chung ta sé lam
ré bang cach xem xét tiung trudng hap :

e Ba khdi kim loai hinh cau.

C

A,

'-.!-E

o’ T T e e

A D B

Goi A, B, C lan lugt |a tdm cla ba khdi
cau nay. Nhu vay trong lugng tap trung d A,
B, C bang nhau, bang khéi lugng m clia méi
khéi cau. Do d6 trong tdm cla A va B 1a
trung diém D cha AB, tai D tap trung khoi
lugng bang 2m. Suy ra trong tdm cla ba
khéi cau la trong tam cta A, B, C, chinh |a
trong tam ctia C va D. B6 la diém E thuéc
doan CD, chia doan CD thanh hai phan ti ié
nghich v&i hai khéi lugng & tai C va D :

—— == =2. Nhu ta thudng biét, E-la trong
DE 1

tam clia tam giac ABC (giao diém cla ba
dudng trung tuyén).



e Mot tam kim loai hinh tam giac,
C

o) s r——

Goi tdm kim loai d6 1a ABC. D€ xac dinh
trong tam clla tdm ABC, ta chia né thanh
cac dai cuc nho, song song voi canh AB.
Trong tdm cta méi dai s& ndm tai diém
chinh gilta ca dai d6, déu thudc duang
trung tuyén CD clia tam giac ABC. Néi cach
khac, trong tam cila tdm ABC nam trén
doan CD. (%)

Khi tap trung khéi lugng clia méi dai tai
trong tam clia no thi cac khéi lugng d6 déu
khac nhau nén ta khéng xac dinh ngay
duagc trong tam chia tdm ABC trén CD.

Tuy nhién (*) ding vdi bat ki trung tuyén
nao trong ba trung tuyén ctia tam giac ABC
nén ké&t qua trong trudng hop nay giéng nhu
truang hop trén, phu hgp vai khai niém ma
ta da dugc hoc.

e Mot khung kim loai hinh tam giac.

V@i mét khung ABC cé dé dai cac canh
khac nhau thi hién nhién khéi lugng cac canh
cling khac nhau nén trong tam cta khung
khong thé n&m trén bat ki mét dudng trung
tuyén nao clla tam giac ABC. Vi vay trudng
hop nay khac han hai trudng hop trén.

Goi dd dai clia cac canh BC, CA, AB lan
luot la a, b, ¢ va khdi lugng tuong (ng clia
. . ., a b c
chinglam,, m,, m tacé —=—=—;

m, my, m
Goi A;, B,, C, lan luot Ia trung diém ciia

cac canh BC, CA, ABtaco

c
5

Nhu vay C, la trong tam clia doan AB, tai
C, tap trung khdi lugng bang m_ ;

B, 1a trong tam clia doan CA, tai B, tap
trung khéi lugng bang m, ;

A, la trong tam cta doan BC, tai A, tap
trung khéi lugng bang m._.

Suy ra trong tdm clia khung ABC la trong
tam cla tam giac khong chiéu A.B,C,
nhung céc khéi lugng tap trung tai A,, B,, C,
khac nhau.

Ta ti€p tuc co trong tam cla hai diém
A,, B, la diém C, thudc doan A,B,, chia
doan A.B, thanh hai phan ti 1& nghich véi
hai khéi Iugng & tai A, B, :

Ay _my b _ MG
BC; my, a BiG
Suy ra C,C, Ia mét phan giac clia tam giac
A.B,C, va trong tam cla tam giac A,B,C,
nam trén C,C,,. Biéu nay ciing dung vdi cac
phan giac khac clia tam giac.
Vay trong tam clia khung ABC la giao diém
clia ba dudng phan giac clia tam giac A,B,C..
Cac ban c¢6 thé tu kiém nghiém cac két
qua trén bang mét thi nghiém don gian.
Dén day thi chung ta da thay, tam giac cé
trong tam la giao diém cla ba dudng trung
tuyén, nhu khai niém hinh hoc ching ta da
dudc hoc chinh la tam giac thudc cac dang
khong chiéu va hai chiéu. Tuy nhién nhiéu
ban sé& hoi ngac nhién vi vé mat truc quan,
lau nay cac ban van thudng lién tudng vé
tam giac nhu 1a tam giac mét chiéu. Chuc cac
ban tim thdy nhiéu diéu thua vi khi hoc toan.

T a b
BCi==;CiA=— AB; =
HC1=5 1A 5+ AiB




DANG VAN BIEU

(Gido vién trudng THCS Déng Du, Gia Lam, Ha Nbi)

Luén tu dat cac cau hoi va tim cach gidi
dap trudc mbi van dé khi hoc toan la mét
pham chat rat dang khich 1&. N6 khéng
nhitng gitp ban hiéu ki dudc van dé ma
con tao cho ban phong cach hoc tap chul
déng va thoi quen suy nghi sau sac, day
da.

Téi da thuc hién kinh nghiém hoc toan
nay tir khi con dang ngdi trén ghé€ nha
trudng, hdm nay xin dudc chia sé cung voi
cac ban théng qua mét vi du.

Khi hoc bai “Dudng trung binh cla tam
giac - Ap dung vao tam giac vuéng”, SGK
Hinh Hoc 7 ci (trang 51) c6 néu hai dinh |i
sau day :

Pinh li 1 : Trong tam gidc vudng, trung
tuyén tng vdi canh huyén bang mét nira
canh huyén.

Dinh li 2 : Trong mét tam giac néu trung

tuyén ang v8i mét canh bang nlra canh &y
thi tam giac dé la tam giac vuéng.
e Viéc ching minh hai dinh Ii nay khéng
khé (dua vao tinh chat dudng trung binh
trong tam giac) nhung van dé sé nay sinh
néu dinh Ii 1 dudc phat biéu bang cach
khac : “Trong mét tam giac, trung tuyén
xuét phat tir dinh goc vubng bdng nira canh
doi dién véi dinh dé”.

Cau hdi toi da dat ra khi do la : Trong
mét tam giac, trung tuyén xuat phat tu dinh
géc nhon (hay dinh géc tu) so véi canh ddi
dién véi dinh dé sé nhu th&€ nao ? Khong
kho khan 1dm dé cé tra 18i cho cau hdi nay.

Trudng hap 1 (trung tuyén xuét phat tr
dinh géc nhon) :

Cho tam giac ABC c6 A <90°, M la

trung diém clia BC. Ta so sanh AM vi % :
A
H
I
Hinh 1

Khong mat tinh téng quat, gid s
B <90° (hinh 1). Goi H |a hinh chiéu vuéng
goc cia C trén AB thi H phéi thuoéc doan
thang AB (H khac A va H khac B). Suy ra :

AHM = AHC + CHM > AHC = 90°

= H la géc 16n nhét trong tam giac AHM

= AM > HM,

Mat khac, theo dinh fi 1 thi HM =Eg—
BC 2
nén: AM > T

Trudng hgp 2 (trung tuyén xuédt phat tu
dinh géc tu) :
Cho tam giac ABC c6 A>90° M la

trung diém clia BC. Ta so sanh AM Vi % :

Dung hinh binh hanh ABDC (hinh 2).
Dé thdy M la trung diém cla AD va

ACD < 90°, theo dinh /i 1 thi AZ_D <CM.

Ve N



Suyra AM< %9
A

D
Hinh 2

Nhu vay ta c¢6 thém hai dinh li sau day :

Pinh li 1.1 : Trong mét tam giac, trung
tuyén xudt phat t dinh goc nhon I6n hon
nira canh déi dién voi dinh do.

Binh 1i 1.2 : Trong mét tam giac, trung
tuyén xuat phat tir dinh géc ti nhd hon niva
canh déi dién véi dinh dé.

Bang phuong phap phan chimg ta dé
dang chimg minh dugc hai dinh li khac :

Pinh li 2.1 : Trong mét tam giac néu
trung tuyén tng véi mét canh 16n hon niza
canh 8y thi goc dbi dién vai canh nay nhon.

Pinh li 2.2 : Trong mét tam giac néu
trung tuyén tng v8i mdt canh nhd hon niza
canh 8y thi goc déi dién véi canh nay tu.
® Toi da rat vui sudng dem két qud nay
khoe véi ngudi anh ho. Anh ay khen va dat
thém cho t6i moét cau hoi : Vi tam giac
vuéng ABC vuéng tai A, trung tuyén AM.
P&t BC = a, AM = m_ khi d6 dinh Ii 1 dugc

viét du6i dang hé thic 1a : m, =§ ),

vay cé hé thic téng quat tinh dé dai cac
dudng trung tuyén khi ABC la tam giac bat
ki khong ?

Phai dgi d&n khi hoc dinh |i Py-ta-go &
I6p 8 t6i mGi tra I8i dugc cau hdi nay,
chinh la dinh li sau day (trong SGK mdi,

dinh Ii Py-ta-go dudc gidi thiéu ngay tu.

l6p 7).

Pinh li 3 : M4t tam giac c6 dé dai ba
canh la a, b, ¢ va dd dai ba dudng trung
tuyén tuong (ng lam,, m,, m_ thi :

2¢2 4+ 2a2 —p?

m2 — m2 = 2a% +2b% -2
> 4 e 4
2 2 .2
mz =2b +%f a (**)'

Chirng minh (**) : Dung dudng cao AH
(hinh 3), khéng mét téng quat, gia sir H
thudc tia MB. Theo dinh li Py-ta-go ta c6 :

A
N
B H M C
Hinh 3

AB? = AH? + HB? = AH? + |MB — MH|?
=AH? + MH2 + MB2 - 2.MB.MH
2
= AM? +B—4C——2.MB.MH ;
AC2 = AHZ + HC? = AH? + (MC + MH)?
=AHZ + MH2 + MC2 + 2.MC.MH
2
= AM? +B%+2.MB.MH.

2
= AB? + AC? = 2AM? +B%
» 2AB% +2AC? -BC?

4

2 2 .2
hay m2 = m

a 4
® T4i ti€p tuc du doan va chimg minh dugc
dinh.li 3 bao tram cac dinh li 1 ;1.1 ;1.2.

(Xem tiép trang 25)

= AM
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| MOT HANG DPANG THUG

PHAN THI MUI

¢ (Gido vién trudng THCS Tran Quéc Todn, TX. Tuy Hoa, Phu Yén)
V&i moi s6 thuc a, b, ¢, ta ¢6 : *
(a + b)(a + ¢) = a2 + (ab + bc + ca)
=ala+b+c)+bc (%)
V4i toi, (*) 1a héng ding thirc rat tha vi.
Trudc hét, tir (*) ta ¢ ngay :
Hé qua 1 : Néu ab + bc + ca = 1 thi
aZ +1 =(a + b)(a + ¢).
Hé qua 2 :NEua+b +c=1thi
a+bc=(a+b)a+c)
Bay gi®, chung ta dén v8i mot vai (ng
dung cla (*) va hai hé qua trén.
Bai toan 1 : Cho ba s6 duong a, b, ¢
~\ théa méan ab + bc + ca = 1. Hay tinh gié tri

(0% + 12)(c2 ),

VivayA=a(b +c)+b(c+a)+c(a+b)
=2(ab + bc + ca) = 2.

Van dé sé& kho han khi ta huéng tdi viéc
danh gia cac biéu thirc.

Bai toan 2 : Cho ba sé dudng a, b, ¢ thda
man (a +b)(a +c) = 1. Chiing minh rang :

a) abc(a+ b+ c)< % X
23

=

Ldi gidi : a) St dung bat dng thitc Co-si
cho hai s6 duong a(a +b +¢) ; bc :
a2 +1 1=(a+b)(a+c)=a(a+b+c)+bc>

- = \/(Cz YR J(az Y >2.Ja(@+b+c)bc =2.\Jabcla+b +c) .
v~ +b. +cC.

I
I
|
|
1
1
1
I
1
I
I
|
| b) a(@ab+bc+ca)<
I
|
|
1
I
|
1
|
bZ +1 c? +1 | :>,/abc(a+b+c)s%:abc(a+b+c)s%.
1
|
I
I
|
|
|
1
I
|
|
|
\
I
|
|
|
1
1
1

cla biéu thirc : A =a.

%ﬁ% L&i gidi : Theo hé qua 1ta cd

 a?+1=a%+(@ab+bc+ca)=(a+b)a+c);
D g b+ 1=b?+(ab+bc+ca)=(b+a)b+c);
"i c2+1=c?+ (ab+bc+ca)=(c+a)c +b).

(b2 +1)(c? +1)

)= b) Sif dung bat dang thitc Co-si cho ba
)= ab+bc+ca  ab+bc+ca .

6 duong a2 ;

2 2

1=(a+b)(a+c)=a%+(ab+bc+ca)=

y Swrmaa 2 = ab+bc+ca ab+bc+ca
‘ a‘ +1 -al + + >
O - 2 2 =
} (b +a)(b +c)(c+a)c+b)
A =a, =alb+c); 2 2
) \/ (a+b)(a+C) ( ) > 3:3]3 (ab+bC+Ca)
4
2 c? +1) (@ +1
;(‘ b. -('——-2-)-(———)- =b(c+a); a’(ab+bc+ca)® 1
bc +1 = <—
- } 4 27

. (@ +1)(b% +1)

=c(a+b).
c? +1

= a(ab+bc+ca)<, |— =

' —



Bai toan 3 : Cho ba sé duong a, b, cthda
man ab + bc + ca = 1. Ching minh rang :

\/a4+a2 +\/b4+b2 +\/c4+c2 <

<1+a% +b% +¢2,

L&i gidi : Theo hé qua 1taco

\/a4 +al = \/az(a2 +1) = \/az(a+b)(a+c)

= \/(a2 + ab)(az +ac).
S{ dung bat ding thirc Co-si cho hai s6

duong a% + ab ; a? + ac

1
1
1
|
1
|
|
|
1
1
|
|
|
i
|
|
2 |
\ﬂaz + ab)(a2 +ac) < M |
2 I
I

|

|

|

1

|

|

|

|

|

|

i

|

|

|

|

|

1

4 2 2a% +ab +ac
=Va +a s——z—-.

2
Tuong 1 ta cb Jms-?“—zawi;

4 2 2c? +ca+cb
c’+c ST.

Tir cac két qua trén ta suy ra :
\/a4 +a’ +\/b4+b2 +\/c4 +c2

s(ab+bc+ca)+a2+b2+c

=1+a% +b% +c2.

2

Bai toan sau day nguyén |a dé thi Chau |

A - Thai Binh Duong nam 2002 da duoc |
|

viét lai cho don gian hon (thay [l ; 1 ; lJ
X'y z

bdi(a ;b ; c)).
Bai toan 4 : Cho ba s6 duong a, b, ¢
thda man a + b + ¢ = 1. Chdng minh ring :

Ja+bc ++b+ca++Jc+ab
21+J£+JE+JE.

L&i giai : Theo hé qua 2 va bat ding
thirc Bu-nhi-a-cp-ski ta ¢
a+bc =(a+b)(a+c)2(a+\/E)2
- Ja+bc = a++Jbe.

Tuong tuta c6 Vb +ca >b++/ca ;
Jec+ab >c++/ab.

T cac két qua trén ta suy ra :
Ja+bc +vb+ca+c+ab
>a++bc+b+ca+c++ab

=(a+b+c)+x/ﬁ+\/E+\/a
=1+\/£+\/E+\/a.

Dé két thuc, xin cac ban lam thém mot Lees
s6 bai tap :

Bai tap 1 : Cho ba s& duong a, b, ¢ thoa
méan a + b + ¢ = 1. Hay tinh gia tri clia biéu
(a+bc)(b +ca) N

c+ab

+J(b+ca)(c+ab) +\/(c+ab)(a+bc).

a+bc b +ca

thirc: B =

Bai tap 2 : Cho ba s6 duong a, b, ¢ thda
méan ab + bc + ca = 1. Ching minh ring : [

\/a“+a2 +\/b4+b2 +\ﬂ;4+c2 >

2%(32+b2+C2)+(\/$+\/E+\/5)2.

Bai tap 3 : Cho ba s6 duong a, b, c thda
man a + b + ¢ = 1. Chimg minh réng :

(a+bc)(b +ca)c+ab)> -eé—:(ab +bc + ca)z.




Khi gidi cac phuong trinh ma an ndm
trong ddu cin thic (phuong trinh vo ti),
| mét s6 hoc sinh do chua ndm vimng kién
.} thic vé can thic va phép bién ddi tuong

] duong cac phuang trinh nén thudng méc
< | phai mét s6 sai lam. Bai viét nay nham

gitp cac ban hoc sinh |8p 9 tranh dugc
"I nhitng sai lam d6 !

Vidu1:

Giai phuong trinh (x +3)vx-1=0.

L3i giai sai : Ta co

(x+3)\/;?=0®[x+3=0 {x=—3

Jx-1=0 “lx=1.
Nhan xét : RS rang x = -3 khong phai
la nghiém cla phuadng trinh trén.
B=0
Ghinhd ring : AVB=0«< {[A=0
L/ﬁ =0.

Vidu 2: Giai phuong trinh vx + 4 = x + 2.
L&i gidi sai: Vx+4 =x+2

Xx+4>0 Xx>-4
< 2 < 2
X+4 =(x+2) X+4=x“+4x+4
X>-4
X2 -4 x=0
< o9ix=0 &
X(x+3)=0 { x =-3.
x=-3

Nhan xét : Ré rang x = -3 khdng phai
la nghiém ctia phugng trinh trén.
B=20

A =B?,

Ghi nhé rang - \//:=B®{

A SAY LA THUB G
KHI GIAI PHUONG TRIAK YO Ti

.L\JGUYEN BUC TAN (TP. H6 Chi Minh)

Vi du 3 : Gidi phuang trinh |2 +25 =1,
X._

Lai gidi sai: 250 Jqe Y2XES
X-2 X-2

<:>\/2x+5=\/x—2<:>{x_220

2X+5=x-2
X=>2
<
‘{x=—7.

Vay phugng trinh da cho vé nghiém.
Nhan xét :

Xx=-77
Ghi nhd rang :

A
\/.éz

—=khiA<0;B<0

7B

—‘/EkhiAzo;B>0
JB

Nhu vay 101 giai trén da bd sot mét ). ..

trudng hop khi A < 0 ; B < 0 nén mat |,
nghiém x = -7.
Vi du 4 : Giai phuang trinh
2Vx -4 +x-1=2x-3 + J4x -186.
L&i giai sai : Ta ¢
2Jx=4 +x=1=2x-3 +Jax-16
o 2Ux -4 +x-1=V2x-3 + J4(x - 4)

o R =BT e X1

x-1=2x-3

Céac ban nghi sao khi }-
phuong trinh da cho thuc su ¢é nghiém (a |

b )




{x21
Loy
X =2

Nhan xét : Ta thdy ngay x
nghiém dung phuang trinh da cho.
Ghi nhé rang :

JLJE:JKMEQ{

Vi du 5 : Giai phuong trinh
IXO=1) + x(x = 2) = 2{x(x - 3).

L&i giai sai :

Phuong trinh tuong duong véi :
XX =1+ Vx/x -2 = 2Jx/x -3
o Px—1+Vx-2 =2Jx-3.

Can thic ¢d nghia < x 2 3. Khi dd ta co :

Ix-1>x-3
Jx=2>JIx-3
= Jx-1+Jx-2 > 2Jx-3.
Do dé phudng trinh v6 nghiém.

Ax0

VB =+C.

nay. Mat khac can ghi nhd :
A. khiA=0:B>
\/KE= \/—\/E hiAz=0; 0
J-AJ-BkhiA<0:B<0.

viét vé dang :

XX +x2 - x = 2dx 3 -x.

VA-x+2-x=2J3-x.
Vi x <0 thi:
V-x <3-x
Do dé x < 0 khéng thda man phuong trinh.

Cudi cung phuong trinh ¢6 nghiém duy nhat
x=0.

Vay phuong trinh d4 cho c6 nghiém x = 2. [.
2 khéng |

Nhan xét : C6 thé thdy ngay x = 0 la nghiém. [*
Viéc chia hai v& cho v/x da lam mat nghiem |

Do d6 I3i gii phai b8 sung truong hop Vx =0 |
va truang hop x < 0. Khi x < 0 thi phuong trinh |-

Vi vV=x >0 nén chia hai vé& cho v-x tacé : £

S-x+V2-x<2¥3-x. |

Mong cac ban trao déi thém vé van dé nay. |

TRAN BAU THU MUT1 BON
~ (Tiép theo trang 19)
L&i binh : 1) L3i gidi trén khong *
dugc coi 1a hoan chinh néu khong c6 ~
doan phan tich ban dau nh&m khing
dinh rang : Chi ¢6 duy nhat (sai khac
. mot phép dong dang) mdt tam giac
[~ ABC thdéa man diéu kién ctia dau bai.
© 2) Nhiéu vo si nhan xét rang, bai
" toan nay Ia mot trong nhitng D& thi V6
. dich Toan toan nuéc Mi (USAMO) |
© 1996 va 13 giai trong dap an dung |
. phuong phap lugng giac (xem “Tuyén
" tap cac bai toan tir nhimg cudc thi tai |
Mi va Ca-na-da” clia cac tac gia Vi
. Duong Thuy - Nguyén Van Nho, bai
| toan 246). "’
~ 3) Ldi gidi trong dap an ding .
phuong phap lugng giac ndi trén la Ioi .
gidi khong phu thudc hinh vé. Chinh vi |
vay, trong 18i gidi nay duong nhién :
khéng xay ra vdn dé tam giac ABC
théa man diéu kién dé bai co6 “duy
| nh&t" hay “khdng duy nhat” nhu da
.. phan tich & trén.
4) Chinh vi nhimg 1i do trén ma toi
khong thé tim dugc vé s dang quang
trong tran dau nay. e
- NGUYEN MINH HA -

,\? -~ — — "




Ed

HOC RA SAO?

(Lap 10 Toan, THPT Quéc hoc Hué)

LE HOU DIEN KHUE

Tiép tuc mad rong nhitng két qua trong bai *

SANG TAO KHI TU HOC TOAN, dang trén
TTT2 s6 1, tdi da tim thém dudc mot s6 két
qua. Diéu nay cang khang dinh 1i cla thay
giao NGUYEN PUC TAN & bai trén : “Tu
hoc nhiéu khi giup ta tim dén nhimng diéu
thl vi trong toan hoc”.
Thay Tan da md rong bat dang thirc
L + 1 + 1 2-1-+1+1 I
a+b-c b+c-a c+a-b

(v8i a, b, c la ba canh clia mét tam giac)
theo hudng nang 1én lly thira bac n céac
mau s6 clia cac phan thic :

! + ! + L 2>
(@a+b—c)" (b+c-a) (c+a—b)
LI ()
a” p" "

@ Cau héi dau tién dat ra |a : tai sao khéng
th&t md rong bat dng thitc (1) theo hudng
ngudc lai - khai c&n bac n cac mau s6 clia
¢ac phan thic ?

Tiép tuc ap dung cach chiing minh clia bai

toan phu (1+12
y X+y

X
1,1t 1.2, 2
%W VKW [y ey
2
1 2

voix,y>0)tacod:

Suyra:

+ e
Yatb-c¢ Yb+c-a Wb
1 1 2

+ = y
Yb+c~a Yc+a-b Ve

LI -
Ye+ra-b Ya+b-c Va
T dé ta co ;
Két qua 1 : Néu a, b, c 14 do dai ba canh
clta mét tam giac thi :
1 1 1
+ - +
Ya+b-c Yb+c-a Ye+a-b
' 1

1 1

>—t—t—

Ya % Ve

(vdi moi s6 tu nhién n khac 0).
® Thay ddi cac tr s & V& trai clia bat dang
thire (I) thady Tan dua ra két qua tiép theo :

c a b
+ +

a+b-c b+c-a c+a-b

>

> 3 (III).

Khai c&n bac n cac tir s6 clia cac phan sé
3 V& trai cha (I11) lai c6 thém két qua khac.

Két qua 2 : Néu a, b, ¢ a do dai ba canh
clia mét tam giac thi :

b+c-a c+a-b a+b-c
S 1 1 1

+ +—
r\\/an—1 W)n—1 r\1/Cn—1
(véi moi s6 tu nhién n khac 0).
Chimg minh : Trudc hét ta phat biéu va
chihg minh bét dang thirc Tré-bu-sép cho 3 56
Phat biéu :
Néua1za22a3va b, 2b, 2 b,
thi 3(a;b, + asb, + azby) 2
2 (ay ta, +az)b, +b, +by) (1)
Néua,<a,<azvab,>b,2b,"
thi 3(a,b, + a,b, + azb,) <
<(a;+a,+ay(b, +b,+by) (2).



Chitng minh :
V(’Jia1zazza3véb12
(a1 -ay)b,-b,)20
o a1b1 + a?_b2 > a1b2 + a2b1 ;
Tuong tu ta cé :
b +ab >a b +a3b
a b +a,b,>a b +ay b

bzzbatacé:

2

171 =
ang theo ting vé ba bat ding thic trén
ta co 2(ayb, + ayb, + agby) 2 .

2a.b, + a,by +a,by+tazb, +azb, + a,b,
< 3(asby +ab, +azbq) 2a,b, +asb, +ashy
+agb, +agby +a,by+ (asby +a,b, +azhy) =
= (a, + a, + a5)(by + b, + by).

Vay (1) dudc chimng minh.

Tuong tu, ta cling ching minh dugc (2).

Trd lai két qua 2.

Vi a, b, ¢ |a ba canh clla mét tam giac
nén khéng mat tinh téng quat, gidstazb>¢
=>b+c-a<c+a-b<a+b-c

1 b2 1 > 1 .

b+c-a c+a-b a+b-c

Theo cac bat dang thic (1) ; (I) ; (2)ta co :

'b+rc-a c+a-b a+b-c

=3|Va. ! +%. ! +Ve. !
[ |

b+c-a c+a-b a+b-c,

1 1 1
> n nb n
(\/5+\/—+\/E)[b+c-a+c+a—b+a+b—cj

z(%+’2/5+%)[1+1+3
>3('3/— +\/_ +\/_ J

NI R

e et gt )

Suy ra diéu phai chitng minh.

® Tir bat ding thic (I11I) thdy Tdn da nang
lén IGy thita bac n cac ti sé clia cac phan

s6 G v& trai dé tim k&t qua mdi, con toi da
manh dan ti€p tuc nang 1&n Iy thira bac m
cac mau s6 clia chung. Y tudng sif dung bat
dang thirc Tré-bu-sép cho 3 s6 mot Ian nira
lai c6 hiéu qua.

Két qua 3 : Néu a, b, c 1a ba canh cla
mot tam giac thi:

c” a" b"
+ +
(@a+b-¢c)" (b+c-a)" (c+a-b)"

>am™ M 4 pN My MM

A%

vdi moi s0 tu nhién m, n.
Chtmg minh : Ap dung cac bat dang thirc
(1)1 (1) ; (2) ta c6 -

c" a" p"
3. +— +
(@a+b-c)" (b+c-a" (c+a-b)"
1
>@" +b"+c")| —————+
(a+b-c)"

1 1
+ +
(b+c—-a)™ (c+a—b)m]

>3.(a"
Suy ra diéu phai chimg minh.

® Chua dung lai, tdi con tim ra va chiing
minh duodc cac két qua sau :

Q/E+W5+’3/b>
Wa+b-c¢ Tb+c-a Ye+a-b
\/_
\/_
”Qfa+bc Wb +c-a)
I L i ol
m”f”f”\‘/_

(trong dé a, b, ¢ !a ba canh clia mot tam

m + bn—m n-m )

1

,Ya Ue .
W W

“+

giac, m, n, p, q 1a cac so tu nhién khac 0).
Céc ban thir chiing minh xem !



Hinh thirc thi tric nghiém da dugc nhiéu
nudc phat trién ap dung tir lau cho cac ki
thi, tir cac ki thi danh gia chat lugng cudi
ki, t6t nghiép, tuyén sinh dén chon hoc
sinh gidi. Trong xu hudng chung cla su
phat trién va ddi mdi, hinh thic thi hay
danh gia béng trdc nghiém da dugc xem la
mot hinh thirc danh gia rat tot.

Chuong trinh thi diém cai cach 16p 9
clla nudc ta ciing da du kién dua vao dé
thi t6t nghiép THCS phan cau héi tric
| nghiém. Bé giup ban doc lam quen véi
hinh thifc thi nay chidng t6i xin dugc gidi
thiéu phan trdc nghiém trong dé thi chon
hoc sinh gidi bac THCS & Sin-ga-po ndm
1995 (mébi cau tra 16i dung dugc 4 diém ;
sai bj trir 1 diém).

40

Cau 1 : Giatri thu gon clla — (a:

420

20
A1 B)4 (©) [EJ (D) 2% (E)2™®

Cau 2 : Né&u (8,047)% = 521,077119823
thi (0,8047)3 c6 gia tri la :
(A) 0,521077119823 (B) 52,1077119823
(C) 521077,119823 (D) 0,00521077119823
(E) 0,0521077119823
Cau 3 : N&u x 1a mét sé duong thi biéu
thirc nao sau day co6 gia tri bé hon 1 ?
1 1+ X 1-X X
(A) — (B) —= (C)x* (D) — (E) —
X X X X+1
Cau 4 : Chir s6 & hang don vj cla sb
(243)1°(163)%(633)8 Ia :
A1 ®3 ©)5 (O7  (E)9

Cau 5 : Hay xem cac ménh dé vé sé n
sau, ménh dé nao dung :
a) n Ja s6 thap phan vo6 han khéng tuan
hoan.
b) n 1 s6 vo ti.
22
) 7
d) © ¢6 gia tri gan dung la 3,142
e) n la mot s6 thue.
(A) Chi c)dung ; (B) Chib) va c) dung ;
(C) Chi a), b), d) va e) dung ;
(D) Chi c) va d) dung ;
(E) Chi ¢) va e) dung.
Cau 6 : Tong cia hai s6 dudng bang
téng cac nghich dao clia chung, tich clia
hai s6 duang d6 |a :

w1 ®2 ©)4 O (E)-

Cau 7 : Giatri clia x la bao nhiéu biét :

21995 | 51995 | 51995 , 1995 | 51995
21995 | 91995 | 51995 _ »x

(A) 1996 (B) 1997 (C) 1998

(D) 1999 ) (E) 2000

Cau 8 : O thdi diém 3 gid 40 phut, kim
gi¢ va kim phut tao thanh gbc ti ¢o gia tri
tinh bang do la :

(A) 150° (B) 160° (C) 130°

(D) 120° (E) 180°

Cau 9 : Mot tir giac cd cac canh doi
dién tuong ng bang nhau. Ménh dé nao
sau day la dung :

(A) N&u 4 canh bang nhau-thi hai-dudng
chéo ciing bang nhau.
- (B) Né&u cac canh ké nhau vudng goc




véi nhau thi 4 canh bang nhau.

(C) Néu cac dudng chéo bang nhau thi
cac canh ké nhau vudng géc véi nhau.

(D) Néu cac dudng chéo vuodng goc voi
nhau thi cac canh ké nhau vuéng géc vdi
nhau.

(E) Né&u cac dudng chéo bang nhau thi
4 canh béng nhau.

Cau 10 : Trong hinh v&, M 1a trung diém
cla nlra dudng tron duong kinh AD, hiph
chir nhat ABCD c6 AD = 6cm ; AB = 7cm.
Chu vi tam giac can MBC bang bao nhiéu ?

A B
(A) 14cm
(B) 15cm
(C) 16cm 6cm M
(D) 18cm
(E) 20cm
D 7cm C

Cau 11 : Méi khi kim gid va kim phut tao
v6i nhau mdt géc 180° thi dong hd daé
chudng 1 1an. Tir 12 gid trva hém nay dén
12 gid trua hém sau, déng hé dé chuéng
may lan ?

(A)20 (B)21 (C)22 (D)23 (E)24

Cau 12 : 20 ngudi linh dimg thanh vong
tron, tat cd déu quay mat vao tam, dudc
danh sé thar tu tir 1 dén 20 theo chiéu kim
ddng hé. Ho bat dau dém sb theo chiéu
kim dong hé : ngudi thr nhat dém 1, ngudi
thr hai d€m 2,... ngudi ké ti€p dém sb tu
nhién 18n hon 1 don vi so véi sG minh vita
nghe ngudi bén phai dém. Ngudi linh ¢
s6 thif tuf bao nhigu sé& dém s 1995 ?

(A)13 (B)14 (C)15 (D)16 (E)17

Cau 13 : Vao gid an trua cla mot cong
ty, néu méi ngudi ngdi rieng 1 ban thi con
1 ngudi khéng c6 ban dé ngédi, vi vay ho da
ngdi 2 ngudi vao 1 ban. Luc dé c6 mét ban
con tréng. Hoi ¢ bao nhiéu chiéc ban ?

A2 (B)3 (C)4 (D)5. (E)6

Cau 14 : Trong hinh vé bén, ABC va

CDE déu vuéng. Cho biét CD = 6cm ;

AD = 7cm va AB = 5cm. Dién tich cua ta

giac ABED la :

(A) 15cm?  (B) 20 cm?

(D) 27,5 cm?

(E) Khong dd dir kién dé tinh.
A

(C) 22,5 cm?

B E C

Cau15:NEul<x<1;y=x*vaz=x
thi thir tu tang dan clla 3 s x;y;zla:

ANx;y;z B)x;zzy (C)y;z:x

©ziyix E)z;x:y

Cau 16 : Hai tau hda chay ngudc chiéu
nhau v8i van téc cla méi chiéc la
180km/gic. Mot ngudi ditng trong chiéc tau
nay thi thay chiéc tau kia chay qua hét 5
giay. Hai chiéc tau thir hai dai bao nhiéu ?

(A) 100m (B) 200m (C) 250m

(D) 400m  (E) 500m

Cau 17 : Trén mét dong séng cé dong
chay én dinh. Mot ngudi boi mét khoang a
ngugc dong mat 6 phut va boi xubi dong
cung khoang cach dé mat 3 phut. Néu
ngudi do tha ndi cho troi xudi dong trén
cung khoang a do thi hét may phat ?

(A) 8 phut (B) 9 phut (C) 10 phut

(D) 11 phat  (E) 12 phut

Cau 18 : BAn vong tron bang nhau, méi
vong ti€p xuc vdi 2 canh hinh vuéng va
ti€p xuc ngoai véi 2 vong khac (nhu hinh
v&). Dién tich hinh vuéng la 144cm?. Néu
v& vong tron nho tiép xuc véi ca 4 vong
tron thi dudng kinh ctia vong tron nhé la :

) 6(+2 - 1)cm

(A
(B) 3(~v2 -1)cm
(C) 3cm
)
(E

) 2cm
) 1em

(Xem tiép trang 25)
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IEN TU CASIO NAM 2005”

DON VI TAI TRO : CONG TY CO PHAN XUAT NHAP KHAU BiNH TAY (BITEX)

DE THI K1 THU BA
(Bai gidi gii trudc ngay 16-04-2005)
Bai 1. (Phan Ngoc Thg, Tan Binh* Bai 4. (Ngé Phu Thanh, 11 chuyén
Thanh, Chg Gao, Tién Giang) Toan, Quéc hoc Hué, Thira Thién - Hug)

Cho hai s6 . . s x
a = 3022005 va b = 7503021930. Tim X, y nguyén dudng thoa man phuong

1.1. Tim UCLN(a, b) va BCNN(a, b).  trinh: y = J18+ Jx +1 + 318 - Jx +1.
1.2. Lap quy trinh bam phim lién tuc tinh . A o o
UCLN(a. b). Bai 5. Cho day s6 {b_} dugc xac dinh

1.3. Tim s6 durkhi chia BCNN(a, b)cho 75, hhu'sau: by, =4b, 5 - b, by =4, b, = 14.
Bai 2. (Nguyen Thi Huyén Tran, 9A,, 5.4, Ching minh ring dién tich tam giac
THCS V6 Van Tan, Bic Hoa, Long An) véi cac canh la b, 4, b,, b, , 1a nhiing s6
Cho x1000 1 1000 = § 912 va x2000 &+ pguyen.

y20%0 = 33,76244. Tinh x3000 + 3000, 5.2. Ch(ing minh riing ban kinh dudng tron

k-1 k+1

B,éi 3.‘ L _ . nditiép tam giac dugc tinh theo cong thic
Tinh va viét két qua dudi dang phan s6 : 1 ) )
31 A—1s 12 ; rk=2—\—/—§—[(2+x/§) -(2-V3)1.
2+ R Bai 6.
4.2 6.1. Bao nhiéu s6 c6 tam chir sé tao
542 thanh tir cac chit s6 2 va 5 ma hai chit s6
6 2 khong dimg canh nhau.
32B=5+ 11 . 6.2. Bao nhiéu s6 c6 chin chir s6 tao
1+ 3 thanh tir cac chit s6 2 va 5 ma hai chit s6
dt———7— 2 khéng dimg canh nhau.
3t —— 6.3. Bao nhiéu s c6 mudi chir sd tao
8+ S thanh tir c4c chi¥ s6 2 va 5 ma hai chi s6

2 khéng didng canh nhau.

| PHIEU DU THI

CUOC THI GIAI TOAN TREN MAY TINH CASIO |
Hovatén . ... |




Bai1. Dap s6 :M=0.
L&i binh : Lam toan (bién ddi biéu thirc)
hay hon lam tinh (tinh trén may chi dugc

M ~ 1,32.107°, nhu mét s6 ban da lam).

Ngudi ra d& mudn canh bao : khong nén
qua Igi dung may tinh dan téi khong biét
bién déi toan hoc dé dudc dap s6 dung.
Bai 2. Cac ban da vao chuong trinh giai
phuong trinh bac ba dé tim dugc két qua
dung. M6t s6 ban ding day lap nhung
khong tim dugc hét nghiém. Pap s6 :
21.1)8x>—6x - 1=0:x, = 093969262 ;
X, =-0,766044443 | x, =-0,173648177.

2)x3+x2-2x-1=0:x, = 12246979604 ;
X, =-1,801937736 ; X, = -0,445041867.

3) 16x> —12x - 10+ 25 =0

Xq = 0,994521895 ; Xy = -0,587785252 ;

X, = -0,406736643.

2.2, Trong cac phuong trinh trén, khong
c6 phuong trinh nao c6 nghiém hiu ti.

M6t sé ban hiéu sai, coi nghiém gan dung
(d&n 10 chir s6) la nghiém hitu t/ chinh xac !

2.3. Hudng dén : Dung edng thitc Cac-da-nd.

Thi du, phuong trinh 16x> —12x-10+2y5 =0

c6 nghiém Ia :_%\/10+2J5(-1+J5) ;
f 1\/T2f 5+1f
f 1\/10 2J5

Mot sé ban hiéu sai kha| niém : dua
nghiém gén dung vao trong can bac hai va
coi dé la nghiém chinh xac !

Bai 3. 3.1. Néu a, la boi clia 9 thi quy
trinh s& két thuc bdi s6 9. Néu khang 14 boi
ctia 9 thi quy trinh két thuc tai phan du’ clia
sd dé khi chia cho 9.

3.2. Quy trinh két thiic bdi s6 1 hodc sé 89.

Bai 4. Da sd ban lam dugc.

4.1.Pap sé : 182 +192 + 202 + 212 + 222

5+1

+ 232 + 242 + 252 + 262 + 272 + 282 = 772,
4.2. Khéng.
Bai 5. Dap s6 : s6 3.
Thirlai : 32 =9 : 3% = 27. S6 tao thanh la
927. 3o lai clia s6 nay la 729. 729 = 36,
Bai 6. Dau bai khong chinh xac. Phai
stra lai la : Tim hai ham sé f : R — R biét
f(f(x)) = f(x) + x v&i moi x.

Dap 6 : f1(x) = ”Zﬁx fy(X) =

1-J5
—x.
2
Kiém tra :
1+\/-
f(fH(x)) = 5 (x) =
3+\/5 1+\/5
= X = - X + X

1+\/51+\/gx
2 2

f(X) = ——— " x
R (x) > >

(R (x)) =

3-5
= X

2

Nhan xét : 1. Cac ban con mo hé vé cac
khai niém toan hoc (nghiém gan ding, nghiém
chinh xac clia mét phuong trinh dai s6).

2. Chua két hop tét tu duy giai toan (la
chli yéu trong cac bai toan khé) véi trg giup
clia may tinh (tinh nhanh dé loai bd nhiéu
truéng hop, tinh toan véi s 16n, ...).

Danh sach musi ban doat giai : Nguyén Vi
Thanh Long, 911, THCS Chu Van An, TP. Hug,
Thira Thién - Hué& ; Nguyén Duy Hung, 9H,
THCS Lé Quy Bdn, Cau Gidy, Ha Nbi ; Pao
Thu Quyén, 9A, THCS thi tran Ki Son, Hoa
Binh ; Bui D6 Phuong Tung, 29-31, V& Céng
Ton, thi trén Bén Lic, Long An ; Nguyén Théo
Nguyén va Lé Ha An, 8B, THCS Dang Thai
Mai, TP. Vinh, Nghé An ; Tran Van Ngoc Tan,
10/1, THPT Hoang Diéu, Dién Ban, Quang
Nam : Trdn Van Tuan, THCS Yén Lac, Yén
Lac, Vinh Phuc ; Tran Ngoc Minh, 9G,, THCS
thi trdn Nghen, Can Léc, Ha Tinh ; Nguyén Ké
Vién, 10A12, THPT Chi Linh, Hai Dugng.

TA DUY PHUONG

2
1-J5
2

+ X = fp(Xx) +x.

1-V5
= X
2

| ——



LAI BAN VE CAC BO SO NGUYEN DUGNG

Q- G I
COTONG BANG TICH

NGUYEN DANH NINH (Ha Déng, Ha Tay)

Bai toan tim cac bd sé nguyén duong
c6 tdng cac sé d6 bang tich clia ching da
dugc dé cap dén trong TTT2 s6 19. O day
t6i muén trinh bay thém mot hudng khai
thac khac cuta bai toan nay.

BAI TOAN 1 : Tim n s6 nguyén duong
c6 téng bang tich, trong d6 c6 2 s6 16n
hon 1.

LOI GIAI : Phan tich s6n-1=axb.
Khi dé ta khang dinh 2 s6 16n hon 1 (cac
s con lai déu bang 1) can tim chinh la
a+ 1vab + 1. Biéu nay dugc suy ra tir cac
dang thic (1) va (2) sau day :

Tichclansé1,1,..,1,a+1,b+1la:
(@a+Nb+1)=axb+a+b+1

=n-1+a+b+1

=n+a+bh (1
Tongcllansé1,1,...,1,a+1,b+1la:

1+1+.. +1+@+1)+(b+1)=
=n+a+b ).

UNG DUNG :

Bai toan 2 : Tim 7 s6 nguyén duong ¢
téng bang tich.

Loigidi: Tac67-1=6=1x6=2x3,

Bang cach nay ta tim dudc 2 bo s6 1a -

(1,1,1,1, 1,2, 7)yva(1,1,1,1,1, 3, 4).

Bai toan 3 : Tim 13 s6 nguyén duong
c6 téng bang tich. :

L&i giai :
Taco613-1=12=1x12=2x6=3x4.
Bang cach nay ta tim dugc 3 bo sd 1a :
11,...1,2,13); 1 1...,1,3,7):
11861 1156 1
(1,1..,1,4,5)..

11861

Bai toan 4 : Tim 14 s6 nguyén duong
c6 tich 16n hon téng 1a 3.

L&i giai : Vi tich 16n hon téng la 3 nén
néu thém vao bd s6 dd 3 s6 1 nira thi ta
dudc 17 s6 c6 téng bang tich, tim 17 s6 nay
roi bd di 3 s6 1 ta dudgc 14 s6 can tim :
11,...,1,2,17):(1.1,...,1,3,9);

126 1 1256 1
(11..,1,5,5).

1256 1

Bai toan 5 : Tim 29 s nguyén duong
c6 téng 18n hon tich 13 4.

L&i giai : Ngugc lai v6i bai toan 3, néu bét

di 4 s6 1 4 bo s6 nay thi ta dugc 25 s6 co

téng bang tich. Tur d6 ta tinh dudc bo 29 s6

coténglon hontichta4: (1,1,...,1,2, 25);

27561
(111,313 (11
2755 1

L,1,4,9:(11..,1.57).
27851 27551

Bai toan 6 : Tim bd s6 nguyén duong
c6 téng bang tich va bang 36.

| —




Phan tich 36 thanh tich cla
cac thira s6 khac 0 ta ¢6 :

Véi 36 =2x18tacd 2 + 18 = 20 ;
36 - 20 = 16 nén bd s ¢b téng bing tich

L&i giai :

b&ng 36, chira hai s6 2 va 18 gom 18 sé
la: (U_,_:I 2,18).
1656 1
V6i 36 =3 x12tac6b 3 + 12 =15
36 - 15 = 21 nén bo s6 ¢b téng bang tich’
bang 36, chira hai s6 3 va 12 gom 23 s6
la: (1’_1;';'1' 3,12).
21s6 1
Tuong tu, ta tim dugc cac bd s6 khac ¢
téng bang tich bang 36, gém : (11..1.4,9);

23861
11...1,6,6);(,1..,1,4,3 3);
24 s61 26 s6 1
((1,1,...,1,2,2,9).(1,1,..,1,2,2,3,3).
2356 1 26 56 1

Cac ban thir gidi hai bai toan sau :

Baitoan 7 : Tim bd n s6 nguyén duong
c6 téng bang tich va bang k.

Bai toan 8 : Tim bo n s6 nguyén duong
cb téng béng tich, trong d6 c6 m s6 16n

hon1(2 <m <n).

(Tiép theo trang 21)

Cau 19 : ABCD |a mét hinh thang can,
AB//CD, AC = DC, AD = BC. Néu dudng
cao AH cla hinh thang va AB c6 do dai
b&ng nhau thiti s6 AB : CD la :

2 3 4 5 5
AL B2 © o2 ®2
()3 ()5' ()5 ()7 ()9

A B
D H C
Cau 20 : Cho tam giac déu ABC ¢b

dién tich 1a /3, M 1a mot diém tuy y & trong
tam giac. Téng khoadng céach tr M dén 3
canh clia tam giac la :

1J§EJ§

Cac ban cb thé nao hoan tat phéan lam
bai tréc nghiém trén trong 60 phuat khéng ?
Néu da thir lam, cac ban hay déi chiéu voi
déap &n sau ddy xem minh dugc bao nhiéu
diém +4 va bao nhiéu diém -1 nhé !

Papan : Céu1:(A); Céu2: (A,
Céu3:(E); Céu4:(D); Céus5:(C);
Céub:(A); Cau7:(C); Céaus8:(C);
Céu9:(C); Cau10:(C); Céau 11:(C);
Céu12:(C); Cau 13:(B); Céu 14 :(C);
Céu 15:(B); Cau16:(E); Cau 17 :(E);

)
Céu 18 : (A); Cau.19:(B); Céu 20: (B).

' p—



e Dé thi tuyén sinh 18p 10 (vong 2), khéi
THPT chuyén BHSP Ha Noéi, nam hoc
2006-2007 c6 bai toan : “Cho X la mét tap
hop gém 700 s6 nguyén duong doi mét
khac nhau, méi s6 khéng I6n hon 2006.
Ching minh rang trong tap hgp X ludn tim
dugc hai phan tlr x, y sao cho x - y thudc
tap hgp E={3 ;6 ; 9}".

Nghién clru ki bai toan nay, tdi thdy co6
hai 16i gidi khac ngoai i3i giai da dang trén
TTT2 sb 44, ma dang sau né |a nhiéu diéu
thu vi. Xin trinh bay cung cac ban.

Lai giai 1.

Chia day cac s6 nguyén duong tir 1 dén
2006 thanh 201 doan : [1 ; 10], [11 : 20],
[21;30], ..., [1991 ; 2000], [2001 ; 2006].

Vi X c6 700 s& nguyén duang khac nhau
nén theo nguyén li Di-rich-1&, ton tai it nhat
4 sd trong 700 s6 trén thudc cling mot
doan. Mat khac, vdi 4 s8 bat ki, luén tén tai
it nhat 2 s& khi chia cho 3 ¢6 cling s6 du,
hiéu clia hai s6 do6 chia hét cho 3, suy ra
hiéu nay thuéc tap hgp E={3 .6 ; 9}.

Nhan xét. Vdi [di gidi nay, ta ¢ thé [am
chat han bai toan bang cach thay théng s6
“700" bdi “604” (131 gidi trén TTT2 s6 44 chi
c6 thé lam chat théng sé nay téi “672").

L&i giai 2.

Chia X thanh 3 tap hgp nhu sau :

A={x|x=3k+1, ke N};

B={x|x=3k+2, ke N},

C={x|x=3k+3,ke N}

Co6 700 s6 dugc chia thanh 3 tap hap,
theo nguyén Ii Di-rich-1& thi ton tai mét tap
hdp ¢6 it nhat 234 phan tir. Trong.tap hop

NGUYEN DBUC TRUONG
(THCS Da Tén, Gia Lam, Ha Noi)

nay ludn tén tai hai sé cach nhau 3 hoc 6
don vi. That vay, néu céc sé trong tap hop
nay chi cach nhau it nhat 1a 9 don vi thi s6
I6n nhat trong tap hop khéng nhd hon
9.233 = 2097 > 2006, mau thuan véi gid
thiét. Suy ra trong X ludn t6n tai it nhat hai
s6 cach nhau 3 hozc 6 dan vi.

Vay trong X ludn tim dugc hai phan tir
x,ydéx—ye{3;6}e E.

Nhan xét. Vi [di gii nay, ta ¢6 thé lam
chat hon bai toan & ca hai théng s6 : “700”
va“E={3 6 9Y, Ian luot thay bdi “670”
va“E={3;6}".

e SU dung ki thuat cla hai (3 gidi trén,
ching ta c6 thé tao ra dudc nhiéu bai toan
hay va kho, sau day |a mot sd vi du.

Vi du 1. Cho X 1a mét tap hgp gom 473
s6 nguyén duong déi mét khac nhau, méi sd
khéng 16n han 2006. Chimg minh rang trong
tap hop X ludn tim dugc hai phan t x, y sao
cho x - y thudc tap hop E={4; 8: 12'; 16},

Vi du 2. Cho X 1a mot tap hdp gém 805
s6 nguyén duong déi mot khac nhau, mdi
s6 khong 16n hon 2006.

Chimg minh rdng trong tap hgp X luén
tim dugc hai phan tr x, y sao cho x — y
thudc tap hogp E = {4 ; 8}.

Cac ban tu giai hai vi du trén.

Vi du 3. Cho tap hgp :

X={ﬁ;\/§;\/§;...;\/2006}.

Chimg minh réng trong 46 s6 khac nhau
tuy y dugc 18y ra tir tp hop X ludn tdn tai
it nhat hai sé x, y sao cho x —y < 1.

L&i giai. Chia day cac s6 cla tap hop X

tr V1 dén /2006 thanh 44 doan c6 dang




, [JTQ%;M].

Theo nguyén li Di-rich-1&, trong X ton tai
it nhat hai s6 x, y thudc cting mét doan bat

ki [\/k—z - J(k +1)2 -1}.

Taco x—-y <J(k+12 -1-Vk? = .
= Jk(k +2) vk -k =Jk(vk +2 - Jk)

_Jkk+2-k) 24k
T k12+9k Jke24dk

(v8i moi k < 44).
Suy ra diéu phai chimg minh.
Vi du 4 Cho tap hop :

={ﬁ V23 \/2006}.

Chimg minh réng trong 90 s khac nhau
tay y dugc lay ra tir tap hgp X ludn c6 hai

» 1
sé x,ysaochox-y< >
L&i giai. Chia day cac sé cla tap hap X
tir 1 dén 2006 thanh 44 doan c6 dang

k2 Jie+ 12~ 1| (nhu tren),
At

Theo nguyén li Di-rich-1&, trong X tén tai
it nhat ba s x, y, z thuéc cing mét doan

bat ki [\/k_z - Jik 412 -1}.

Khi d6 tén tai hai sé trong ba sé x, y, z

thudc maét trong hai doan [\/k—z JK? & k}
hoac [\/kz rkok+ 1) -1].

Gidstrdélax, yvax>y, tacod:

Néu x, y thudc [\/;(7;\/k2+k}thix—ys
S PP L S

Néu x, y thudc [\/nz +n ;\/(n+1)2 —1],

ta cling ¢6 két qua tuong tu.

Suy ra diéu phai ching minh.

Vi du 5 Chitg minh rang trong 2007 s6
do6i mét khac nhau, dugc |ay ra tir tap hgp
X={1:2:3;4;..;20062% cé it nhat hai
s6 x, y théa man Jx - Jy <1.

L&i giai. Chia day cac s6 clia tap hgp X
tir 1 dén 20062 (bd ra s6 20062) thanh
2005 doan c6 dang [K? ; (k + 1)2 - 1] 1a :
[1:3],[4:8] ..., [2005? ; 20062 1]. Nhu
vay trong 2007 s6 da cho, cé it nhat 2006
s6 thudc cac doan trén. Theo nguyén li
Di-rich-1é, tén tai it nhat hai sé thudc cling
mét doan bat ki [k%; (k+ 1)2-1). Tacéd :

Ix -y <tk —1-k? =1,

Suy ra diéu phai ching minh.

Vi du 6. Chimg minh rang trong 2007 s6
khac nhau tuy y dudc lay ra tir tap hop
A={1;2:3;4;..;20062007} c6 it nhat
hai s6 x, y thda man 20%%/x —2007(y, < 1 (&
thi tuyén sinh 16p 10, THPT chuyén
Amsterdam va Chu Van An, Ha Noi, nam
hoc 2006-2007).

Dé nghi cac ban viét 10i giai day dd cho
cac vi du 6 xem nhu bai tap va sang tao ra
nhiéu bai toan tuong tu. Hi vong rang
ching ta sé c6 dudc niém vui dang sau
nhimg kham pha vé dep clia méi bai toan.
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Trong nhiéu truang hgp, dé chimg minh
hai doan thang AB va CD béng nhau, ta ¢

thé chimg minh AB _ C—D Cach chimg minh
EF EF

trén kha hiéu qua trong nhitng bai toan cé
van dung dinh li Ta-1ét va tam giac déng dang.

Bai toan 1. Cho tam giac ABC. Mot
dudng thing cét cac canh AC, BC va cét tia
déi clia tia BA theo thirtu 6 E, D, F. V& hinh
binh hanh BDEH. Pudng thing qua F va
song song v6i BC cit AH & I. Chitng minh
rang DC = FI.

Loi gidi. Goi K la giao diém cla FI va
DC FI

AC, ta sé ching minh .
FK FK

A

F / K

Tacé DC// FKnén £=@.Matkhéc,
FK EF
ED=HBnen 2C _ED _HB
FK EF EF

Goi M la giao diém clia EH va AB.
Do ME Il FK ; BH I/ EF nén

(1)

(2)

thing Xim-xon, ban doc tu chiing minh).

goéc noi tiép ta cod FCH =FBH =ACD v

M —s=— ) (1)

Tir (1)

Bai toan 2. Cho dudng tron (0), dudng |
kinh MN vudng géc véi day cung AB. Goi /1
la mét diém thudc day AB (/A < IB). Céc tia :
Mi, NI c&t () theo thtf t & C, D. Goi hinh |
chiéu clia C trén cac dudng thang AD, AB, |
BD theo thirtu 1a E, F, H. Ching minh rang |
F la trung diém cta EH.

L&i gidi.

M

B

Ba diém E, F, H thing hang (dudng

Ta sé chiing minh Hr = E That vay :
FC FC

Theo tinh chat cha tit giac ndi ti€p va

a
FHC = ADC nén AHFC v ADAC (g.g), suy
HF DA
FC AC’

_ Chimg minh tuong tu ta ¢ % _bB

BC’
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Do D! la duong phan giac ciia AADB nén

DA _ % . Cl1a dudng phan giac clia AACB

DB
. CA Al
nen —=-—.
CB IB
DA_CA_DA_DB
DB CB ~AC BC
HF EF
T (1), (2), (3) suyra — = —
(1), (2), (3) suy " FC

= HF = EF. Vay F |a trung diém clia EH. -
Bai toan 3. Cho tam gidc ABC, dudng
j trung tuyén AM. Goi / l1a mét diém thudc
I canh BC. Budng thing di qua / va song
I song v6i AB cit AM, AC theo thirtu 8 D, E.
I Budng thang di qua / va song song vdi AC
| cit AB & K. Chimg minh rdng BK = DE.
L&i giai. Cha y radng K/ = AE, ta sé chimg

i
i
|
|
|
i
]
i
1 Suyra—=—>
I
!
|
|
I
|
|

AN

\ //i \

i C

BK BA

= (1)
AC

Ké MG/l DE (G thuéc AC), tacO AG = GC

. DE MG MG BA
va—=2=2 e (2)
AE AG GC AC

Tu (1); (2)suyra —B£=P£:> BK = DE.
Kl AE

Do Ki /l AC nén

Bai toan 4. Tu diém A ndm ngoai dudng
tron (0), ké cac tiép tuyén AB, AC va cét
tuyén ADE. Ké day cung EN // BC, goi / la
giao diém cGia DN va BC.

Chimg minh réng B/ = Cl.

L&i gidi.- Ta sé& ching minh Bl _ ﬂ

ID ID

Ti s6 % lam ta cha y dén ABID.

Ta c6 DBC = DEC ; EN I/ BC suy ra

BN = CE — BDN = CDE. Suyra:

ABID o AECD (g.g) = Bl = E
ID CD

—
—_
~—

Chimg minh tuong tu ta co ol @ (2)
. ID BD
Ta cling c6 AAEC v AACD (g.g), suy ra
EC AE , EB AE
—=—;tuongtutacd —=—.
CD AC BD AB
Mat khac AC = AB suyra % = @

BD ©)

. Bl Ci

Tu (1), (2), (3) suy ra 51D

Vay Bl = Cl.

Nhan xét. D& lam xudt hién cac ti s6
bang nhau, ta thudng st dung dinh Ii Ta-lét |
(bai toan 1, bai toan 2), st dung cac tam |
giac déng dang (bai toan 3, bai toéan 4). (ol
bai toan 3, ta con ké thém dudng thing :
song song dé van dung dinh li Ta-lét. I

Céc ban hay dung phuong phép trén dé |
gidi céc bai tap sau :

Bai 1 (I6p 8). Cho hinh thang ABCD y
(AB I/ CD). M6t dudng thang song song véi |
hai day cla hinh thang céat hai canh bén
AD, BC theo thr tu 8 M, N va ct hai dudng j
chéo BD, AC theo thit tu & H, K.

Chimg minh rdng MH = KN.

Ggi y. Hay chitng minh MH = ﬂ

AB AB
(Xem tiép trang 9)



Toan 8 tap 2). Cho hinh thang ABCD (AB /I
CD) c6 AC va BD cat nhau 6 O. AD va BC
cat nhau tai K. Chitng minh OK di qua trung
diém cla cac canh AB va CD.

Lai giai. Goi giao diém clia AB va CD véi
OKlan luot la Mva N, ta cé :
AM KA AB AM OA AB

DN KD CD’ NC oc “co

A

D N C

= ND=NC = NIa

trung diém cla CD.

Tuong tu ta cd M la trung diém clia AB.

e Bai toan dudc phat biéu lai nhu sau :
“Hinh thang ABCD (AB // CD). Goi K I4 giao
diém ctia hai canh bén AD va BC. O la giao
diém cla hai dudng chéo AC va BD. M, N
Ian lugt Ia trung diém cla AB va CD. Chimg
minh réng 4 diém K, M, O, N thdng hang.”
Tir d6 ta cé bai toan dao :

Bai toan dao. Cho tr giac ABCD ¢4, O la
giao diém cla AC va BD. K 1a giao diém
clia AD va.BC. Mva N lan lugt 1a trung diém
clia AB va CD. Bdn diém K, M, O, N thing

BAT NGO KHI XET BAI TOAN BAO

PHAM THI TAM (THCS Bach Liéu, Yén Thanh, Nghé An)

Bai viét nay xuat phat tir mot thuc t&, dé 1a vao mét gid day béi
dudng toan cho hoc sinh, téi dua ra bai toan dado clia mét bai toan
trong sach gido khoa. Két qua that bat ngd va thu vi, hoc sinh cla
t6i da dua ra 7 cach gidi cho bai toan dao. Toi thdy rat hanh phuc
va yéu mén toan hon, rat muén dugc ban doc cling chia sé.

Bai toan thuan (Bai 59, trang 92, SGK

hang. Ching minh rang ABCD | hinh thang.
Lai giai.
Cdch 1. Qua K ké dudng thing song
song véi CD, c3ttia CA & E, cattia DB G F.

D N C
Ta cé E:Q:ﬁ :ND = NC nén
NC ON ND

KE = KF. Suy ra —Kizﬁ_ﬁ_KB

AD CD CD BC
AB /I CD (dinh Ii Ta-lét ddo).
Cédch 2. Trong AKCD, KN, CA, DB déng
quy tai O nén ap dung dinh Ii Xé-va ta c6
(st dung hinh vé cla bai toan thuan)

1;VviND =NC suy ra

AD NC BK
KA BC KA _BK_ aBuco.
AD BK AD

Cdch 3. Tir A va B k& cac dudng thang
song song v&i KO cét OD ; OC Ian lugt tai
E ; F. MO |a dudng trung binh clla cac tam
giac ABE va ABF nén AE = BF (= 20M).

Xét tam giac KDO, ta c6 DA _ = AE .
DK KO

(Xem tiép trang 25)

——
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BAT NGO KHI XET .. X

(Tiép theo trang 18)

Xét tam giac KCO, ta c6 ﬁ = Eli )
CK KO

Do AE = BF nén —DA:EE
DK KC
suy ra AB // CD (dinh Ii Ta-lét ddo).
Cdch 4. Goi A’, B’, C’, D’ 1an lugt la hinh
chiéu vudng goc cla A, B, C, D trén KN.

Ta chimg minh dudc AA’=BB’; CC'=DD’
suy ra AN = B—B— mat khac
cc’ DD
OA AA OB BB
oc cc'ob DD
oA = oB = AB // CD (dinh i Ta-lét dao).
oCc oD

Céch 5. Buang thdng qua O song song
vai CD cét AD, BC lan luot tai E, F. Ta ¢6

suy ra

=LA 2 OFE = OF (vi DN = NO).

DN KN NC

VIEF /i CDsuyra QA - OFE _OF _0B
AC CD CD BD

OA OB

= —=——= AB// CD.
OC OD

vubng goéc clia A, B, trén DC. Ta cd :

Sosm’ Soon=Socn i

=> AP=BQ = AB Il CD.

CD.Tu Aké AB’ I/ CD (B’ e KC, B’ = B).

clla AB’ (bai toan thuan).

vdi gia thiét. Vay AB /i CD.

Cdch 6. Goi P, Q, lan lugt 1a hinh chiéu

Skon = Sken + Skam = Skem ¢ Soam =

~+~
~.

T H Ll

17 T

D P N Q C
Suy ra Spap = Sosc = Sacp = Saep

Cdch 7. Gia sir AB khéng song song vdi

AB’ cat KN tai M’, ta cd M’ 1a trung diém

suyra 2M _AM o MM 7 BB wéi
BM ~MB

| R ————————————eape———y § N NN R RN RN R R R
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VE THEM TIEP TUYEN
CUA DPUONG TRON

DANG QUOC CHAN (THCS Nam Son, Nam Truc, Nam Dinh)

Déi véi cac bai toan lién quan dén dudng tron, trong nhiéu
trudng hap, viéc vé thém ti€p tuyén thich hop clia dudng tron
sé giup chudng ta nhin rd hon cac mai lién hé giita cac yéu té
cla bai toan va di dén 13i giai cla bai toan do.

Bai toan 1. Cho tam giac nhon ABC néi AN cat BC tai P. Chimg minh ring BM = CP.
ti€p trong dudng tron tam O, ban kinh R. L&i gidi. Ké ti€p tuyén véi (/; r) tai N, cat
: Cac duong cao AH, BI, CK. Goi S la dién  AB, AC Ian luct tai E, F.

: tich tam giac ABC va 2p la chu vi clia tam
: giac HIK. Chimg minh rang S = pR.
L&i giai. Ké ti€p tuyén Ax clia (O ; R).

: A
X
: 6)
: B m c B M P c
. Goi tiép diém clia (/; r) vdi ABla K, ta ¢
: IE |a phan gi4c cda KIN ; IB 1a phan giac cia
: ey S-S KIM suy ra IE 1 IB.
Ta co xAB = ACB = ESGAB‘ (1) Xét tam giac vuéng BIE c6 IK L EB, suy

Mt khac, BKC + BIC = 90° suy ra B, K, 1@ /K2=KEKB=> IK?= NEMB=>r* = NE-MB.
I, C cung thudc dudng tron dudng kinh BC  Tuong tu, ta ¢ ? = NF-MC.

— S Suy ra NE-MB = NF-MC
= ACB = AKI. . @ NF ONE NF+NE EF
Tir (1) ; (2) suy ra xAB = AKI = AxIIK. = pE == " Eeme - Bo' ©)
Ta lai c6 OA L Axsuyra OA L IK. Mat khac. EF // BC (i ci . )
Tuong ty, ta c6 OB L KH ; OC L HI. At khac, Nﬁ Ng" CE‘:Q vuong goc
Dodé S=S +3S +8 4i R el
1 1 OKAI O;(AI OKAI vai MN) suy ra 5 "BP " BC' 4)
=—OA-IK +—0B-KH +—0C - HI T (3), (4) suy ra BM = CP.
2 2 2 Bai toan 3. Cho hai dudng tron ti€p xdc
= 1R(IK+KH+HI) = lR.zp =pR. trong véi nhau tai A. Day BC cla dudng
2 2 tron 16n ti€p xdc véi dudng tron nhd tai M.

.+ Bai toan 2. Cho dudng tron tam I,' ban Goi N |a diém chinh gilta clia cung BC
+ kinh rngi ti€p tam giac ABC, ti€p xuc vdi canh  khong chita diém A. Chimg minh réing A, M,
: BC tai M. Ké dudng kinh MN, dudng-thang N thang hang.
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L&i gidi. K& ti€p tuyén chung cla hai
dudng tron tai A, ct dudng thang BC tai D.
D

Ta ¢c6 DM = DA suy ra tam giac DAM can
= DAM = DMA = MBA + MAB
= CAD + MAB ;
Mt khac, DAM = CAD + CAM.
Suy ra CAM = MAB = AM Ia phan giac
cha BAC = AM di qua trung diém N cia

‘cung BC hay A, M, N th&ng hang.

Bai toan 4. Cho hai dudng tron (O) va
(O’ tiép xuc ngoai véi nhau tai M. Mot
dudng thing di qua M, cit (O) va (O) 1an
luct tai A va B. Trén (O) 1dy mot diém N c6
dinh. Dudng thdng qua B song song vdi MN
ct AN tai /. Xac dinh vj tri clia diém B dé
MNIB ia hinh thang can,

L&i giadi. K& tiép tuy&n chung xMy clia
hai dudng tron va goi K |a giao diém cla B/
va (O).

Ta c6 NIK = ANM (hai géc ddng vi);
ANM = AMx = %st\Tw (khong chita Ny ;

AMx = BMy suy ra NIK = BMy.
M3t khac,
1

BMy + BKM =%sarKM+§sa§A7 - 180°

suy ra NIK + BKM =180° = MK/ + BKM

= NIK = MKI => MNIK 1a hinh thang can (vi
MN 1/ IK).

Vay MNIK 1a hinh thangcdn < B=K <
Bl 1a tiép tuyén cla (0’) < B la giao diém
cGa dudng thdng qua O’, vudng goc véi MN.

Céc ban ren luyén qua cac bai toan sau.

Bai 1. Cho nilta dudng tron dudng kinh
AB. C la diém chinh gilta cung AB. Trén
cung BC ldy mét diém /, trén tia Al 1dy mot
diém K sao cho AK = Bl. Chimg minh ring
dudng thing di qua K, vudng gbc véi Al
luén di qua mét diém c6 dinh.

Bai 2. Cho tam giac déu ABC ndi tiép
dudng tron (O). Goi (O) 1a dudng tron tiép
xuc trong véi (O) va ti€p xuc véi hai canh
AB, AC theo thi tu tai M, N. Ching minh
ring M, O, N thing hang.

Bai 3. Cho nlra dudng tron tam O, dudng
kinh AB. OM |a ban kinh vuéng géc véi AB,
Pudng tron tam / ti€p xuc trong véi (O) va
ti€p xuc véi AB. Ching minh r&ng / cach
déu tiép tuyén tai M cla nlta dudng tron
tam O va diém O.

Bai 4. Cho tam giac déu ABC noi tiép
dudng tron tam O. Trén cung nhod BC, 13y
mot diém E va vé dudng tron tam O’ tiép
xuc véi dudng tron tam O tai E, cét cac day
EA, EB, EC lan luct tai M, N, P. Ching
minh tam giac MNP la tam giac déu.

Bai 5. Cho hai dudng tron tdm O va tdm
O’ tiép xac ngoai nhau tai A. BC la mot tiép
tuyén chung ngoai cla hai dudng tron nay,
trong d6 B € (O)va C € (O’). Vé dudng kinh
BD cla (0). Ching minh réng :

BD? = DA-DC.

Bai 6. Cho dudng tron tdm O ban kinh R
va dudng tron tam O’ ban kinh R’ tiép xuc
ngoai nhau tai A. Tiép tuyén tai diém M clia
dudng tron (O ; R) cit (O’ R)) tai N va P.
Chimg minh ring M cach déu AN va AP.
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PHUONG PHAP CHON TRONG BAT DANG THUC

TONG THANH VO (Thanh Héa)

e Xét “bai todn chon” sau : Cho hai
day s6 thuc dugdc sdp thittwa, > a,> .. 2

a,:b,2b,>..2b, vacictdng
s=a1bn+a2bn_1 + ... +anb1 ;
S=a1b1 +a2b2+...+anbn; ")
")
(V8i (j; ;jy ;.. 1 J,) a mOt hodn vi bat ki clia
(1:;2;...;n). Chimg minhréng S > S;zs.
Chung minh. Ta sé ching minh S > Sj.

That vay : xudt phat tir (**), ta thanh lap
S, béng cach gilt nguyén hau hét cac s6

hang ciia S, (gid sl j, = 1, ta thay ddi
bj1 va bji) .

Sj=abj, +azbj, +...+ayb;

Sy =aibj +abj, +...+abj +...+apb;
=aby +agbj, +...+a;b; +..+apb; .
Taco:

Sy =S = (a1 +aibj,) —(asbj, +a;by)
=(a1-a)(by-b;)20suyraS, 2 Sj;
Tiép tuc thanh lap S, bang cach gilr
nguyén hau hét cac s6 hang clia S, (gia
st j, = 2, ta thay ddi b;, vab;,) :
Sz =aiby+agb;, +...+akbj, +...+apb;
= a1b + asbhy +..+ab; +..+apb; .
Taco:
Sz - Sy =(agby +akbj,) - (azbj, +axbs)

=(ay—ax )by -bj,)20suyra §,>'S ;

Sau nhiéu nhat nb udc nhu trén, ta

dugckétqua S>..28,28,2 Sj (dpecm).
Pang thlc xay ra khi va chi khi
1=a,=..=a hodacb, =b,=...=b,
Tuong tu ta chiing minh dugce Sj >s.
Ta cling c6 thé ap dung nguyén Ii quy
nap dé ching minh “bai toan chon”.

e Ap dung “bai todn chon”.

Bai toan 1. Cho a, b, ¢ la cac sé thuc
duong. Chitng minh réng :

8

a

aBib¥ic® 1 1 1
gxbve 1A
33[)3(;3 a b ¢

L&i giai. Ta ¢
5 5 5

et b, 1,110

+ +
3 B3 33b3
Do a, b, ¢ ¢6 vai trd nhu nhau, khong mat
tinh téng quat, gidastta=b=¢ >0, suyra
5.,5. 5 - 1 1 1
a’z2b’2c’va JEpE 2a3C3 Za3b3’
Ap dung bai toan chon ta cé
a° . b° . c® S
b3 a3 &%

1 1 1
2a5-33+b5- 33+c5- 73
a’c a’b b c
= 2° + b° + c® >aZ+b2+c2 (3)
b3 &% &% B & b

Tiép tuc ap dung bai toan chon véi hai

day a’ > b? > c? va izizl, ta co
3583

[of a
2 2 2
ac b® ¢ 1 1 1
—3+—3+-?282 —3+b2 '—3—+C2 —3
¢’ a b a b c

| p——



2 2 2
:>a—3+23—+£—>1+—1—+—1-. (4)
c® a

T (2), (3), (4) suy ra (1) dang (dpcm).
Bai toan 2 (PH Thay Lgi nam 1997-
1998). Cho a, b, ¢, d 1a cac s6 thuc duong.
Ching minh rang :
@ b d* 11 11
PR
L&i gidi. Do a, b, ¢, d cb vai trd nhu
nhau, khéng maét tinh téng quat, gia s
a>bzcxzd>0,suyraa?>b?>c?>d?
va ls > - > ls > ls theo cach ching
d ¢ b a
minh béi toan chon, dat
1 1 1 1

S=a—3—+?)§+—c?+d—3;
S/=az-—1§+b2‘—%+cz--1—+d2-i;
b c d® a®
S1=82-—1—+b2-—1—+c2-—1—+d2-l'
5 5 5 5
a c d b
Sz=az-—1—+b2-—1—+02-—1—+d2--1—.
a® bd d c®
Ta cé
1 1
Sf's‘=(a2_d2)('§"a_5]20:>81281
2 21 1
S-S, =(b d)—s—gs— 2052
c
2 o1 A1
Sz S"'(C —d)—5 —g ZO:?Sz>S
c

Suy ra Sj 2 S,2 5,2 s (dpcm).

Bai toan 3 (V6 dich Toan quéc t& -
1983). Cho a, b, c la dd dai cac canh cla
mét tam giac. Ching minh ring :

a®b(a - b) + b2c(b - ¢) + ca(c - a) 2 0.

Loi giai. Khdng mat tinh téng quat, gia

, 111
sf0<a<b<c suyra—=2—2=—va
a b c¢ -

alb+c-a)zb(c+a-b)2cla+b-c)(")
(xét hiéu a(b + ¢ — a) - b(c + a - b) =
=(a-b){c-a-hb)=>0doa, b, clacaccanh
clia moét tam giac, tuong tu ta chiing minh
dugc (*)). Ap dung bai toén chon ta co

1a(b+c—a)+-1—b(c+a—b)+lc(a+b—c)2
a b c

zlb(c+a—b)+lc(a+b—c)+1a(b+c—a)
a b c

- b(ca— b) N c(ab— C) N a(bc— a)
= bzc(b ~C)+ cza(c -a)+ azb(a -b)>0
(dpcm).
Bai toan 4 (Olympiad Chicago 1996). Xac
dinh cacséthuc1.>a>b>c>d>e=0
thda man :

<0

19[(@-b)? +(b-c)? +(c-d)* +(d -e)* +
+(e-a)?] = 2abcde ;
19[azbcd +b?cde + c2dea + d%eab +
+e2abc] = 96abcde.
Loigidi. Do12axb2cz2d=2ex0,
suyrabcde+a=cdea+b>..>abcd+e.
Ap dung bai toén chon ta cé a(bcde + a) +
+ b(cdea + b) + ... + e(abcd + e) 2 a(abed
+ e) + b(bcde + a) + ... + e(eabc + d)
= Babcde + a2+ b2+ %+ +e?2
(abed + b%cde + ... + eabc) + (ab + be +
.. +€3a)
= 10abcde + 2(a® + ... + €%) — 2(ab + bc
+ ...+ ea) 2 2(a’bcd + b2cde + ... + e?abc)
= 19{10abcde + [(a - b)? + ... + (e - @)}
> 38(a?bcd + b%cde + ... + e2abc)
= 192abcde = 192abcde.
Trong bat dang thirc trén, dang thic da
xayranéna=b=c=d=e=0.
o Bai tap tv giai.
-Bai 1 (b4t ding thuc Tré-bu-sép). Gia

| p——
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sta,2a,>..2a >0vab,2b,2..2
b, > 0. Chimg minh réng :
n{ayby + asby +...+apb,) 2

2(a1+as+...+ap){by+ by +...+ by).

Bai 2 (b4t ddng thic Co-si). Cho a,> 0

véimoiie {1;2;..;n}. Chimg minhrang:

a+ay+..+a
#2"[31.32.”_.3,7'

n

Bai 3. Cho cac s6 thuc duong a, b, ¢
théa man a + b + ¢ = 3. Chitmg minh rang :
ad+p°+c3

4s1.

a*+p*+c

Bai 4. Cho a, b, ¢ la ba canh clia mdt

tam giac. Chimg minh ring : 3abc > a(b
+c-a)+b¥c+a-by+cXa+b-c)

Bai 5. Cho a;>0véimoiie {1;2;..;n}

Chimg minh réng : a, + a, + ... + a, <

2
< 1 a12 +a§ . ag' + a3 +m+a,2, +a12 .

n-1 a3 a, ap

Bai 6 (V6 dich Toan qudc t& ndm 1975).

Cho hai day s6 thyc duong x, < x, < ...
<x.vay,sy,<..sy, Gasl(z, 2z, .., 2,)
la mét hodn vi clia (y,, ¥,, ..., ¥,)-

Chitng minh r&ng :

(X1 - y1)2 + (X2 - y2)2 ot (xn - yn)2 <
)2 2

2
s(x1—z1) +(x2—z2 oo+ (X, - 2Z)

Bai 7 (V6 dich Toan quéc t& ndm 1978).
Choa,, a,, .., a,lacac ] nguyér‘1 duong
doi mét khac nhau. Chitng minh rang :

i‘:'—1+E'3+...+f'i21+l+...+—.
12 92 n” 1 2 n

Chéc chén ring con rét nhiéu bat ddng
thirc khac sé dudc kham pha thdng: qua
bai toan chon trén. Mong nhan dugc su
trao d6i clia cac ban.

Hudng dan giai ...

(Tiép theo trang 10)

o 1+1+33x3 > 3Y343x3, theo b4t ding

thirc Cé-si cho ba s6 duong 1 1 34/3x3
thi day la bat dang thirc dung.
2. Tacd

|x3 +7x2 —11x—6’+|—x3 +12x% +5x -3

>19x% —6x -9 >18x2 -2x-13
Vi (19x% -6x - 9) - (18x% —2x —13) =
=x% —4x+4=(x-2)*20.

Suy ra phuadng trinh tuong duong véi
(x3 +7x% ~11x - 6)(-x> +12x? +5x -3)2 0
19x% -6x-920
(x-2=0

o X =2,

Vay nghiém clia phuong trinh 1a x = 2,

Bai 5. 1. Chia hinh chit nhat ABCD
thanh 5 hinh chir nhat nhd kich thudc 1 x 4,
theo nguyén i Di-rich-l&, tén tai 2 diém
thuéc clng mét hinh chlr nhat nhd cé
khoang cach khéng vugt qua do dai dudng
chéo cfia hinh chif nhat chita né 1a VA7.

2.

D C

A B

Chia hinh chir nhat ABCD thanh 5 hinh
nhu hinh v&, cling s dung nguyén li
Di-rich-1&, ta ching minh dugc ton tai 2
diém cé khoang cach khéng vuot qua
J10. C6 nhimg cach khac ciing cho két

qua nhd hon V17.

Ve
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CAO QUOC CUBNG (GV. THCS Vinh Tudng, Vihh Phic)

~

Khi hoc bai vé phan s6 t6i gian, mot sé hoc sinh Idp 6 thudng lung tung khi gidi toan.
Céc dang toéan chii yéu cia phan nay la: Cho mét phan s6 phy thudc vao mét s6
nguyén, ta phai chimg minh dé la phan sé téi gian (khéng téi gian) hoéc tim diéu kién
dé€ phan s6 d6 la téi gian (khéng toi gidn). Bai viét nay sé hé théng mot s6 dang toan

co ban vé van dé nay.

Bai toan 1. Chimg minh rang néun € N

R R LT ¢ I,
thi phan sé o3 t6i gian.

L&i giai. Goi d 1a u8c chung 16n nhat
cian+1vaz2n+3.

Viln+1):dnén(2n+2):d.

Suyra(2n+3-2n-2):dhay1:d.

Vayd=1.

Do dé phan s6 n+1
2n+3

t6i gian (dpcm).

Nhan xét. D& chimg minh mét phan sé
la t6i gian, ta chimg minh tr s& va mau sé
cb udc chung 16n nhat 1a 1.

Bai toan 2. Tim tit ca cac s6 nguyén n

dé A = khéng la phan sé t6i gian.

3n+1

Lai giai. Vi 63 = 32 x 7 nén A khong phai
la phan s6 téi gian khi va chi khi 3n + 1
chia hét cho 3 hoic 7.

Vi 3n + 1 khéng chia hét cho 3 nén
3n + 1 phai chia hét cho 7.

Hay3n+1-7=3(n-2):7.

Vi(3,7)=1nén(n-2):7.

Vayn=7k+ 2 (v8ik € Z).

Nhan xét. D& mét phan s6 khéng phai 1a
t6i gian thi t&r s6 va mau sé phai cb it nhat
mot udc s6 chung la mét sé nguyén to.

Bai toan 3. Tim t4t ca cac s6 nguyén n

aé B:6n+7
3n+2

khong la phén s6 t6i gian.

L&i gidi. Goi d la mét uSc nguyén té
chung (néu cb) clia 6n + 7 va 3n + 2.

Vi(3n+2):dnén(6n+4):d.

Suyra(bn+7-6n-4):dhay3:d.

Vid la mét s6 nguyén té nén d = 3.

Khi dé (3n + 2) : 3.

Suyra2:3,voli

Vay khéng cé s6 nguyén n dé B la
phan sé téi gian.

Bai toan 4. Tim tat ca cac s6 nguyén n

tSi gian.

dé€ phan sé 18n+3
2n+
Ldi giai.
Céch 1. Goi d la mét udc nguyén té
chung (néu cbé) cha 18n + 3va 21n + 7.
Vi(18n+ 3) : d nén 7(18n + 3) : d.
Vi2in+7):dnén6(21n+7):d.
Suy ra (126n + 42 — 126n — 21) : d hay
21 :d.
Vidlasé nguyénténénde {3; 7}
TH1.d=3.Khid6 (21n +7) : 3, vo li.
TH2. d=7.Khido (18n + 3) : 7.
Ma (21n + 21) : 7 nén
In+21-18n-3):7.
Tacla(3n+18) : 7 hay 3(n + 6) : 7.
Vi3, 7)=1nén(n+6):7.

TN




Dodon=7k+1(v8ik e Z).

Vay khin # 7k + 1 (v6i k € Z) thi phan
.~ 18n+3
sO

2in+7

Céach 2. Ta co

t6i gian.

18n+3 3(6n+1)
2in+7 7(3n+1)
Goi d 1a mot udc chung clia 3n + 1 va
6n + 1.
Vi(3n+ 1) idnén (6n+2):d.
Suyra(6n+2-6n-1):dhay1:d.
Tacla(3n+1,6n+1)=1.

Ma (3n + 1, 3) = 1 nén on+3
2In+7

la phan

s t6i gian khi va chi khi 21 |3 phan s&

t6i gian. T |a 6n + 1 khéng chia hétcho 7.

Hay 7n — 6n — 1 = n — 1 khéng chia hét
cho 7.

Vayn=7k+ 1 (v6ik € 7).

Nhan xét. Bai toan vé phan sé téi gian
c6 thé dudc nang cao & mic dé khé hon.
Sau day la moét s6 vi du.

Bai toan 5. Ching minhrdngnéun e 7

2
thi phan sé I t6i gian.
n+1
Loi giadi. Goi d la udc chung I6n nhat
chtan?van+ 1. :

Vim+1):dnénn(n+1):d
hay (n? + n) ! d.

Man?:dnén(n?+n-n?) dhayn:d.

Ma(n+1):dnén(n+1-n):dhay1:d.

Vayd=1.

2
Do d6 phan s6 n_1 toi gian (dpcm).
n+

Bai toan 6. Tim tat ca cac sé nguyén n

P . 3n% +2
dé phén s uﬁ
n+1

khéng t6i gian.
Ldi gidi. Goi d 1a mét udc nguyén t6

chung (néu cb) ctia 3n% + 2n + 3 va 2n + 1.
Vi(3n%+2n+3):dva(@2n+1):dnén

[2(3n% +2n +3) - 3n(2n + 1)] : d
hay (n + 6) : d.
Suyra(2n+12) : d.
Ma@n+1):dnén(2n+12-2n-1):d
hay 11 : d.
Vid [a mét s6 nguyén t6 nén d = 11.
Khi dé (2n + 1) : 11.
Suyra(@n+1-11):11 hay 2(n-5) : 11.
Vi(2,11)=1nén (n-5): 11,
Vayn =11k + 5 (V8 k € 7).
Bai tap tu luyén.
Bai 1. Chitng minh rang néu n € N thi
cac phan sé sau t6i gian:
n+2 b 3n+4 c 4n+5
2n+5’ 5n+7’ 5n+6
Bai 2. Tim t4t cA cac s6 nguyén n dé
cac phan s6 sau khéng la phan sé t6i gian:
§] 20 4n+5
a) ——; b) ——; c .
2n+1 3n+1 n+2

Bai 3. Tim t4t ca cac sé nguyén n dé
cac phan sé sau la phan sé t6i gian:
6 20 c 4n+5

a) ; b) )
2n+1 n+2

3n+1

VN




[HAN RET va BANK GI

NGUYEN VAN THANG

(HS. 9D, THCS thi trdn Cao Thuong, Tan Yén, Bac Giang)

Giai phuong trinh (PT), hé PT la cac dang toan dugc nhiéu
déc gia quan tam. Khéng chi vi céi hay clia dang toan nay ma
day con la mét phan clia cac dé thi quan trong nhu thi vao Idp

10 THPT, thi vao cac [dp chuyén, chon. Bai viét nay gidi thiéu
mét sé cach giai PT hodc hé PT khéng méu muc bang cach
nhan xét va danh gia.

Sau day la mét sé vi du.
Bai toan 1. Gidi PT
[x — 2009]2009 4 |x — 2010[2010 = 1. (1)
Phan tich. - Phuong trinh nay khéng thé
giai dugc bang cac cach théng thudng.
- Nhdm dugc (1) ¢6 hai nghiém la x = 2009
va x = 2010.
L&i giai. TH1. x = 2009 hodc x = 2010:
- théa man (1).
TH2. x > 2010. Khi d6 x — 2009 > 1.
Suy ra |x — 2009}2009 5 1.
Ma |x — 2010}2°10 > 0 nén (1) v6 nghiém.
TH3. x < 2009. Khi d6 x — 2010 < —1.
Suy ra |x — 20102010 > 1,
Ma |x — 2009]2°%° > 0 nén (1) vd nghiém.
TH4. 2009 < x < 2010.
Khi dé 0 < x — 2009, 2010 - x < 1.
Suy ra |x — 2009[2°09 1 |x — 2010|2010 =
= (x — 2009)20099 1 (2010 - x)210 <
<X —2009 + 2010 - x = 1.
Tdc la (1) vé nghiém.
Két luan. (1) cb hai nghiém la x = 2009
va x = 2010.
Bai toan 2. Giai PT
(x +2008)* +(x +2009)* = %. ()
Phan tich. - Néu khai trién thi (2) sé la
mét PT bac bén phic tap. Hon nita viéc
khai trién cling khong don gian.

-Chuy % =273 va (2) duoc viét lai duGi

dang (~x —2008)* + (x + 2009)* = %,

~x - 2008 + x + 2009 = 1.
Tu d6 ta nghi dén viéc st dung bat dang
a* +p* a+b 4
2| — .
2 2
L&i giai. Véi cac sb thuc a, b bat ki ta ¢
(@a-b)2>0 < a2+ b?>2ab
o 2(a+ b2) >(@+ b)2. ™

v@i

thiac

Ap dung (*) ta c6 a* +b* > %(a2 +b%)? >
11 22 1 4
>—(=(a+b =—(a+b)".
2(2( )%) 8( )
Péng thitc xay ra khi va chi khia = b.
Suy ra (x + 2008)* + (x + 2009)* =
= (-x —2008)* + (x +2009)* >
> %(—x ~2008 + x + 2009)* = %.

Do d6 —x-2008 =x+2009 & x = —1%17—.

Vay nghiém clia PTdacho 13 x = —%.

Bai toan 3. Giai PT
VR ax+1+ 2 -x-1=2|x|. (3
‘Loi giai. Ap dung (*) ta c6




\&2+x+1+\/x2—x—15
S\/E(x2+x+1+x2—x—1)=\/4—1x_2:2|x|.

Do dé (3)c>Jx72+x+1=\/x2—x—1
2 2

SX+x+1=x-x-1ox=-1.
Thi lai thda man.
Vay PT cé nghiém duy nhéat [a x = —1.
Bai toan 4. Giai hé PT
VX+2+4Jy—-14 =4
JY+2+Vx-14 =4,
Lai gii. Diéu kién: x, y > 14.

Ta cb \/x+22\/ﬁ:4;,/y—14 >0.

Suy ra vx+2 + \Jy-14 >4,
Dodéx=y=14.

Thi lai thda man.

Vay hé c6é nghiém duy nhatla x =y = 14,
Nhan xét. Hé PT trén con c6 thé giai

bang mét s6 cach khac nhu sau.
Cach 1. Tu hé da cho suy ra

y—14 = (4 —/x + 2)?
y+2=(4-x—14)2.

Do d6 (4 —/x-14)2 —(4-Jx+2)? =16

odx+2=/x-14+4
& x+2=(x-14 +4)?
& X+2=X+2+2/x-14
o x-14=0x=14=y=14.
Cach 2. Tit hé da cho suy ra
\ﬁ(+2+\/y—14=\/y+2+\/x—14
& (WX+2+Jy-14)% =(Jy+2+x-14)
& Jx+2)(y -14) = Jly + 2)(x - 14)
S (X+2)(y-14) =(y + 2(x -14)
S2y-14x=2x-14y o x=y.
Tir d6 ta gidi tiép PT

S UX+2+Ux-14 =4,

Bai toan 5. Giai hé PT
X2 +y2 =2 (@)
Px=Jy = (= 1 y208). ()

L&i gidi. Diéu kién: x, y > 0.

Tir(a) suyra(x;y) #(0; 0).

Suy ra x2008 4 {2008 g

Do d6 néu x >y thi VT(b) > 0 > VP(b): loai;

néu y > x thi VP(b) > 0 > VT(b): loai.

Vay x =y (thda man (b)).

Thay vao (a) tadugc x =y = 1.

Vay nghiém clla hé PT dacholax=y=1.

Nhan xét. Viéc nhan xét va danh gia
gitp ta gidi ngdn gon mét sé PT, hé PT
khéng mau muc. Théng thudng, phuong
phap nay dudc dung khi ta gap mét trong
cac ddu hiéu sau & dé bai:

- Ch(a can thic hoic lay thira bac cao

- Hé d6i ximg:

- Cé thé nham nghiém.

Hi vong cac ban sé gidi t6t dang toan




Tiép tuchvé‘
CAN BAC HAl

NGUYEN BUC HAO (GV. THCS Lam San, Q. 6, TP. H6 Chi Minh)

TTT2 s6 68 da gidi thiéu bai viét Bién déi can bac hai phirc tap dang VM + 2N, vdi
M =x +y, N = xy. Bai viét nay sé tiép tuc giup cac ban gidi mot sé bai toan khé hon lién
quan dén can bdc hai. Sau day la mét sé vi du.

Bai toan 1. Rut gon biéu thic

A=\/4+\/5J§+5 48 -10y7 +4+/3 .

L&i gidi. Ta rat gon biéu thitrc theo cac

budc sau: \/7+4\/§ =\/Z2J§+3

_J2+ B =12+3]=2+3;
48 -10(2 +/3) = /25 - 275 + 3

=J6-3)2 =15-43]=5-3;
J53 +5(5 —/3) = /25 = 5.
Dodé A=4+5=49=3.

Bai tap tuong tu. Rut gon cac biéu thic:

B:\/1—3+30\/2+\/9+4\/§;
c=2\[3—\/?,+— V13+48 : (V6 -2);

D -6+ 2023- N2 + 12 + 18 ize .

Bai toan 2. Tim x, biét

x=\/5+\/13+\/5+\/13+....

L&i gidi. Taco x >+/5 va

x? :5+\/13+\/5+\/13+\/5+....

Suy ra (x2 - 5)2 =

:13+\/5+A\/13+\/5+\/13+... =13 +x.

Dodox*—10x2—x+12=0

e (x - 3)(x3 +3x2 - x + 4) = 0.
Vix>+/5 nénx3+3x2-x+4>0.
Suyrax=3.

Bai tap tuong tu. Tinh

y=\/2+\/2+\/ﬁ;
z:\/6+m;
t:2\/3+2\/3+2\/r....
Bai toan 3. Rut gon céc biéu thic:
A =17+35 +7-3.5;
B = 2245 —2 —\2 + 245 2.
L&i giai. Ta c6
A? =14 +2,/(7 +35)(7 —35)

=14+249-45 =14 +4 =18.

ViA>0nénA =18 =3+2.

TacoB2 =4 -24 —(2\5 -2)
—4-2J6-2J5 =425 -12
=4-2|5-1=4-2(5 -1 =6-25
=(5-12

ViB <0nénB =1-+5.

Bai tap tuong tu. RUt gon cac biéu thic:

C=y3:1y5+243 +y3-V5+243;

D= {34247 +1 32T 1.



Bai toan 4. Rut gon céac biéu thitc:

VX -1-2Jx -2
Wx-2-1

b)NZ\/X+2\/X—1+\/X—2\/X—1.
Ldi giai. a) Diéu kién: x > 2, x # 3.
Taco Yx-1-2/x -2 =
=Jx-2)-2Vx =2 +1= (X -2 12
VXx-2-1néux=>3
=|m_1|={x neu x .

ayM=

1-Vx-2néux <3.

1né 3
Suy ra M = neu,x >
~1néu 2 <x < 3.

b) Diéu kién: x > 1.

Ta c6 N2 =2x +24x? —4(x -1)
=2x+2y(x-2)% =2x+2|x ~2|

_|Ax-fnéux 22
4 néux <2

2JXx-1néux =2

ViN>0nénN = i
2néu1<x <2.

Bai toan 5. Giai cac phuong trinh:

/ 1 } 1
a) \/x+ x+5+ x+z_a, (1)

(v6i a > 0 la tham s3).
b) VX +3+4Vx -1 +x+8-6Vx-1=5.(2)

L&i giai. a) Diéu kién: x > ~%.

Ta cbd

Do dé (1)4:»1/x+1+,fx+1 =a
2 4 .

101
& X+—+—==a
4 2

+ Néu a <% thi (1) v6 nghiém.

Do d6 (1) vo nghiém.
2
+ Néu azl thi (1')4:»x+1= a—1
2 4 2

e x=al-a.

Khi d6 nghiém cla (1) 1a x = a2 — a (thda
man diéu kién).
b) Diéu kién: x > 1. Ta cb

\/x+3+4\/x—1 :\/x—1+4\/x -1+4

WX 1422 =|VX T42] =X 1 +2
\/x+8—6\/x— :\/:1—6\/x -1+9

= J(Wx=1-3)2 =|x -1-3].

T d6 ta xét hai trusng hop sau.
+ Néu x > 10 thi
@) o Vx-1+2+x-1-3=5
& Vx-1=3 o x =10: théa man.
+ Néu 1 < x < 10 thi
(2 = Jx-1+2+3-Jx-1=5
& 0x =0:luén ding.

Vay nghiém clia (2) 1a 1 < x < 10.




 ~Danh cho cac nha

toan hoc nho

BA THUC BAT KHA QUY LA Gi?

NGUT. PGS. TS. LE QUOC HAN (Khoa Toan, Pai hoc Vinh)

P& hiéu bai viét nay, ban can biét khai niém
da thlc, bac cla da thic va khai niém phan
tich mét da thitc thanh tich cac da thic.

Trong bai viét nay, cac da thitc dugc xét
déu 1a nhitng da thirc véi hé sé hiiu ti.

Pinh nghia 1. Da thirc f(x) dugc goi la bat
kha quy néu né khéng thé phan tich dugc
thanh tich ctia hai da thitc c6 bac nhd hon né.

Trong trudng hdp ngudc lai, f(x) dudc goi
la da thic kha quy.

Nhan xét. + RO rang cac da thic bac
nhat la nhitg da thic bat kha quy va céac
da thirc bac hai 1a bat kha quy khi va chi khi
né khéng c6 nghiém hitu ti. D& véi cac da
thirc bac cao hon, tinh hinh trd nén phic tap
hon. Chéng han, da thirc f(x) = x* + x2 + 1
khéng c6 nghiém hiu ti nhung kha quy.
That vay, vif(x) > 0, ¥V x € R nén f(x) khéng
¢6 nghiém hitu ti. Hon nita, f(x) khd quy vi
f(x) = (2 + 1)2 = x% = 02 + x + 1)(x% - x + 1).

+ Ngoai ra, tinh kha quy clda cac da thic
f(x) va f(x + m) 1a nhu nhau néu m |a mét sé
hitu ti.

+ Gid si f(x) la mét da thire véi hé sé hiu
ti va m 1a bdi chung nhé nhit cia mau sé
cac hé sé cha f(x). Khi dé da thirc g(x) = mf(x)
cé tat ca cac hé s6 déu la nhitng s6 nguyén.

Pinh nghia 2. Gia s f(x) la mét da thirc
véi hé s& nguyén. Khi dé f(x) dudc goi 1a
nguyén ban néu udc chung I8n nhat cla

cac hé s6 cha f(x) bang 1.

' Nhan xét. Néu f(x) la mét da thirc véi hé
s6 nguyén va d la udc chung I6n nhat cla
cac hé sé cla f(x) thi f(x) = dg(x), trong dé
g(x) 1a mét'da thirc nguyén ban. "

Bai toan 1. Ching minh rang tich cla
hai da thiic nguyén ban Ia mét da thirc
nguyén ban.

Lgi giai. Gia stru(x) =a, +a

n
1X +...+ anx

vav(x)=by+bx+ ...+ bmxm la cac da thirc
nguyén ban va f(x) = u(x)v(x).

2 2 . n+m
Gia su’f(x)_co+c1x+...+cn+mx .

D& chimg minh f(x) la da thic nguyén
ban ta chi can chitng minh néu p la mét s6
nguyén t& bat ki thi tén tai it nhat mét hé sé
cla f(x) khéng chia hét cho p.

That vay, ta xét cac trudng hop sau.

TH1. a, va b, déu khong chia hét cho p.

Khi dé ¢, = agb,, la s6 khéng chia hét
cho p (vi p 1a s6 nguyén t6).

TH2. Chi mét trong hai s6 a,, hoéc b, chia
hét cho p.

Khéng madt tinh téng quat, ta ¢ thé gia
slra, : p va by khéng chia hét cho p.

Viu(x) la da thirc nguyén ban nén p khong
thé 1a udc s6 clia tat ca cac hé s6 cla u(x).

Suy ra ton tai 8 tu nhién r thda man déng
thai cac diéu kién: r < n; cac s6 ay, a,, ..., a,

+ + 1 khéng chia hét cho p.
Xéthé s6 c__ ,. Day la tdng cla cac tich
aibk,véi05i5r+1;05k5mvéi+k=r+1.
Trong téng nay, ngoai trir a_, ,b, khéng

chia hét cho p, cac thira sé con lai déu chia
hét cho p. )
Suy ra c, , , khong chia hét cho p.

chiahétchopvaa

.TH3.a,:pvab,:p.

TN




Tuong tu nhu TH2, ta chimg minh dugc
ton tai cac sé tu nhién r, s thda man déng
thoi cac diéu kién: r < n; s < m; cac s6 a,,
a,,...,a. by by, ... b, chia hét cho p; cac
r+ 1+ bs . 1 khéng chia hét cho p. Tur dé
suyrac__ . ,khongchia hétcho p (dpcm).

Bai toan 2. Cho f(x) la da thitc v6i hé s8
nguyén, g(x) la da thifc nguyén ban va sé
hitu ti k thda man f(x) = kg(x).

Chimg minh rang k la mét s6 nguyén.

sé a

L&i giai. Gia sir k =% la phan sé t6i gidn

(v6id > 0) vaf(x) =a,+ax+..+ax",

g(x) =by + byx + ... + b x".
V@imoiie {0;1;2;...;n}tacd
a :Ebi = da; =cb;. Do d6 cb. : d.
d |

Vi(c,d) =1nén b, :d.

Ma g(x) 1a da thifc nguyén ban nénd = 1.

Do d6 k 1a mét s6 nguyén (dpcm).

Nhan xét. Theo ching minh trén ta c6
aifchayaifk,vie{0;1;2;...;n}.TL'rc
la k 1a udc clia u8c chung 16n nhat cac hé
$8 cla f(x).

Bai toan 3. Cho f(x) la mét da thic kha
quy véi hé sé nguyén. Chimg minh rang f(x)
phan tich dugc thanh tich cac da thic cb
bac nhd hon f(x) véi hé sé nguyén.

L&i giai. Vi f(x) la da thitc kha quy nén
ton tai cac da thic u(x), v(x) c6 hé sé hitu
ti va bac nhd hon bac clia f(x) sao cho
f(x) = u(x)v(x).

Goi a, b thir tu 1a bdi chung nhé nhét cla
mau s6 cac hé sé clia u(x), v(x).

Khi dé au(x), bv(x) la nhitng da thic c6
hé s6 nguyén.

Goi ¢, d thir tur la uc chung 18n nhét cla
cac hé sé cla au(x), bv(x).

Khido 24 _ (g, 2X)
c d

=v4(x) 1a nhilng
da thitc nguyén ban.

Ta ¢6 f(x) = u(x)v(x) = :—iu1(x)v1(x).

Viu,(x), v4(x) la nhimg da thirc nguyén ban
nén theo bai toan 1 thi u,(x)v,(x) 1a mét da
thitc nguyén ban.

Theo bai toan 2 thi % I mét s6 nguyén.

a

Vay f(x) c6 thé phan tich thanh tich hai

da thitc c6 bac nhdé hon f(x) v&i hé sé

nguyén la c—gu1(x) va v,(x) (dpcm).
a

Bai toan 4. Chimg minh rang néu n € N*
thi f(x) =x(x - 1)(x - 2) ... (x —n) - 1la da
thirc bat kha quy.

Lai gidi. Gia st f(x) la da thic kha quy.
Theo bai foan 2 thi ton tai cac da thirc g(x)
va h(x) c6 hé sé nguyén va c6 bac nhoé hon
n + 1 (la bac cla da thic f(x)) théa man
f(x) = h(x)g(x). -

Bat k(x)- = h(x) + g(x).

Khi dé, véimdisGie {0;1;2;...;n}ta
cb f(i) = h(i)g(i) = —1.

Ma h(i), g(iy Ia cac sé nguyén nén h(i) = 1,
a(i) = -1 hoac h(i) = -1, g(i) = 1.

Do d6 k(i) = 0.

Vi g(x), h(x) 1a cac da thitc c6 bac nhd
hon n + 1 nén néu Kk(x) c6 bac thi bac cia
da thirc nay phai nhd hon n + 1.

Ma k(x)con+1nghiémla0,1,2,...,n
nén k(x) = 0.

Tile 1a h(x) = - g(x).

Suy ra f(x) = — (h(x))2.

Do d6 hé s& bac cao nhéat cla f(x) 1a s6
am: vo |i vi hé s6 dé bang 1, 1a mét s6
duong (dpcm).

Nhan xét. + Trong chimg minh trén, ta da
st dung két qua quen thudc: Pa thue bac n
(v3i n € N*) ¢c6 khéng quéa n nghiém thuc.

+ Nhu vay, viéc xét tinh bat kha quy clia
cac da thic bac cao néi chung khéng don
gidn. Nha toan hoc Aidenstaing da dua ra
mot diéu kién di dé nhan biét tinh bat kha
quy cla cac da thirc véi hé sé hiw ti.

Tiéu chuan Aidenstaing.

Gia sitf(x) =a,+ax+... +a x" (vdin>1)
la mét da thirc véi hé sé nguyén va p la mét

| —




s& nguyén t6 thda man déng thai cac diéu
kién sau:
i) a,, khdng chia hét cho p
ii)aiip,Vie{0;1;...;n—1}.
iii) a, khéng chia hét cho p.
Khi d6 f(x) 1a mét da thirc bat kha quy.
Loi gidi. Gia s f(x) la mét da thic kha
quy. Khi do tén tai cac da thitc g(x), h(x) vGi
hé s8 nguyén va c6 bac nhé hon n théa
man f(x) = g(x)h(x). .
Gid sl g(x) = by + byx + ... + b xM va
h(x) =cy + ¢ x + ... + cX".
+ byCy;
a = bock + b1ck_1 + ..+ bkco; s ag= bmcr.

Ta cb ag = boco; a, = boc1

Via, : p nén byc, : p.

Ma p la s8 nguyén t& nén by, : p hodcc, : p.

Khéng maét tinh téng quat, ta c6 thé gid
st by : p.

Vi byc, khéng chia hét cho p? nén ¢,
khdng chia hét cho p.

Ma a, = bge, + b,c, chia hét cho p nén

Cu tiép tuc nhu trén ta suy ra cac sé by,
b,, ..., b, chia hét cho p.

Do d6 9x) l& da thifc c6 cac hé s6 nguyén.
p

g(x)

Suy ra f(x) =p-——-h(x) 1a da thirc co
p

cac hé s6 chia hét cho p: v li vi a_ khéng
chia hét cho p.

Vay f(x) la da thirc bat kha quy (dpem).

Nhan xét. + Theo tiéu chu&n Aidenstaino
thi da thitc f(x) = 3x* + 2x° + 8x2 + 6 la bat
kha quy vi c6 s6 nguyén t6 p = 2 théa man:
3 khéng chia hét cho 2; cac hé s6 2, 8va 6
déu chia hét cho 2; 6 khdng chia hét cho 4.

+ Ap dung tiéu chudn Aidenstaino va
cong thic nhi thitc Newton cho khai trién Iy

‘thita ciia tdng: (a+b)" =Cla" +Cla" b+

+ ..+ CKka" Bk 4+ CMb", véine N*va
n!

ki hiéu n! = 1.2.....n, CK = '
ki(n-k)!

bai toan sau.
Bai toan 5. Cho p 1a mét s8 nguyén 6 va
fx)=xP~1+xP~2+ . +x+ 1. Chilg minh
rang f(x) la da thic bat kha quy.
Lai gidi. Paty =x - 1thix=y + 1.
P_ P_
Khido fx) = 1 -0 -1
x—1 y
= ngp -y Cz,yp 24 4 C:‘,yp k-1

ta cb

+...+CB‘2y+ ng =g(y).
Vimoike {1;2;...;p— 1} thi
ck PP ..(p—~k+1)
P k!
Ma (p, k!) = 1 (vi p 1a mdt s6 nguyén t6)

la mot s6 tu nhién.

nén C'; Ip.
Ma CJ =1, 1a s8 khong chia hét cho p va

Ch~" =p, Ia s6 khéng chia hét cho p? nén
theo tiéu chuén Aidenstaino thi g(y) 1a da
thitc bat kha quy.

Do dé f(x) la da thitc bat kha quy (dpem).

Nhan xét. Cho dén nay, mot diéu kién
can va du dé da thirc 1a bat khd quy van
chua dudc phat hién.

Bai tap tu luyén.

Bai 1. Ching minh rang cac da thitc sau
day bat kha quy

a) x* + 6x3 - 18x2 + 42x + 12.

b) x* — 8x3 + 12x% - 6x + 3.

Ox*-x3+x+1.

Bai 2. Tim diéu kién can va d0 cla cac
s6 nguyén p va q dé da thitc x* + px? + q
bat kha quy.

Bai 3. Chitng minh rang néu a,, a,, ...,

a, la cac s6 nguyén phan biét (v&i n € N*)
thi f(x) = (x —a,)(x—ay) ... (x-a ) - 1lada
thitc bat kha quy.




Bai viét nay sé gidi thiéu mot s bai toan”
gidi dugc nha viét s6 tu nhién dudi dang
téng céc ldy thira clia 10.

Bai toan 1. Chimng minh rang

abcdef : 7 < abc —def : 7.

L&i gidi. Ta c6 abcdef = 1000abc + def
=1001 abc ~ (abc - def).

Vi 1001 : 7 nén 1001 abc : 7, suy radpcm.

Bai toan 2. Chirng minh rang

A=11111...1:81.
[ ——

81chirsd 1
L&i giai. bat x=1111...1.
—
9 chir s6 1

Vi x 6 téng cac chif s6 bang 9, chia hét
cho 9 nén x:9.

TacoA=x(1072+10%% + . +10% + 1).

Vi1072 +108% + . +10%+ 1 chiahét cho 9
(vi cling c6 tdng cac chif s bang 9) nén
A : 81, ta c6 dpcm.

Bai toan 3. Tim s6 tu nhién n> 0 dé B la
mot s6 nguyén td, véi B=101010 ... 101 {gém
nchrsé 0 va n + 1 chit s6 1 dimg xen ké).

L&i giai. Ta c6

B=102"+10""24  +10%+1=

102n+2 _1 (10n+1)2 -1

T 1021 99
aom!—paont +1)

= 55 .

-3 VET SO TUNHIEN DU3I DAN ToNG
| (ACLOY THUR CUA 10 BE G1A1 TOAN

THAI NHAT PHUGONG

(GV. THCS Nguyén Van Trbi, Cam Nghia, Cam Ranh, Khanh Hoa)

Ta xét cac trudng hgp sau.
+ Néun =1 thi B= 101 : théa man.

n+1_1
+Néun>1vénléthiTvé

10" * 1 + 1 (a hai sd tu nhién I6n hon 1 nén

B la hop s6 : loai.
n+1 1

+ N&u n > 1 va n chan thi va

n+1
10 1, hai s6 tu nhién 16n hon 1 nén
B 1a hop s6 : loai.

Vayn=1.

Bai toan 4. Cho s6 tu nhién n > 0. Chiing
minh rang C = 11 ... 1077 ... 7811 ... 1 (bat
dau tu trai sang phai gém n chit s6 1, mét
chlts6 0, n chitsé 7, mdt chirsé 8 van + 1
chit s6 1) 1a mét s6 co dang 3k3, voi k e N.

Loi gidi. Dat x =1111...1. Tacd

—
n chirsé 1

C=10""*3 4+ 710"+ 2 + 810" * 1 + 10x + 1

= (9x + 1)2.10%x + 700(9x + 1)x + 80(9x + 1)
+10x + 1

= 3(27000x3 + 8100x2 + 810x + 27)
= 3(30x + 3)3, ta c6 dpcm.

Bai tap tu luyén.

Ching minh rang

a) abci21e a-2b+4ci7.

b) abcabc : 91.




e Trudc hét, cac ban hay theo dbi bai
toan co ban sau :

Bai toan 1. Cho tam giac ABC. Goi M,
N, P, | 1an luct la trung diém cla AB, AC,
BC,MNva G,, G, Ian lugt la trong tam cla
cac tam giac AMN, ABC. Ching minh rang
| 1a trung diém clia G,G.,,.

L&i giai.

A

G,

B P C

Dung trung tuyén AP clia tam giac ABC,
ap dung dinh i Ta-lét ta chitng minh dugc
AP di qua |, tr d6 suy ra A, G,, |, G,, P
thang hang va Al = IP. Theo tinh chét trong
tdm clia tam giac ta co :

Gy =~ Al= AP
37 6

G, =IP-PG, = -AP -1 AP = 1 AP,
2 3 6

Suy ra IG, = 1G, hay | la trung diém cla
G,G,.

e Sau khi gap bai toan 1, néu tiép tuc
suy nghi, tim toi thi ta con phat hién ra mét
két qua tuong tu cho tir giac, dd la :

TU MOT BAI TOAN VE TAM GIAC
DEN MAOT TinH CHAT cUA T0 GIAC NDI TIEP

v VAN DUONG
(THCS Nam Son, Nam Truc, Nam Dinh)

Bai toan 2. Cho tir giacABCD. Goi M, N, P,
Q, R, S lan lugt ta trung diém clia AD, AB, BC,
CD, DB, AC va G la giao diém clia MP, NQ.
Chiing minh réng G la trung diém clia RS.

Loi giai.

Theo tinh chat dudng trung binh trong
tam giac ta ching minh dugc MNPQ,
QRNS déu |a cac hinh binh hanh. Suyra G
la trung diém cla NQ, do dé G ciing la
trung diém ciia RS.

e Trong bai toan 2, tiép tuc xét tr giac
ABCD ndi ti€p dudng tron tam O va lay
diém H d6i xiing véi O qua G. Khi d6 c6 thé
xac dinh dudc vi tri ctia diém H hay khéng ?
Tra 16i cau hoi nay, chung ta lai tiép tuc di
dén két qua sau :

Bai toan 3. Cho tr giac ABCD ndi tiép
dudng tron tam O. Goi M, N, P, Q lan lugt
la trung diém cha AD, AB, BC, CD ; G Ia
giao didm cta MP, NQ va H la diém dsi
ximg cla O qua G. Chimg minh rang H Ia
trung diém cta doan thang ndi A véi truc

* tam clia tam giac BCD.




Lai giai. B

A

Dung dudng thang AH, trén tia déi clia
tia HA, 13y diém H, sao cho AH = HH, (H
la trung diém clGa AH,). Mat khac, N la
trung diém cGia AB nén NH // BH, (tinh
chét dudng trung binh trong tam giac).

Mat khac, theo gia thiét va baj toan 2 ta
lai c6 G la trung diém clia OH va NQ nén
HQON la hinh binh hanh, do d6 NH // OQ,

suy ra BH, // OQ. (1)
Vi Q Ja trung diém cha day cung CD ctia
(O) nén 0Q L CD. 2)

Tu (1) va (2) suy ra BH, 1L CD.

Tuong tu ta co DH, L CB.

Vay H, la tryc tam cla tam giac BCD,
suy ra dpcm.

e Ta nhan thdy rdng G bai toan 3, H la
trung diém clia AH, nén néu goi O, la
diém déi xing clia diém O qua diém H thi
H 1a trung diém cla 0O, va AOH,O, la
hinh binh hanh, suy ra OA = O H,.

Pén day, cac ban co lién hé tiép dugc
dén diéu gi khong ? Chung ta hay theo déi
bai toan sau nhé.

Bai toan 4. Cho t(r giac ABCD ndi tiép
dudng tron tam O. Goi M, N, P, Q [an luct
la trung diém clia AD, AB, BC, CD ; G la
giao diém cta MP, NQ va H,, H,, H;, H,
lan luct 1a truc tam cla cla cac tam giac

BCD, ACD, ABD, ABC. Chitng minh rang
H,, H,, Hj, H, cling thuge mét dudng tron.
Lai giai. B

Goi H [a diém d6i xing cla diém O qua
diém G va O, la diém ddi ximg clia diém O
qua diém H.

Theo béi toan 3 va nhan xét trén ta ¢b :

H la trung diém clia AH, va OA=O,H, ;

Tuong tu ta cling ¢6 :

H la trung diém ctia BH, va OB = O,H, ;

H la trung diém cia CH, va OC = O,Hj ;

H la trung diém ctia DH, va OD = O,H,.

VIOA=0B=0C=0Dsuyra:

O,H,=0,H,=0,H, = O,H, = OA.

Vay H,, H,, Hj, H,c tng thude dudng
tron tam O, ban kinh OA.

e Bai toan 4 gilp ta cé dugc mot tinh
chat cla tir giac noi tiép : “Néu tir giac
ABCD néi tiép mét dudng tron cé ban kinh
R thi t giac c6 bén dinh la truc tdm cla
cac tam giac BCD, ACD, ABD, ABC ciing
néi tiép moét dudng tron ¢o ban kinh R”.

Con duong tir mot bai toan co ban vé
tam giac dén mot tinh chat cua ti giac noi
ti€p that tha vi phai khéng cac ban ? Chic
cac ban thém yéu thich moén Toan va cé
k&t qua hoc mon Toan that tét thong qua
cach hoc chl dong va luén suy nght, tim
toi, sang tao.




Trong nhiéu bai toan hinh hoc, nhat la
+ cac bai toan cb lién quan dén dd dai doan
théng, dé 16n gbc, xac dinh vi tri dac biét dé
+ ¢6 hinh d&c biét... thudng xuyén dudc ap
: dung cac phép bién ddi dai s6. Tuy vao
: ting bai toan ma ta c6 thé |ap phuong trinh,
: hé phuang trinh hay bién ddi bat déng thirc.
: Sau day la cac vi du.

:  Baitoan 1. Cho hinh thang vuéng ABCD
(A -D= 90°) cé dudng chéo BD vuéng géc
vdi canh bén BC. Biét AD = 12, CD = 25.
+ Tinh AB, BC va BD.

:  L&i giai. K& BH vudng géc véi CD.

E-‘“\ B
!
a
F
sl
s »
T D H C

- Tanhan thay ABHD la hinh chit nhat nén
:BH=AD=12. PatAB=DH=x>0,taco:
: DH+HC=CD =25suyraHC=25-x.
+ Tam giac DBC vuéng tai B, ¢6 dudng cao
* BH suy ra DH-HC = BH? & x(25 - x) = 122
L < x? - 25x +144 = 0 < x = 9 hoac x = 16.
: NEuDH=9thiAB=9:

=+DH-DC =15 ;BC =yCH-CD

Néu DH = 16 thi AB = 16 ;
=+DH- D =20;BC= \/CH CD =15.

NGUYEN THANH HAI :

(Hiéu pho trudng THCS Nam Cudng, Nam True, Nam Dinh)

Bai toan 2. Cho dim M thudc nla °
dudng tron tam O dudng kinh AB = 2R. Goi *
H la diém chinh gilra cung AM. Tiép tuyén :
Ax véi (O) tai A cét BH tai K. Tim vj tri cGa -
diém M dé& MK vudng goc vai Ax. :

L&i gidi. Gia sir MK vuodng goc vai Ax.

X
K g ?\j"i
N\
H \\\\\
\ \\

\\\ . \ \\

\\. A \"

M TN,

A o D i

Ké MD vuéng goc véi AB, ta co ADMK 1a :
hinh chlt nhat, suy ra AD // MK ; AD = MK, :
do d6 ABK = BKM (so le trong). Mat khac, :
vi H 1a diém chinh gita cung AM nén :
ABK = KBT\A, do d6 KBM = B?M, suy ratam
giac MKB céan tai M va MB = MK, :

Pat MB = MK = AD = x > 0. Tam giac :
AMB vudng tai M, cé dudng cao MD suyra: :
MBZ = BD-BA < x? = (2R - x)-2R :
o x2+2Rx-4R2=0 < x=(«/——1R

Nguoc lai, véi MB = (+/5 = 1)R (*) ta chimg
minh dugdc MK vudng goc véi Ax. Vay giémM :
thoa man diéu kién (*) chinh 1a vj tri can tim. :

Bai toan 3. Cho tam giac ABC, AB=20 ; :
AC = 28 ; BC = 24. Ti€p tuyén tai A cla :
dudng tron ngoai tiép tam gidc ABC cét :
dudrig thing BC tai I. Tinh IAva IC.

-----------------------------------------



Loi gidi. Dat IA=x >0 ;

IC=y>0.

Vi IA |1a ti€p tuyén tai A cla dudng trén
* ngoai ti€p tam giac ABC nén IAB = ICA, suy
ra tam giac |AB dong dang vdi tam giac ICA
. theo truong hgp goc-géc. Do dé :

: IA_IB_AB_x_y-24 20 5
IC 1A CAy x 28 7

Ta cé hé phuong trinh :

7x =5y x=35
o
5x =7y -168 y =49,
Vay : 1A =35;1C = 49.

‘ Bai toan 4. Cho tam giac ABC vuong tai
+ A, phéan giac BD. Tia phan giac cla goc A

. cat BD tai l. Biét IB = 10 ; ID = 5. Tinh dién
. tich tam giac ABC.
Loi giai. A
VAR
/ P \\
/-"/ ’ : ™
I .
Theo tinh chat cla dudng phan giac ta cé :
AB_1B_10_
AD ID 5
BA DA BC AB
BC DC DC AD

: PatAD=x>0;DC=y>0thiAB =2x;
. BC = 2y. Ta c6 hé phuong trinh :

X + (2x)2 =152
(2x)2 +(x +y)? = (2y)?

o x =35 - x =35
y2-2J5y-75=0 |y =545.
Suy ra AB =6+5 :BC =105 :

AC = VBC? - AB? =8./5. :

Bai toan 5. Cho tam giac ABC. Goi a, b, ¢ *
[an luot 1a d dai cac canh BC, CA, AB va :
p la nira chu vi cda tam giac. Chimg minh :

N 1 1 [1 1 1]
rang + + 22| —+—+—
p-a p-b p-c a b c
L giai. :
Véimqix;y>0tacél+lz 4 . (*):
X Yy X+y

Ap dung bat dAng thirc (*) ta cb :

p-a p-b.c p-b p-c a
1 1 4 .
+ >—, .
p-c¢c p-a b :

Coéng theo tLrng vé clia 3 bat ding thu’c
trén suy ra dpem.

e Mot s bai tap ap dung.

Bai 1. Cho tam giac ABC vuéng tai A
dudng cao AH, dudng phan giac AD. Blet
AH =24 ;HC -HB = 14. Tinh BD vaAD. 1

Bai 2. Tinh d6 dai cac ban kinh cta dudng .
tron ndi tiép va dudng tron ngoai ti€p cla «
mot hinh thang can c6 dé dai hai day bang :
16 cm va 64 cm.

Bai 3. Cho tam giac ABC c6 tia phan giéc
clia goc A cdt dudng tron ngoai tiép & D.
AB+AC
—

Chitng minh rang AD >

.
®0000 0000000000000 0000000000

| ——



C6 nhiéu cach dé chimg minh hai dudng
thang vudng gbc vai nhau : gan chang vao
hai canh gbéc vuong cla mot tam giac
vudng ; slr dung cac tinh chat dic trung nhu
tinh chat truc tam cla tam giac, tien dé
O-clit vé dudng thdng vudng goc ...

e Trong bai biét nay, chung téi mudn gidi
thiéu vdi cac ban phuong phap chimg minh
hai dudng thang vuéng goc dua vao mot
dau hiéu cla tir giac c6 hai dudng chéo
vudng géc vdi nhau.

Pinh li (*). T giac cé hai dudng chéo
vudng géc vdi nhau khi va chi khi cac téng
binh phuong cla hai canh déi dién bang
nhau.

Chimg minh.

+ Diéu kién can. Xét tir giac ABCD cb hai
duong chéo AC va BD vudng goc vdi nhau
tai O, ap dung dinh |i Py-ta-go ta dé dang
chimg dudc téng cac binh phuong cia hai
canh d8i dién b&ng nhau :

AD? + BC? = AO? + OD? + BO? + OC? =
AO? + OB2 + DO? + OC? = AB? + DC?,

+ Diéu kién dd. Xét tir giac ABCD thda
man diéu kién AD? + BC2 = AB? + DC2.

- Néu BC = AB thi AD = DC, theo tinh
chét dudng trung truc cla doan thing ta c6
AC 1 BD.

- Néu BC = AB thi AD # DC. Qua B ding
dudng thang vudng goc véi AC tai O ; qua
D dung cac duding thing vudng géc véi AC,
BO lan luct tai E, F. '

(THCS Ngé Gia Tu, quan Héng Bang, TP. Hai Phong)

NGO BUC MINH

B

Pl
F D

Ta ¢c6 OEDF la hinh chir nhat. Khéng lam
gidm tinh tdng quat, gia sit O nim giita A va
E. Ap dung dinh Ii Py-ta-go ta c6 :

AD? + BC? = (EA? + ED?) + (OB? + OC?)
=(OA + OE)? + OF2 + OB? + OC? = OA? +
+ OE2 + OF2 + OB? + OC? + 20A-OF ;

AB? + DC? = (OA? + OB?) + (EC? + ED?) }
= 0A2+ 0B2 + (OC - OE)2 + OF2 = 0A? + |
+ 0B%+ OC? + OE? + OF? - 20C-OE. :

Nhu vay, vi AD? + BC? = AB? + DC? |
suy ra OA? + OE? + OF? + 0B? + OC? + :
+ 20A-0FE = OA? + 0B2 + OC? + OE? + |
+ OF? - 20C-OE
= 20A.-OE = -20C-OE
= OE(OA + OC) = 0.

Do A khéng triing véi C nén OA + OC #0, |
suyraOE=0=E=C= AC 1 BD (tai 0). 1

e Nhu vay dinh If da dugc chimg minh. 1
Sau day la mét s6 vi du van dung dinh Ii (*) |
dé& chimg minh hai dudng thing vudng goc. |

Vi du 1. Cho hinh chif nhat ABCD. Trén |
cac tia d6i clia cac tia DA, CB Ian luct |4y |
hai diém F va E sao cho DF = CE = DC. |
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I Trén tia d6i cha tia CD lay diém H sao cho 13

| CH = CB. Chimg minh riing AE vuéng géc OAM = ‘A oce=5c
1 v8i FH. = OAM + OCQ = 90° = OAM = €0Q
I Lai giai.
= AOAM & ACOQ (g.9)
A B oM MA
K =22 ", oM? = AM-CQ. (1
D s STy H

A} 4

NS F

F E

1
1
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: Pé ching minh AE L FH, ap dung dinh

I /i (*) ta sé chimg minh t(r giac AHEF cb cac

: tdng binh phuong cla hai canh d6i dién ‘

I béng nhau. Tuong tu ta cng c6 AONB > ADMO
: That vay, Dat AB = xva BC = y. suy ra OM? = DM-BN. )
i Theo gia thiétta c6 : Dat ban kinh clia (O) bang r ;

: AF? + HE? = (AD + DF)2 + (HC + CE? AM=AN=x,BN=BP=y;CP=CQ=2z;
1
|
[
[
|
1
|
[
1
[
1
[
[
i
[
[
[
[
i
|
[
[
[

=(X+y)2+x2+y2 DQ=DM=t,MA=MN=X
=202+ y2 + xy) T (1) va (2) suy raré = xz = yt.
AH? + EF? = AD? + (DC + CH)? + EF? Cing tif tinh chat cta hai tiép tuyén cét
=2+ (x+y)2 + X2 nhau ta suy ra OA Ia trung truc clia MN =
=2(x% + 2 + xy). MF 1a dudng cao trong AAMO vudng tai M
Suy ra AF? + HE2 = AHR + EF2, N N S S N
R, Lo - -2 2
Vi du 2. Cho ti giac ABCD ngoai ti€p MF?  MA? MO® MN? X% r

dudng tron tdm O va ndi ti€p dudng tron 2 4x%r2  4x®xz  4x%z
= MN< = = =

tdm O'. Goi M, N, P, Q lan lugt 1a cac tiép 212 x2ixz X+2Z

Tuong tu ta cé :

diém cha (O) véi DA, AB, BC, CD. Chimng
minh réng MP vudng géc véi NQ.

2 2 2
Lai glai. pQ? <X . np2 AV pg2 AV
Goi E ; F14n lugt |2 giao diém clia PQ va X+2z y+t y+t
CO ; MN va AO. T(t giac ABCD noi tlép (0)  suyra MN?2+ PQ? = NP2 + MQ2 = 472,
nén A+C =180°. Ap dung dinh If (*) vao tit giac MNPQ ta

T4 gidac ABCD ngoai tiép (O), tir tinh  suy ra MP L NQ.
I chat cla hai ti€p tuyén cit nhau tasuyra (Xem ti€p trang 25) 1



{8 PHUONG PHAP BANH 1A TRONG GIAI PHUONG TRITH
U HE, PHUONG TRINH CHlm Cin BAC HA

NGUYEN BE (Hai Phong)

R4t kho6 dua ra cac budc giai mang tinh t8ng quan déi véi
cac bai toan giai phuong trinh va hé phuong trinh béng
phuong phap danh gia. Bai vay cach danh gia phai rat linh
hoat va tuy thudc vao ndi dung bai toan.

Bai toan 1. G|a| phu’ong trinh : Bai toan 2. Giai hé phuong trinh :

2x8 +2 _ 16 2. _1—2 —yad
x4 1+(x -y)
L&i gidi. Diéu kién: x20va -4 <y <4. (i) Jz+3+2x =8,
Céch 1. Ta nhan thdy 0 < 16 - y? <4. L&i gidi. Tuong tu nhu phuang trinh trén,
8, 5 ’ hé phuong trinh nay ¢6 hai phudng trlnh-
Suy ra 2x+ <4 = x* +—732:> nhung lai c6 ba an s6, bdi vay ta thir tlm.
X X cach danh gia mot an s6 nao do, chéng han'
, 1Y 5, 1 |a bién s6 z.
[X _x_zj <0=x 2 0=x==+1. Xét phuong trinh thit nhat cla hé ta c6 : &
(x-yP201+(x-y2=21 :
Suy ra \/16—y2=4:>y=0. 1
f e L 2z ma S——————<1o 2441 2<-3. ¢
Cac gia tri x = £1 ; y = 0 thoa man diéu 1+(x - y) :

kién (i) nén phuong trinh da cho ¢6 nghiém
hai nghiém la (1 ; 0) va (-1 ; 0). Mat khac, tir phuang trinh th hai cla hé:
tac6z+320<2z2>-3,suyraz=-3va:
2x = 8 = x = 4. Thay céc gia tri cla x va z:
vao phudng trinh thirnhat clia hé tacd y = 4.

2 . ar 22 ,
suy ra 2x* +— 24 (ap dung bat dang thic Vay hé phuong trinh da cho c6 nghiém:
X

Céach 2. Véi x # 0 ta co 2x4>o;i4>0
X

(4:4;-3). :

Co-si). Mat khac, 0 <16 —y2 <4 suy ra Bai toan 3. Gidi hé phuong trinh :
phuun:;:; trinh cé nghiém 1+\/ﬁ _ lz—(x +z)2
<:>2X4+2= 16-y2 =4 y :
X x?+y?=2y. :

- x4=1®{x=1 hosc { x=-1 Lasi giai. Didu kién : y > 1. (ii):
y=0 y=0 y =0. Panh gia hai v& cla phuong trinh thir;

Cha y réng, phuong trinh da cho ¢é hai « 2 [ Tsqs 1 _ 2
4n s6 nén khong thé gidi bing phuong nhatta co 1+yy 1‘1_y2 (x+2)%,
phap thong thudng. Cac em thL\’J’ nghi xem, 4

phuong trinh ¢é thé giai duge bang phuong  Suy ra 1+.fy -1= —2—(x +2)?

phap dé thi hay khdéng ?
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<:>1+\/;/T1=i2-(x+z)2 21O{Y=1 L&igidi. Taco y=-vx-3+2<2.

y X=-z - . 9 ] 241

) . ] +Néua=1thiy=—<2;x="—.
(thda man diéu kién (ii)). 8

Thay y = 1 vao phuong trinh thir hai clia + Néu a = 1 thi hé phuong trinh cé nghiém

hétacdx®=1 x=+1. < phuong trinh thir nhat cé nghiém thda
Véix=1thiz=-1;véix=-1thiz=1. Mmandiéukiény, <y, <2hodcy, <2<y,
Vay hé& phuong trinh da cho c6 hai A'>0
nghiem (x;y:z)1a(1;1;-1);(-1:1;1). (@-1(2) 20 (a-1f(2)<0
Bai toan 4. Gidi hé phuong trinh : = S “" hoac < s
—_>
_ . —<2 2
\/;_4+x:\/x+y+\ﬁ(+y 9+2 >
Jy -x+4 15a+120 (a—1)a8) <0
f— 2 = —_ —_— - - -
9+(y-5) " =x+y. - f Ta &zommc:%+1 ,
o8 * 7. . ar Y . . . >
L&i giai. Bieu kién ; y>0 ;x+y =29 ; a+ <2 a1
Jy #x-4. (iii) a-1
Taco: <:_JLsa<1mmb1<as&
9+(y-5P=x+ye(y-52=x+y-9 v .
o |y _5| _ \/x—+7—_9 suy ra Vay tat ca cac gia tr{lcﬂa a dé hé phuong
v 4 \/X—+,V_+|y~5|+2 trinh ¢6 nghiém la [—1—5— : 8}.
— + = — ) )
Jy - x+4 e Dé nghi cac em hay giai hai hé phudng

trinh sau day, xem nhu bai tap.

<:>.V"(X—4)2=\/X+y+(y_5l+2 (1)
Vix+y=>9nén yx+y=3suyra \/}_,_2X+6=\ﬁ‘y—1+4xfx—y
> & ’ 1. \/—}7+2x—6

B e a2
Jx+y+|y 5|+225:y (x-4) =25 yrx—y =5+ Xy A-(x-37:

=>y25=|y-5=y-5.

Khi d6 phuang trinh (1) trd thanh 2+6y =-{—Jx—2y
y-(x-42 = Jx+y+y-5+2 2. d
X+ yx =2y =x+3y-2.
o (x-4P =3-Jx+y. 2) d Y

Viyx+y=23nén3-x+y sOs(x—4)2
(x-4)2=0 {x=4

2=
Jx+y-3=0 y=>5
(thda man diéu kién (iii)). Vay hé phuong
trinh ¢4 nghiém duy nhat (x ; y) = (4 ; 5).
Bai toan 5. V4i nhimg gia tri nao cla tham
s6 a thi hé phuong trinh sau cé nghiém :
Ya—0y2—263+ﬂy+9a=0

y=-Jx-3+2.
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LAM GI V01 BAI TOAN QUY TiCH

NGUYEN ANH DUNG (Ha Noi)

Quy tich 1a mét loai toan hay va khé. diém D di chuyén trén doan BC.

trong chuang trinh phé thang, 6 18 vi thé
nén cb nhiéu bai viét ban vé van dé nay.
Ta hay cung nhau phan tich cac budc ma
ngudi Iam toan thudng lam khi giai mét bai
toan quy tich.

Xin nhic lai : Quy tich cGa nhing diém
c6 tinh chéat nao do 1a tap hop tat ca cac
diém c6 tinh chat d6. Tim quy tich cac
didm M cé tinh chat a (M(a)) Ia tim hinh H
gém tat ca cac diém M(a).

Nhu vay, viéc gidi bai toan quy tich
chinh la viéc di tim tap diém

H = (M)} < {{M(a)} cH
H < {M()}.

Hai phan trén {mg vdi hai phan thuan
va ddo clia mét bai toan quy tich.

Trong mét s trudng hgp ngudi ta con sut
dung céac cap ménh dé tuong duong vai cap
thuan va ddo nhu sau : thuan va phan ;
dao va phan dao ; phan va phan d3o.

Hadn nira, ngudi ta con xét quy tich cac
phan t& khéng nhat thiét [a diém nhu : tim
tap hop cac dudng thang, dudng tron...

Trong bai viét nay, ta chi dé cap tdi quy
tich cac diém va phuong phap thuan dao.

Xét mot vi du sau : Cho tam giac nhon
ABC vii AB < AC, ndi tiép trong dudng
tron tdm O c6 ban kinh R. M6t diém D di
dong trén doan BC. Xét dudng tron qua B,
D va tiép xtic vdi canh AB tai B va dudng
tron qua C, D va ti€p xac vdi canh AC tai
C. Hai dudng tron nay cit nhau tai diém
thir hai 1a K (khac D). Dudng thing KD cét
(O) tai L. Trén tia AL xac dinh diém M sao
cho AM = AK. Tim quy tich diém M khi

Hinh dung qua trinh giai bai toan trén :
e But 1. (suy hghfva lam trén gidy nhap)
« V& hinh, biéu dién gia thiét, két luan.
« Suy nghi : diém D thay ddi suy ra diém
K thay d8i, dudong thdng KD thay déi.
Diém L va dudng thAng AL sé thé nao ?
« Can bat dau tu viéc xét diém K. Khai
thac cac gia thiét duang tron qua B, D tiép
xuc vdi AB tai B ; dudng tron qua C, D tiép

xtc vdi AC tai C dé suy ra CKD = BCA ;
BKD = CBA. C6 vé& nhu van dé da dudc

hé md, BKC + BAC =180° = K ¢ (0).

. Chon 3 vi tri d4c biét ctia diém D,
ching han la cac diém B, C va trung diém
clia BC. Ta nhan thdy cac diém M tuong
{ng xac dinh dudc “cé vé” thdng hang, tur
do du doan M thudéc mét dudng théng.
Nhu vay dinh hudng sé 1a chimg minh tia
AL ¢8 dinh ho3c diém L cé dinh, suy ra
diém M nam trén tia AL (mét suy luan co6
ly, trong bai nay la suy luan dung).

« Chimg minh va khng dinh du doan trén.

Cé 1& ngudi 1am toan rat vui vi da tim ra
tia AL 1a hinh ch(ra quy tich. M6t méc
quan trong cla bai toan. Thé nhung phan
con lai cling khéng don gian.

« Thao tac gidi han : néu D = Bthi M =
M, v&i AM, = AB ;Néu D =C thi M= M,
vai AM, = AC. Du doan quy tich la doan
MM, (mdt suy luan c6 li, trong bai nay fa
mét suy luan sai, doan AM cé6 thé bang
2R > AC).

» Qua trinh du doan bang nhimg suy luan




c6 Ii, réi chitng minh dé khang dinh hoac
bac bd dugc tiép tuc cho dén khi tim dugc
hinh quy tich duing (M thudc doan M M,

Vi AM, = AB va AM, = 2R, trén tia AL).
« Chimg minh phan déo.
A L M,

—

M,
M,

K

e Budc 2. (thuc hién 10i giai)

Trong I18i gia nay ki hiéu (XYZ) la dudng
tron di qua ba diém X, Y, Z.

Phan thudn. Vi (BKD) ti€p xdc véi AB tai

Bnén BKD = ABD = %3655 ; tuong tu ta

co %z@z%sd@. Suy ra BKC =

= BKD + CKD = ABD + ACD =180° - BAC
= BKD + BAC =180° = K < (O).

M3t khac, vi CKL = CKD = ACD = ACB
nén(O) cb AB=LC suy ra AL // BC, ma
diém A va BC ¢ dinh = L ¢6 dinh va
diém M n&m trén tia AL c6 dinh.

_Theo gia thiét ta c6 AB < AC, mét khac
dé thdy K thudéc cung nhd BC suy ra
AKB = ACB < ABC < ABK = AB < AK.

Ké ca trudng hap D = B thi AB < AK.

Mat khac, vi AK la day cung clia (O)
nén AK< 2R, suyraAB<AK=AM<2R.

Vay diém M nam trén doan M, M, thudc
tia AL v6i AM, = AB va AM, = 2R,

Phan déo. Gia sit M 1a diém bat ki trén
doan MM, vi AB < AM < 2R nén [uén ton
tai didm K thudéc cung nhd BC sac cho

AK = AM. Goi D Ia giao diém clia KL va BC,

ta ¢6 D nim trén doan BC. Vi AB=LC

nén CKL = ACB. Tu d6 ta c¢6 (CKD) tiép
xuc véi AC tai C va (BKD) tiép xuc vdi AB
tai B (ban doc tu ching minh).

Suy ra diém M thudc quy tich.

Két luan : quy tich diém M la doan
MM, trén tia AL // BC véi L thuge (O) ;
AM, = ABva AM, = 2R.

Cac budc giai mét bai toan quy tich
bang phuong phap thuan dao :

Qua phan tich thi du trén ta thay, véi
mot bai toan quy tich, ngudi lam toan da
thuc hién qua cac budc sau :

+ Budc 1. Suy nghi va lam trén gidy
nhap (thuc hién cac thao tac tu duy dé tim
ra hinh quy tich).

+ Budc 2. Thuc hién 18i giai.

Trong budc 1, thy theo mitc dd kho, dé
cla bai toan, ngudi fam toan thuc hién cac
thao tac nhu :

« Phan tich méi quan hé giira cac yéu té
chuyén dong va c¢é dinh dé doan nhan
quy tich.

Vé ki nang, ta thudng chon 3 vij tri cla
diém chuyén dong (Iwu y cac vi tri dic
biét), xac dinh va quan sat cac vi tri tuong
{tng ctia diém quy tich dé du doan quy tich
thudéc dudng théng hay dudng tron (cac
loai nay thuong gép trong chuong trinh
phé thong)...

« Chitng minh ho#c bac bd du doan trén.
Néu du doan trén la dung thi ta c6 thé chi
ra cac di€ém thdéa man tinh chat cla bai
toan thudc hinh nao (hinh chita quy tich).

. Thuc hién cac thao tac nhan xét dé
loai b6 cac diém thira ctia hinh trén (cac
diém khéng thudc quy tich).

Chinh qua trinh thuc hién cac thao tac
du doan, chig minh dé khé&ng dinh ho#c
bac bd, nhan xét loai bd diém thira... tao
nén sy hap dan cla bai toan quy tich.

Két thic bude 1, ta da cb thé hinh dung
va tra I8i quy tich phai tim [a hinh gi cing
vél cac gidi han can thiét cta no.




HOC RA BAO?

HOANG HAI DUCONG

(THCS Chu Manh Trinh, Vén Giang, Hung Yén)
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Nhimg bai tap trong sach gido khoea
(SGK) déu la cac bai tap co ban, dugc
chon loc ki cang ma chang ta can phai

. n&m chéc dé ap dung. C6 thé vi ching nhu

nhimg chiéc chia khéa dé md ra nhiéu

" canh ctra toan hoc, tat nhién sé cé nhimng
' chiéc chia khéa dic biét. Piéu quan trong
¢ Ja ta c6 phat hién ra ching hay khéng va
* béng cach nao ? D& gai y cho cac ban tra
I&i cau hdi nay, téi xin gidi thiéu véi cac ban

-

mét chiéc chia khbéa nhu vay va mot sé ap
dung xuét phat tir bai toan nay, dé la bai 33
trang 119, SGK Toan 9, tap 1.

Bai 33 (SGK). Hai duding tron (O ; R) va
(O ; R) tiép xtic ngoai v&i nhau tai A, Mot
dudng thing qua A, cit (O) va (O') 1an lugt
tai C va D (C khac D). Chimg minh rang

OC /1 O'D.

¥

L&i giai.
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TUr gia thiét ta c6 O, A, O’ thdng hang,

suy ra OAC = O'AD (d§i dinh). Mt khac,
tam gidc AOC can tai O va tam glac AOD

can tai O’ nén OAC OCA O AD = ODA DA.
Suy ra OCA = ODA. Vay OC // O'D (dpcm).

e Sau day la mét s6 vi du ap dung bai 33.

Vi du 1. Cho ba dudng tron khong biét
tam, doi mot tiép xuc ngoai véi nhau tai A,
B, C. Chi bang thudc thang, hay xac dinh
tam cla ba dudng tron do.

Hudng dan.

e
.
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Phan tich. Gia sit O, O,, O, lan lugt la
tam cda ba dudng tron (xem hinh vé trén).
Goi giao diém cia AB, AC v&i (O,) 1an luct
la D, E. Theo bai 33ta c6 O,, A, O, thing
hang va DO, // AO, ; EO4 I/ AO, suy ra D,
O3 E thdng hang hay DE la dudng kinh
clia (0,). Do d6 O, la trung diém chia DE.

Tu phan tich trén, ta dé dang xac dinh
dugc tam cla ba dudng tron.

Vi du 2. Hai dudng tron (O, ; Ry) va
(0, : R,) ti€p xtc ngoai véi nhau tai A. Hai
diém B, C Ian lugt di chuyén trén (O,), (O,)
sao cho BAC =90°. Dung AH vudng géc

TN
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véi BC. Chitng minh ring AH < — "2

R1 + R?_

(Dé thi tuyén sinh vao Iop 10 phé théng nang khiéu
DHQG TP. H6 Chi Minh nam hoc 2001-2002)

L&i giai.

Kéo dai BA, cit (O,) tai D. Do
DAC =180° -BAC =90° nén D, O,, C
thdng hang. Theo bai 33 ta ¢ BO, // DO,

Dung dudng thang qua A, song song v3i
BO,, cat BC tai K. Theo dinh li Ta-lét ta c6

AK_BA_AO; _ AK _ Ry

CD BD 0102 2R2 R1 +R2

:>AK=_2@_:> AHSAKzﬁZ_,
1 +R2 R1 +R2

DAng thitc xay ra < H tring vai K
= AH // BO, I/ CO,
< BC L BO, vaBC 1L CO,
<> BC 1a ti€p tuyén chung clia hai dudng
tron (diéu nay khong xay ra véi hai ban
kinh R, va R, bat ki).

Vi du 3. Cho dudng tron (I ; R) va dudng
thing d khéng cat (1). Diém C nim trén d.
Dung (O) tiép xtc ngoai véi (1) va tiép xuc
vdi d tai C.

L&i giai.

Phén tich. Gia sl ta dung dudc (O) thda
man diéu kién dé bai. Goi A 1a diém ti€p
xuc ctia (O) va (1). Budng thing CA cat (1)
tai D. Theo bai 33ta c6 ID // OC, mat khac
OC L dnéniID L d, suy ra D xac dinh.

S

~

Dung hinh. Qua | dung dudng thang
vuéng goc véi d, cdt (1) tai hai diém phan
biét. Goi D la mét-trong hai diém dé ma
giao diém A cta CD va (1) nam trong doan
CD.

Qua C dyng dudng thang vudng goc véi
d, cat IAtai O, ta c6 (O ; OC) la dudng tron
can dung.

Chimg minh. Theo cach dung ta cé tam
giac IDA can tai | ; diém A thudc doan CD
va ID // OC (cung vudng géc v@i d) nén
OCD =IDA =IAD = OAC suy ra tam giac
OAC can tai O suy ra (O ; OC) ti€p xuc véi
d tai C va tiép xuc vdi (1) tai A.

Bién luén. Theo cach dung hinh, dé thay
bai toan ton tai duy nhat mét nghiém hinh.

e Ta con nhan thay bai toan dao clia bai 33
cing dung (Hai dudng tron (O ; R) va
(O’; R) tiép xtc ngodi vdi nhau tai A, co
hai ban kinh OC va O'D song song voi
nhau va ndm trén hai nita mat phang déi
nhau c6 bd 14 OO’. Chimg minh réng C, A,
D thdng hang) va bai 33 con c6 thé md
rong cho hai dudng tron ti€p xdc trong
nhau. Cac bai toan nay cé rat nhiéu img
dung thu vi khac, mong cac ban cung trao
déi.

p——
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Dai vai mot s
bai toan chimng
minh bat ding
thirc chira ba bién a, b, ¢c khong am, cé vai
trd nhu nhau, bang cach dat :

p=a+b+c;qg=ab+bc+ca;r=abc,
tacopg—r=(a+b)b+clc+a);p’+q=
(@+b)Yb+c)+(b+clc+a)+(c+a)a+b);
pZ-2q=a2+bZ+c?;
p3-3pq+3r=a’+b3+cd

Bi&n ddi bat dng thifc chira ba bién a, b, ¢
ndi trén vé bat ding thitc chira p, g, r, phép
chirng minh d6i khi s& don gidn hon clng
vdi viéc ap cac bat ding thirc dung sau

p?>3q; (1)
p3>27r; (2)
q2 > 3pr; (3)

pq>9r; 4)

p3 —4pq +9r>0. (5)

Chung ta ciing dé dang nhan thdy rang

p. q, r va cac biéu thitc chira p, q, r & trén

déu khéng am. Viéc chimg minh cac dng

thifc va bat ding thirc trén xin danh cho ban

doc. Sau day cac ban hay theo déi mét vai
vi du minh hoa.

Vi du 1. Cho ba s8 duong a, b, ¢ théa
man diéu kién abc = 1. Chimg minh réng :
(@a+b)b+c)c+a)z2(1+a+b+c).

L&i giai. Do r = abc = 1, véi cach déi bién
trén, bat déng thitc trd thanh

pq-r22(1+p)<pg-1=22(1+p)

< p(q-2)=3.
Cingdor=1,tur{2)suyrap=>3;
tr (3)suy raq=3.

Suy ra p(q - 2) > 3 1a bat dng thifc ding,

suy ra bat déng thirc can chimg minh,

—— i —— - - e A EE R D W CEX S G S e

DOI BIEN DE CHUNG MIN#H
M- . MOT DANG BAT DANG THUC

LE XUAN PAI
(THPT chuyén Vinh Phuc, Vinh Phic)

D’ang thic xdyrae<p=q=3
<a=b=c=1.
Viduy 2. Cho ba s6 duong a, b, ¢ thda man
diéu kién a + b + ¢ = 3. Chitng minh rang :

abc+———12—25.

ab+bc+ca
L&i giai. V&i cach ddi bién trén, bat ding

thitc trd thanh r + 12 > 5.
q

Dop=a+b+c=3,theo (5)tacd
27 -12q+9r 20, suy ra

—
*
~—

24q_9:r+1—224q—9+2. )
q 3 q
Mat khac, 29-9,12 .5
q

< 49°-9q +36 2159 < (q-3)2 >0, Ia
bat ding thirc ding vdi moi q. Tir (*) va (**)
suy ra bat ding thitc can chifng minh.

Pangthic xdyra< a=b=c=1.

Vi du 3. Cho ba s8 khong am a, b, ¢ thda
man diéu kién ab + bc + ca + abc = 4.
Chitng minh rang :

3(a + b2 + ¢?) + abc > 10.

L&i gidi. Doq+r—ab+bc+ca+abc 4,
vdi cach ddi bién trén, bat ding thirc trd I
thanh 3(p? - 2q) + r > 10 < 3p? - 6 > 7q.

Mat khéc, tir (5) = p® - 4pa + 9(q + 1) 2 9q I

p> +36 :

4ap+9 :

Vi véy dé hoan thanh bai toan, ta chi can |
I

b

ol

=p® +3629q+4pg=> q<

2 _6>7. p +36

chimg minh 3p 5.9
p+
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That vay, tr (1) va (2) suy ra:
2 3
p_+P

4=q+r< =p3+9p2-10820

:>(p—3)(p2+12p+36)20:>p23.

2 _ 6> 7.p3;36
4p+9

< 12p° - 24p + 27p% — 54 > Tp° + 252
< 5p3 +27p2 - 24p - 306 2 0
& (p - 3)(5p? + 42p + 102) > 0 Ia bat dang
thic dung.

Pang thirc xdyra < a=b=c=1.

Vi du 4. Cho ba s6 duong a, b, ¢ thoa
man diéu kién ab + bc + ca = 3.

Tu dé ta cd 3p

Chimg minh réng ] + L >
a+b b+c c+a
a+b+c 3

2 + .
2(ab+bc+ca) a+b+c
L&i gidi. Do q = ab + bc + ca = 3, v6i cach
ddi bién trén, bat ding thifc trd thanh :

p2_+q2_9_+3 p?+3 ,p,3
pa-r 2q9 p 3p-r 8" p
< (p%+3)6p - (p? + 18)(3p -1 20

< 6p> +18p ~ 3p° — 54p + pr+ 18r20
< 3p3 - 36p + p?r+18r=0

<:>3(p3— 12p+9r)+p2r—9r20

< 3(p® - 4pq + 9r) + r(p% - 9) > 0.

Do q = 3, tir (1) suy ra p® > 9, két hop vdi
(5) ta c6 bat dang thifc trén dung, suy ra bat
dang thifc can chitng minh.

Dingthitc xdyraca=b=c=1.

Vi du 5. Cho ba sé a, b, ¢ thudc (0 ; 1)
thda man diéu kién abc = (1 - a)(1 - b){(1 - ¢).
Chimng minh réng a® + b2 + ¢3 + 5abc > 1.

La&i giai. Ta c6 abc = (1 -~ a)(1 - b)(1 -c)
=1-(a+b+c)+(ab +bc+ca) - abc, suy
ra 2r = 1 ~ p + q. V@i cach déi bién trén, bat
d&ng thie trd thanh :

p3 - 3pq + 3r + 5r > 1

o SR AR Il G G N e ehe SUT RSN GO BN MM R 0 UG WrT RS G

o pd-3pg+8rx1
opd-3pq+4(1-p+q) =1
< pd-4p+32q(3p - 4). ***)
Chuyrang1-p+q=2r>0va p?>3q
2
suy ra p—1<q59——.
Ta xét ba trudng hgp sau :
Trudng hop 1. Nup <1thip>-4p +3 =
=(1-p)B-p-p)20>qB3p-4);
Trudng hop 2. Néu 1 <p < % thi :

3p-4<0val<p-1<gqg,suyra:

(P> -4p+3)-q@Bp-4)> (P> -4p+3) -
~(p-1EBp-4=(p-1%>0;

Trudng hop 3. Néu ng— thi :

(p®-4p +3)-q(3p-4)>
3 P2
> (PP -4p+3) - (p-4)=
2
=(2L3_)_20
2

Nhu vay, trong moi trudng hop ta déu cd
(***) 1a bat déng thirc dung, suy ra bat déng
thirc can chimg minh.

E)ang thiicxdyra a=b=c=

m_;

BAI TAP AP DUNG
Bai 1. Cho ba s6 duong a, b, ¢ théa man
diéu kién abc = 1. Chilng minh réng :
(a+b)b+c)c+a)+725@+b+c).
Bai 2. Cho ba s6 duong a, b, c.
Chimg minh réng :

21+ abc) +y2(1+ a2)(1 + b2)(1+ c2) >
> (1 +a)(1+b)(1 +¢).
Bai 3. Cho ba s8 khéng am a, b, ¢ thda
man diéu kién a + b + ¢ = 1. Chiing minh

rang 0 < ab +bc + ca-2abc 52—77.
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dAng thic khac.
Bai toan 1. Cho cac s duong a, b, ¢, i,

m, n. Chitg minh rang :

(a+k)(b +m)c +n) = (Yabc + ¥kmn)3. (")
Lai gidi. Dat A = (a + K)(b + m)(c + n)

= abc + )(abn + bck + cam) +

+ (@amn + kbn + cmk) + kmn.
Ap dung bat ding thitc Co-sita c6 A >

> abc + 3%/(abc)2 kmn + 3§/abc(kmn)2 +kmn
= (¥fabe + Ikmn)® (dpem).
a=b=c
k=m=n.

e Sau day la mot s6 bai toan img dung
bat ding thitc (*).

Baitoan 2. Cho a ;b ; ¢ la cac sé duong

Dang thirc xay ra < {

thdaman a+b+c = % Chimg minh rang :

B= [1+l3](1 +l3][1 +l3] >729.
a b c

Lai giai. Ap dung bat dng thirc (*) ta c6

1)
BZ[H_J .
abc

Mat khac, ap dung bat ddng thic Co-si
cho ba s8 duong ta cé :

a+b+c]3

—l:LZB.
8 abc

abcs[

3
Suy ra Bz[nLj >(1+8)° =729.
abc )

MOT BAT DANG THUC TONG QUAT

TRAN ANH NGOC

(Lép 11A1, THPT Hau Lée I, Hau Léc, Thanh Héa)

Qua bai toan 1 dudi day, tdi mudn gidi thiéu dén cac ban mét
bat dAng thitc tdng quat, cé thé st dung d& chimg minh nhiéu bat

Ding thirc xay ra <:>a=b=c=-;—.

Bai toan 3. Cho a; b ; cla céc s6 duong
théa man abc > 6. Tim gia tri nhd nhat cla

bidu thirc P = (a + bc)[-g + 2caJ[§— + 3abj.
Ldi giai. Ap ,dungi bat ding thitc (*) ta ¢ :

3
P> [33_:9. + 3\/6a2b2c2] >(1+6)> = 343.

Déng thic xay ra
b ¢ 1
&oa=—=—=—;bc=2ca=3ab;abc=6
<a=1;b=2;¢c=3.

Vay P dat gia tri nhd nhéat bing 343.

Baitoan 4. Choa; b ; cla cac s6 duong
théa man abc = 8. Tim gia tri I6n nhat cla

12-(a+b+¢)
(a+2b)b +2c)(c +2a)

L&i giai. Ap dung bat d&ng thirc Co-si cho
ba s6 duong ta c6 a+b +c¢ > 3¥abc =6,
suyra12-{(a+b+c)<6.

Mzt khac, ap dung bat ding thirc (*) ta c6
(a +2b)(b + 2c)(c + 2a) > (Yabc + ¥8abc)®

hay (a + 2b)(b + 2c)(c + 2a) > 216.
6 1

SuyraQs——=—.

y 216 36

Pingthlc xdyra<a=b=c=2.

biéu thic Q =

Vay Q dat gia tri I6n nhat bang -:-;5

FanN



rong dudc kién thirc

@ Bai toan sau kha don gian va quen thudc ;

Baitoan 1. Cho tam giac ABC cantai A.
Qua diém M bat ki trén canh BC, dung céac
doan MH, MK 1an lugt vuéng géc véi AB,
AC (H thudc dudng thang AB, K thudc
dudng thdng AC). Ching minh ring
MH + MK cd gia tri khéng phu thubc vao vj
tri ctia diém M trén canh BC.

L&i giai.

A

Trudc hét ta dung BD, CE lan lugt vudng
goc véi AC, AB (D thudc AC, E thudc AB),
ta nhan thdy BD = CE va néu M tring vdi
B hoac C thi MH + MK = BD = CE. Ta sé
chitng minh diéu nay luén ding véi moi
diém M nam trén doan BC.

That vay, ta c6 S,gpy, + Spep = Sage
&> %(AB-MH+AC-MK):%AB»CE
e AB(MH + MK) = AB-CE
< MH + MK = CE = BD. Suy ra dpcm.

HAY DAT NHONG CAU HOI NGHI VAN

DANG VAN BIEU
(THCS Déng Du, Gia Lam, Ha N6i)

Lat di lat lai mot van dé bang cach tu dat ra va giai quyét cac
cau hoi nghi van, sé giup chung ta hé théng, ndm viing va md
: tao dudc cach hoc tap chd dong, sang tao.
Xin don ¢ bang mét vi du.

® Bay gig, ching ta hay thir dat nhitng cau
héi nghi vdn nhé ! Pau tién ta co thé thdy
gia thiét cho biét diém M thudc canh BC,
vay néu diém M ndm trén dudng thang BC
thi sao ? Liéu két qua trén c6 con dung
khéng hay né sé bién déi nhu thé nao ?

Tuong tu nhu 16i gidi trén, ta sé tim ngay
dudc cau tra 10i cho cau hdi nay, do la két
qué cla bai toan sau :

Bai toan 2. Cho tam giac ABC can tai A.
Qua diém M bat ki trén dudng thang BC va
nam ngoai canh BC, dung cac doan MH,
MK 1an lugt vudng goc voi AB, AC (H thudc
dudng thdng AB, K thudc dudng thing
AC). Ching minh rang [MH — MK| c6 gia tri
khéng phu thudc vao vi tri clia diém M.

Huéng dan.

Ta ¢ |S,gp — Sacml = Sage SUY ra
IMH - MK| = BD = CE. Suy ra dpem.
® Ta cing thdy ngay rdng néu ABC la tam
.giac déu thi cac két qua trén duong nhién
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van dung, khéng nhitng vay chung con
duang khi M chay trén ca ba canh cla tam
gidc hodc ¢ ba duong thdng chira ba
canh do. Nhung néu M 1a diém bét ki thudc
mién trong cta tam giac ABC thi sao nhi ?

Cau tra 10i cling dé dang dugc tim ra va
ta c6 bai toan sau :

Bai toan 3. Cho tam giac déu ABC. Qua
diém M bat ki thuéc mién trong clia tam
giac, dung cac doan MH, MK, MP |an luct
vubng goc véi cac canh AB, BC, CA(H, K, P
ian lugt thudéec AB, BC, CA). Chimng minh
rang MH + MK + MP cé gia tri khong phu
thudéc vao vi tri cia diém M thuéc mién
trong clia tam giac ABC.

A

MH + MK + MP ¢6 gia tri khéng ddi, ludn
b&ng d6 dai dudng cao cla tam giac ABC.
Cac ban hay tu chimg minh nhé.
® Tiép tuc xem xét két qua cua bai toan
trén khi diém M thuéc mién ngoai cla tam
giac déu ABC, ta tim dugc két qua sau :

Bai toan 4. Cho tam giac déu ABC. Qua
diém M bat ki thuéc mién ngoai clia tam
giac, dung cac doan MH, MK, MP |an luct
vudng goéc véi AB, BC, CA (H, K, Plan luot
“thudc cac dudng thdng AB, BC, CA).
Chiing minh rang mét trong cac biéu thic
sau c6 gia tri khong d6i khi diém M thudc
mién ngoai clia tam giac ABC :

Q, = IMH + MK - MP) ;
Q, = [MP + MH - MK| ;
Q, = IMK + MP - MH|.
Huéng dan.
Lan lugt xét cac truang hgp diém M
thudc cac mién (1), (2), (3), (4), (5), (6).

® Thé con khi ABC la tam giac bét ki thi
diéu gi sé& xdy dén vdi cac két qua J bai
toan 1 va bai toan 3 ?

Dé nghi cac ban ching minh bai toan 4
va hai bai toan sau day, xem nhu bai tap.

Bai toan 5. Cho tam giac ABC cé dé dai
cac canh AB =c, AC = b (c < b) va do dai
cac dudng cao xudt phat tir B, C 1an luot |a
h,, h,. Qua diém M bt ki trén canh BC,
dung cac doan MH, MK 1an luat vudng gbc
véi AB, AC (H thudc dudng thing AB, K
thuéc dudng thdng AC). Chimg minh ring
hy<MH+ MK <h.

Bai toan 6. Cho tam giac ABC cé dé dai
caccanh AB=c¢,BC=a,CA=b(c<b<a)
va dé dai cac dudng cao xuat phattr A, C
lan lugt 1a h,. h. Qua diém M bat ki thudc
mién trong cla tam giac, dung cac doan
MH, MK, MP 1an lugt vuéng géc vdi cac
canh AB, BC, CA (H, K, P 1an Iugt thuéc
cac dudng thang AB, BC, CA). Chiing
minh rang h, < MH + MK+ MP < h .




Trong s6 trudc, chung ta da dé cap dén
ing dung cla bat ding thic trong giai
phudng trinh. Ki nay, chung ta sé tiép tuc
vi (ng dung clia bat déng thic trong giai
hé phuadng trinh.

e Ung dung bat dang thirc trong giai hé
phuagng trinh

Vi du 5. Giai hé phuang trinh

{x3y =16
3x+y=8.

Laéi giadi. Tu phuong trinh thr nhat, ta
nhan thay x, y clung dau, két hap phuong
trinh thit hai suy ra x, y cung duong. Ap
dung b4t dang thitc Co-si cho 4 s6 duong ta
ax+y ) 8t
)5

Péng thic xdy ra < x = y = 2. Vay hé
phuong trinh ¢6 nghiém duy nhét |a (2 ; 2).

Vi du 6. Giai hé phuang trinh

Ix +432-x -y? =-3
Yx +V32 _x +6y =24,

L&i gidi. Cong theo timg vé& hai phuong
trinh clia hé ta dugc

x +B32-x)+Fx +¥32-x) =

=y?-6y+21 ()
Theo bat dang thirc Bu-nhi-a-cop-ski ta c6
Jx «\32-x < JA+N)(x+32-x) =8 ;

P +4B2-x < Ja+ ) (Wx +32-x) <

cc’>16:x3y:xxxy$[ 16.

UNG DUNG CUR BAT DANG THUC
TR Gl HUONG TRINH UA HE PHUING TRIN

CAO MINH QUANG

(THPT chuyén Nguyén Binh Khiém, Vinh Long)

(Tiép theo ki trudc)

0600606006060 060600600090

< J2J0+)(x+32-x) =4. Suy ra
(x +32-x)+#x +¥32-x)<12;
Mzt khac y? - 6y + 21 = (y - 3)%+ 12 2 12,

CNx =32«
Suyra (*) = 4x=4\/32—x)<:>{xi;6
y-3=0 y==

Thir lai, ta thay (x ; y) = (16 ; 3) nghiém
dung hé phuong trinh. Vay hé phuang trinh
c6 nghiém duy nhat (x ; y) = (16 ; 3).

Vi du 7. Tim cac s6 thuc duong x, y, z
thda man hé phudng trinh

X+y+z=3
\/;+\/;+\/_=xy+yz+zx.

L&i giai. Ap dung bat dang thirc Co-si ta
co x2 +2dx =x% +Jx +x >
> 33\/x2\/;\/_ =3x suy ra x% +2x = 3x.

Tuong tu, y2 +2\/; >3y, 22+ 2z>3z
Mat khac, vi x + y + z = 3 nén cong theo
timg vé& ba bat ding thitc trén ta c6

x2+y2+22+2(\/;+\/;+\/2)23(x+y+z)
=(x+y+z)2:x2+y2+22+2(xy+yz+zx)
suy ra \/;+\/;+\/22xy+yz+zx.
Déngthtrcxéyra@xzzx/;;}{zz\/;;
z2=ﬁ;x+y+z:3©x:y:z:1.
Vay bd s8 thuc duong (x ; y ; z) duy nhat




——

théa man hé phuong trinh 1a (1; 1 1).
Vi du 8. Giai hé phuong trinh
3(x2 +y2 +22) =1

2,2

x2y? +y?2% + 2°%x 3

=XyzZ(X+y+2)°.
(Phan Lan _ 1997)
L&i giai.

Ta co cac bat déng thirc quen thuoc :
32+ Y2+ 2% 2 (x+ y + 2)
suyra1>(x+y+z)2‘ (1)

3(x%y? + Y2 2% + 2%x%

suy ra

x2y2 + yzz2 + 2222 x2|yz| + y2|zx| + zzlxyl.
Suy ra 1-(x%y? + y?2% + 22x%) >

> (x +y + 22(Cyz) + y¥zx + 2lxy) 2

2xyz(x+y+z

=x x2y2 yzz + 222 > xyz(x + y + z)°. (2)

Déng thirc xay ra § (2) = dang thirc xay

> (Ixyl + lyz] + |zx))?

)3

rad (1) = x=y=z:t%, déu nghiém
dang hé phuong trinh. Vay hé phugng trinh
c6 hai nghiém (x ; y; z) la 111 va
3 33

[_1._1‘_1J

3' 3" 3/

Tac gid bai viét rdt mong nhén dugc
nhang y ki€n dong gop va trao déi cla ban

doc. D€ két thuc bai viét nay xin néu mot s6

bai tap rén luyén.
Bai 1. Giai cac phuong trinh
NDIx-2+J4—x =x* -6x+11;
\/6_—7+\/;——=x -10x +27 ;
3)\/x2—2x+5+\/x2+2x+10=\/§§;
4)\/17+8x—2x2+\/4+12x—3x2:
=x% —4x +13;

5)4\/2—x4 =x?-3x+3.

- Bai 2. Giai cac hé phuong trinh
n {(x +3y + 42y = 26()(2 + y2 + 22)
eydizd-02;
2005x%9% —2006y2%%° +1=0

2)
x2+xy+y2=—\/2§(x+y);
X+y+z=1
x4+y4+z4=xyz;

X Y _

4) 27 +27 =1

X+y=-2

Bai 3. Tim céac s& thuc duong x, y, zthda
man hé phuang trinh
Xy +yz+xz=12
{xyz~=2+x+y+z.
(Pai Loan - 1998)
Bai 4. Tim cac s6 thuc dudng x, y, z, t
thda man hé phuang trinh
X+y+z+t=12
{xyzt=27+xy+xz+xt+yz+yt+zt.
(Anh - 1996)

Ghi chu. Hudng dan gii cac bai tap nay
s& dugc dang trén TTT2 s6 43.




Bat ding thitc ching t6i mudn néi dén la
|a+b|+|a-b|<2a ™
(vdimoia20vaa;belua;da].

St dung bat dang thic nay ta cé thé
chimg minh dugc nhiéu két qua tha vi. Xin
gidi thiéu v@i cac ban mot phép chitng minh
bat ddng thitc (*) va mot (ng dung ca nd.

Ching minh. Goi max {x ; y} la gia tri 16n
nhat trong hai sé x ; y, trudc hét ta cd

{ZX vGi x >y
X+y+|x—yl = ,

2y vBix <y
nén x +y+ |x — y| = 2max {x ; y}. (1)

Ap dung (1) tacé (Ja + b| + |a - b|)? =
=(a+b)?+(a-b)2+2]a+blla- b
= 2(a? + b? + |a? - b?]) = 4-max {a% ; b3,
suy ra

la+b|+|a~-b|l=2max{lal:|bl}. (2)

TU (2) suy ra bat ding thirc (*).

Bai toan 1. Cho da thifc fix) = ax® + bx+ ¢
thda man diéu kién |f(x)| < a vdi moi a
duong va x € [-1; 1]. Chimg minh rang :

la| + |b] + |¢] < 3.
L&i gidi. Dat (1) =M f=1) =N R0) =P

M=a+b+c
taco M ;N ;IPl<avai{N=a-b+c

P=c
suyraazM;N—P;b:M_N;c:P
:>|a|+|b|‘+|c|:‘M;N-P‘+\M"N]\+|P

DINH VAN SON - PHAM QUOC DUAN
(Ldp 10 Toan, THPT chuyén Ha Tinh)

M+N
2

M-N

s} \+ +2|P| < 2|+ 2|P|

[0
2
(ap dung bat dang thic (*))
<al + 2|a| = 3|al = 3a
= |a| + |b] + |¢| < 3a (dpcm).
Bai toan 2. Cho da thirc
f(x):ax3+bx2+cx+d
théa man diéu kién |f(x)] < o véi moi o
duong va x e [~1; 1]. Chiing minh rang :
la| + |b] + |¢| + |d] < 7a.
L&i giai. Dat
1 1

f(1):M;f(‘1)=N;f[§]=P;f[_?z_]:Q

tacd M IN|;IP;IP| <ava
M=a+b+c+d; N=-a+b-c+d;
a b ¢ a b ¢

P=—+—+—+d,;,Q=-—+=-~=+
8 4 2 8 4 2

Ba=4M-N-2P +2Q)
N 6b=4M+N-P-Q)
6c=-M+N+8P-8Q
6d =-M-N+4P +4Q
= 6(lal + bl + ] + |d]) =
=4M-N-2P+2Q|+4M+N-P- Q|+
+|-M+ N+8P-8Q|+|-M- N+ 4P+ 4Q|
<4M-N|+8/P-Q|+4M+N|+4|P+ Q|
+IM=N|+8/P-Q|+|M+N|+4P+Q
=5(|M-N|+|M+ N|) +
+8(P-Q|+|P+Q)+8P-Q
<520 + 820 + 8|P| + 8|Q| < 261 + 160 = 42a
= |a| + |b| + |¢| + |d| < 7 (dpem).
Hen gap lai cac ban v&i cac dung khac
clia bat d&ng thic (*).



MOT ‘DANG TOAN :
S0 SANH BIEU THEC

: Motndi dung kha phd bién trong cac ki thi
: cudi cap THCS, d6 1a “so sanh biéu thirc”.
:  Sach bai tap Toan 9, tap 1 c6 bai 29
(trang 7), ndi dung nhu sau :
< Bai toan 1. So sanh (khéng dung bang
. s6 hay may tinh bd tdi)

V2003 + 2005 va 2+2004.
: @ Bai toan c6 kha nhiéu 13i giai, tuy nhién
: bai viét muén nhic dén 13i gidi si dung
I 1
dingthic Vn+1-Jn=——— ()
: Jn+1++n
: (da dugc dé cap trén tap chi TTT2 s6 38) :
*  L&i giai. Ap dung d3ng thitc (*) ta c6

: 1

. 2005 -2004 = ——ou ' .
: J2005 + 2004

: 1

© /2004 - 2003 = —ou .
. J2004 + 2003

: Matkhac,

s /2005 ++/2004 > 2004 + /2003

: 1 1

= <
2005 +/2004 2004 + /2003
! = /2005 - /2004 < 2004 - /2003
+ = 2005 + /2003 < 21/2004.

- @ Khai thac, md rong bai toan 1 sé ciing ¢

. va ren luyén thém cho chung ta vé dang
: toan nay.
rudc hét ta ma rong bai toan 1 -
Bai toan 2. V4i moi s6 nguyén duadng a,

: hay so sanh Va-1++a+1 va2\/_

NGUYEN CONG CHUAN *
(THPT Phic Trach, Huong Khé, Ha Tinh)

AAAAAAAAAAAAAAL:

Tuong ty 131 gidi bai toan 1, ta c6 két qua

Ja-1+Ja+1<2/a. (1) +

Véi a = 2n thi (1) trd thanh :

FnAs2nsi<2dan. ()

Lan lugt cho ncac giatri 1, 2, 3, ... tir (2) +

ta ¢ ﬁ+\/§<2\/§;\/§+\/§<2\/2;...; :
J2n-1+\2n+1<2J2n.

Cong theo timg vé cac bat déng thic -

trén ta co ﬁ+2\/§+2\/§+...
220 1+V2n 41 <22 + V4 +..\2n)
<:>\/§—\/i+\/Z—\/§+...

HV2n—N2n-1>

TUu do6 ta co bai toan :

N2n+1-1
2 -

Bai toan 3. V4i moi s6 nguyén duong n, :
1 1
+ +
J+V2 3+4
. 1 >\/2n+ -1
2n-1++/2n 2 '
V&i a = 2n + 1 thi (1) trd thanh :
J2n+\2n+2<22n+1.  (3):
Lan lugt cho ncacgia trio, 1,2, ... tir (3) :
taco VO+v2 <2V1;V2+V4 <243 ;...
J2n +\V2n+2 <2420+ 1. :
Cong theo tiing V& cac bat déng thirc trén

ta co 2\/§+2\/Z+ +2\/ﬂ+\/2n+2<

chiing minh rang




| DINH Li LYNESS MG RONG VA CAC HE QUA

NGUYEN MINH HA (DHSP Ha N&i)

Trong hinh hoc phing c6 mét dinh i,
kha ndi tiéng va quen thudc.

Pinh li Lyness. Néu dudng tron (o)
tiép xuc trong vdi dudng tron ngoai tiép
tam giac ABC va tiép xuc vdi canh AB, AC
clhia tam giac tai E va F thi EF di qua tdm
dudng tron ndi ti€p cha tam giac.

Binh li Lyness c6 mot cach md rong rat
tu nhién va hap dan.

Pinh li Lyness md rong. Néu dudng tron
(w) ti€p xuc trong voi dudng tron ngoai
tiép cla tir giac ndi ti€p ABCD va tiép xuc
véi cac doan OB, OC (O la giao diém clia
AC va BD) tai E, F thi EF di qua tdm dudng
tron noi ti€p cac tam giac ABC, DBC.

Wy)
O

Dé chitng minh dinh Ii Lyness md réng,
ta can c6 hai b8 dé.

B& dé 1. AB |a mét day clia dudng tron
(O). Budng tron (/) ti€p xac véi doan AB
tai K va tiép xdc trong véi (O) tai T ; KT cét
(O) tai L (L khac 7). Ta c6

a) L la trung diém cla cung AB (khéng
chita 7). .

b) LA? = LK-LT.

Chig minh. Ta ¢6 O, /, T thing hang
= KTl =LTO.

T

L

T d6, véi chi vy ring cac tam giac KT,
LTO theo tht tu can tai /, O, ta cb
TKI = TLO, suy ra K/ // LO (hai gé¢c déng
vi bing nhau) = LO L AB (vi KI L AB) =
L 1a trung diém cung AB (khong chita T).

Suy ra LAB = LTA hay LAK = LTA
= hai tam giadc ATL, KAL dong dang
= LA? = LK-LT.

|




-«

B& dé 2. Biém M la trung diém cung’

BC (khdng chira A) ciia dudng tron ngoai
ti€p tam giac ABC. Diém / thudc doan MA
va thda man diéu kien M/ = MB. Ta c6 /1a
tam dudng tron noi tiép tam giac ABC.

Chimg minh. Vi M/ = MB nén MBI = MIB,
suy ra CBI+CBM = IBA +IAB.

Tirdé véi chu v réing cac géc CBM, IAB
cling béng %B%\I\C ta c6 CBI = IBA.

Vay / ta tam dudng tron noi tiép tam
giac ABC.

Trd lai viec chimg minh dinh Ii Lyness
md réng. A

Goi (") 1a dudng tron ngoai tiép i giac
ABCD : T la tiép diém cla (o) va (o) ;
P 14 giao diém clia TE va (') (P khac ).

Theo bé dé 1, CP la phan giac clia géc
BCD. (1

Goi Q la giao diém clGa CP va EF ; Tx

la ti€p tuyén chung cla (o) va (o).
. {(ﬁ = EFT = ETx
Tacbéb:.<
QCT =PCT =PTx

Tir d6, véi chu ¥ riing ETx = PTx, ta ¢6
QFT = QCT suy ra QFCT la tir giac ndi tiép
= TQC = TFC.

Tir dé, véi chu y ring TFC = TEF, ta ¢6
TQC = TEF suy ra APQT v APEQ

PQ _PE

PT PQ
b8 dé 1) = PQ = PD. )

T (1), (2), theo'bS dé 2 ta cé Q 1a tam
dudng tron ndi'ti€p tam giac BCD. Diéu d6
c6 nghia la EF di qua tdm dudng tron ndi
tiép tam giac DBC. ’

Tuong tu EF cling di qua tam dudng
tron noi ti€p tam giac ABC. Dinh Ii Lyness
md réng da dudc chimg minh.

Ta thdy két luan “E, I, F thing hang”
trong bai 4(40) 1a hé qua tryc tiép cla dinh
li nay (ban doc tu kiém tra).

Nhimg hé quéa dang chu y cla dinh li
Lyness md réng sé dudc gidi thiéu dudi
day.

Hé qua 1. Tam giac ABC ndi tiép duang
tron (O), (/,) la dudng tron bang tiép doi
dién véi dinh A clia tam giac. (/,) ti€p xtc
v@i BC tai D. Cac dudng tron (/,), (/) cung
ti€p xuc trong Vi (O) ; clng ti€p xuc vai
doan DA va theo thir tu tiép xuc vdi cac
doan DB, DC ; ta c6 cac duong tron (/,),
(1,) c6 ban kinh bang nhau.

Téc gid cla hé qua 1 chinh 14 nha gido
Ha Vi Anh, THPT chuyén Vinh Phuc.

' (Ki sau dang tiép)

= PQ? = PT-PE = PD? (theo




Trong céac ki thi hoc sinh gidi toan 1p 8,
9 va thi vao Idp 10 chuyén, chung ta thudng
gap dang bai toan chitmg minh bat ding
thifc ma cac an cé diéu kién rang budc.
Cac bai toan bat dang thirc c6 dang :
“Cho C > D. Chitng minh rang A > B.”
j €O mét ki thuat dé chimg minh 1a ta di
I chimg minh (A - B) + (D - C) > 0, khi d6 tir
: diéu kién C > D ta suy ra dudc A > B.
I Doi khi viéc chimg minh bat ddng thirc
: trung gian trén kha dé dang. Sau day la mot
1 6 vi du.
Vi du 1. Cho a + b > 1. Chimg minh rang

aZ + b2 21.
2

(Dé thi vao Iép 10, THPT chuyén Lé Héng
Phong, TP. H6 Chi Minh, 1998-1999)
Loi giai.

Ta co [az + b2 —%]+(1—a—b)=
=a2+b2—a—b+l
2
=(a2 —a+l]+[b2 —b+l]
4 4
2 2
:[a—1] +(b—1] >0.
2 2

I
I
I
I
I
I
I
I
I
I
I
I
I
i
|
i
|
i
I
|
|
| Maa+b>1suyrat-a-bs<0
[

- .

oo ofe ofs ofo ofe ol ofs oo ol ofs oo ofe ols ol oo ofe oo oo oo o

|
1

i

g 1
. !
oo oo o :
I
ma?ib?-Lr0ma24b2 2 I
2 2 I

Vi du 2. Chimg minh ring néu a + b > 2 :
thi a® + b® < a* + b4 I
(Dé thi chon hoc sinh gidi toan Idp 9, :

Quén 1, TP. H6 Chi Minh, 2001-2002) )

Lai giai. :
Taco(a*+b*-a-b)+(2-a-b)= |
4 3 4 3 !
=a -a°-a+1+b"-b>-b+1 I
—aa-1)-(@@a-N+b¥b-1)-0b-1) |
=(a-1)@ -1)+(b-1)0p*-1) :
|

|

|

[

|

I

1

[

|

|

1

i

|

|

|

1

|

|

|

I

I

|

=(@a-1%@2+a+1)+(b-12%b%+b+1)

2
=(a«1)2[[a+lJ +§-W+
2 4

+(b-1?

2
{b+1] +i >0.
2 4

Maa+b=22suyra2-a-b<0

sat+bpt-a-pd>0>ad+pi<at+ bt
Vi du 3. Cho x, y la cac s6 duong thda
man x> + y* < x? + y3. Chimg minh rang :
L+,
Xryx+y

(D€ thi chon hoc sinh gidi toan iép 9,
Quéan 1, TP. H6 Chi Minh, 2004-2005)



Lai giai.
a) Ta co
(@ 2= =)+ (¥ -
=¥ -2+ Y = Yy - 1720,
Max®+y*<x?+y3suyra
y4 x2—y3<0:>x3+y3£x2+y2.
b) Ta cé
(x+y2—x2~y3)+(x3+y4—
x-2x% +x3+ y2—2y3+y4
x(x = 1% + YAy - 1)2 20 (vi x > 0).
Max®+y*<x?+yPsuyra

-y =

+y4 X2 - y3<0:>x +y2 X3~ y3>0

=x2+y<x+ )2

Vi du 4. Ching minh réng néu
3

(Dé thi HSG toan 9, THCS Lé Quy Pén,
Quén 3, TP. H6 Chi Minh, 2005-2006)

L&i giai.

Ta co

@ +b*+c*-a
=@ -a-a+ 1N+ -pP-b+1)+

3

+(c*-¢ -c+1)

1?2 3]
=(a-1) {[ 2] +Z +

+(b-1°

y
+(C—1)2 (c+l] +§

Maa+b+c>3suyra3-a-b-¢c<0

4_ 3

= a +b4+c —ad-p3-¢?

I >a*+p+c?>ad+ 3+ 63

20

L--------—-—-------—--------------------—

-y =

r

|

1

|

1

|

|

1~

-

|

1,3

|

|

|

|

|

|

|

e

|

|

I,3

|

I —

|

i

i
la+b+c23thia®+b*+ct2a%+b3+c3
|

|

|

|

|

|

|

: 3_p3_ 3)+(3—a-b—c)
|
|
i
|
|
|
|
|
|
|
|
|
|
|
|
|
|
i
|
|

Vi du 5. Cho x, y la cac s6 duong thoa

man x3+y3=x—y.
Chitng minh ring x% + y2 < 1.
(Dé thi vao Iop 10 chuyén,
TP. H3 Chi Minh, 2006-2007)
L&i giai.
Ta co
1-2-P=(1--y+(C+y - x+y)
=0 - -x+ N+ (P -y +y)
=(x-1)F=1) + 2 -y+1)

) 12 3
=(x+Nx-10)+y [y—a] +Z >0

(vi x, y la cac s6 duong).
Suyra X2 + y2 <1.

e Cac ban hay tap st dung ki thuat da sk
dung 6 trén thong qua viéc tu gidi cac bai
tap sau day :

Bai tap 1. Biét ring X2 + )2
Chimg minh ring x + y < 2.

Bai tap 2. Biét riing ab > 1. Chimg minh

ring a?+ b%> a+ b.
Bai tap 3. Biét ring x2 + y? < x. Chiing

minh rang y(x + 1) > -1.

<X+ Y,

i
i
E
i
|
i
I
i
i
i
|
t
i
i
i
i
§
i
1
!
'
i
i
i
i
§
i
'
|
i
i
i
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i
i
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i
i
i
f
i
|
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i
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ding thitc Tré-bu-sép

voin=3

Trén TTT2 s6 4 va
. s6 15 da gidi thidu vé
bat dang thic (BDT) Tré-bu-sép voin=2 va
img dung cha phép chimg minh BDT nay
trong giai toan. Sau day xin dudc gidi thiéu
BDT Tré-bu-sép vdi n = 3 va ap dung nd dé
chitng minh mdt két qua quen thugc.

Bét dang thut Tré-bu-sép vdin =3 :
“Néu a;za,=ay; b1 > b2 > b3 thi
3(aqb, + ayb, + azby) 2

2 (a; +a,+az)(by + b, + by). *)
Chung minh. Ta cé (*) tuong dudng vdi
3a,b, +3a,b, + 3azby 2 a.b + a,b, +a.b,
'+ ayby + ayb, + a,by + azby + azb, + azb,
< 2a.b, + 2a,b, + 2a3b, — ab, — a b, -
ayby —ab, - azb, —azb, 20
< (aqby ~ a;b, — ayby + asby) + (azh, -
aybs — a3b, + azbs) + (azby — azb, - a,b; +
a.b)20
< (aq - ayby - b,) + (a, - a3)(b, - by) +
(@, - az)(b - by) 20,
Via,za,>a,vab, 2 b, 2 by suyraBBT
nay dang. Vay (*) dung.
e Ta thdy a, > a, 2 a, va b, < b, < by thi
BDT (*) déi chiéu.
Ta thir van dung (*) dé gidi mét s6 bai toan.
Vi du 1. Biét cac s dudng a, b, ¢ thda
man a + b + ¢ > 3. Chimg minh réng :
at+bt+ct2ad+ b+ A
L&i gidi. Do vai trd binh dng clia a, b, ¢
néncoth gidsttazb>c=a’2b3>cd
Theo (*) ta c6 :
3at+bt+chz(@a+b+o)@+b3+cd). (1)

NGUYEN HAI VIET

(lop 9E, THCS Luong Thé Vinh, TP. Tuy Hoa, Phu Yén)

Via, b, cduongnénad+p3+c®>0;
Tra+b+c=23suyra:
(@a+b+c)ad+b3+c%)23(@% + b2+ ). (2)
Tir (1) va (2) suy ra dpecm.
Vi du 2 (BDT Nesbit). Cho ba sé duong
a, b, c. Chimg minh ring :
a b c 3
+ + >—.
b+c c+a a+b 2
La&i gidi. Do a, b, ¢ ¢c6 vai trd nhu nhau,
khéng mat tinh téng quat, gid sta=b > ¢,
1 1
>—2 .
b+c c+a a+b
Ap dung BDT Tré-bu-sép cho hai bo sé

suy ra

trénvéBE)T-1—+—1-+-1—2 vlix,y, z

X Yy Z X+y+z
la cac s6 duong, ta cb

a b c

+ + >
b+c c+a a+b
21(a+b+c) + L + ! >
3 b+c c+a a+b
9 3

2-1—(a+b+c)—2—.
3 2a+b+c) 2

e Cac ban xem thém baij viét trang 6 cla
nha gido Nguyén Dirc Tan. Sau day la cac
bai tap ap dung.

Bai 1. Cho a, b, c la d dai ba canh cla
mét tam giac. Chimg minh rang :

a b c
+ +
b+c-a c+a-b a+b-c

Bai 2. Cho a, b, ¢ la ba sé duong thda
man a2 + b? + ¢ = 1. Chimg minh.ring :
3 B3 3

a C
+ >—

+ .
b+c c+a a+b 2

23




G 60 P 0 C 000 C 00000000000 00000000880800008000000000000000000R0000I el odiistsNctarseronosnonttsansdiedoissssnnionsnsesssesnse

LTS. Thai gian qua, chuyén muc “Sai.d
dau ? Stra cho dung” clia TTT2 da nhan
dudc rdt nhiéu bai clia cac nha gido, phan
tich vé mét sai 1am rat phé bién ciia nhiéu
hoc sinh khi gidi bai toan hinh hoc, dé la
viéc xét thiu trudng hap. Dé kip thdi phuc
vu ban doc va nhic nhd cac ban hoc sinh
phai c6 thdi quen xem xét cac truang hop
xay ra khi giai bai toan hinh hoc, ching toi
xin dugc téng hop moét s6 bai toan vdi cac
|&i gidi sai va nhan xét cGa cac nha giao.

Vi du 1. Cho tam giac ABC can tai A,
dudng cao BK, AB=9 cm va AK=7 cm.
Tinh d6 dai BC.

L&i giai.

B
9
&
all
C K 7 cm A

Tac6 AC=AB=9cm, suyra
KC=AC-AK=2cm.
AAKB vudng tai K nén
BK? = AB? - AK? = 32 cm.
AAKC vuong tai K nén

BC = VBK? +KC? =6 cm.

Nhan xét (cla nha gido Nguyén Anh
Hoang, THCS Nguyén Du, Q1, TP. H6 Chi
Minh). Rat nhiéu hoc sinh khi giai bai toan
hinh hoc da gap phai tinh trang I6i gidi
tuang tu : v& hinh, bat tay vao giai va vui

mimg vdi “két qua dep” minh tim dugc ma .

XET THIEU TRUONG HQP
TRONG LOI GIAI BAI TOAN HINH HOC

A0,

quén mat mét viéc quan trong la can phai ¢
xem lai ... bai toan cé phu thudc vao hinh vé ¢
hay khong. Diéu nay dan dén viéc xét thiéu
trudng hop trong nhiéu bai toan, ké ca vai
nhimg bai toan dé.
Trong bai toan trén, d6 dai BC phu thudc :
vao do dai clla BK va KC, trong dé doé dai.
KC phu thudc vao d6 dai clia AC va AK.:
Tuy nhién KC=AC - AKhay KC=AC + AK:
con phu thudc vao K nadm trong hay nim
ngoai AC hay BAC nhon hay tu (trudng thE
BAC =90°, A tring vdi K khéng xay ra vi®
AK = 0). Diéu nay rat quen thudc vdi chung 3
ta nhung nhiéu ban van “cé tinh” bé qua.
Nhu vay 16i giai trén da xét thiéu trudng

hop BAC tu, khi d6 tuang tu trudng hop trén
ta tinh dugc BC =+/288 cm.

Vi du 2. Cho tam giac ABC c6 truc tam
Hva AH = BC. Tinh BAC.

Lai giai.
F
D
H
c E A

Goi D, E, F lan luot 1a chan cac dudng
cao xuat phat tir A, B, C cla AABC. Ta c6 :

EBC = EAH (cting phu vdi X&B);
AEH = BEC = 90° ; AH = BC.
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Suy ra AAEH = ABEC = AE = BE >
AAEB vuéng can tai E = BAC = 45°.

Nhan xét (cta nha gido Phan Bich Ngoc,
THCS Chu Van An, Huong Khé, Ha Tinh).

+ Vi AH = BC c6 d¢ dai khac 0 nén duong

nhién H khéng tring A va BAC = 90°. Tuy
vay, 1di giai trén van chi ding cho truéng
hap BAC < 90°, khi d6 H thudc mién AABC
va F thudc doan AE nén BAC = BAE = 45°.

Vi trudng hop BAC > 90° thi ngudc lai,
H khong thudc mién AABC va E nam ngoai
doan AE nén BAC = 180° - BAE =135°.

Vi du 3. Cho tam giac ABC. Buong
thdng vuéng géc véi AC tai A cit dudng
thdng CB tai D. Cho biét CD = 2AB, tim mot
hé thirc lién hé gitta ABD va ACB.

L&i giai.

A

vl

D M C
Goi M la trung didm clia canh DC. Tam

giac DAC vudng tai A suy ra AM = %CD =

AM = MC = AB = cac tam giac AMC, BAM
la cac tam giac can lan luot tai M, A =
ABM = AMB = 2ACM hay ABD = 2ACB.
Nhan xét (cla nha giao Nguyén Duc
Tdn, TP. H6 Chi Minh). Cling nhu hai vi du
trén, mai quan hé giifa cac goc c6 lién quan
sé& hoan toan thay déi, phu thudc vao vi tri
tuong doi gitta B, C, D trén mét dudng
th&ng. Nhu vay cé ba kha nang xay ra 1a :
+ D thudc doan BC (trudng hdp trén) ;
+ B thudc doan CD (ABD =180° - 2ACB) ;

+ C thudc doan BD (ABD = 2ACB - 180°).
Vi du 4. Cho t giac 16i ABCD. Néu cach

dung dudng thing di qua A chia tir giac
thanh hai phan c¢6 dién tich bang nhau.
L&i giai.

B

D M\C
TUr B ké dudng thdng song song vdi AC,

¢t dudng thing DC tai E, ta ¢o

S(BAC) = S(EAC) == S(ABCD) = S(ADE).
Goi M la trung diém ctia DE, ta c6

S(ADM) = %S(ADE) = %S(ABCD).

Suy ra AM la dudng thang phai dung.

Nhan xét (cia nha gido Nguyén Buc
Trudng, THCS Ba Tén, Gia Lam, Ha N6i).
Cach dung trén chi dang trong trudng hop
S(ADC) > S(ABC), khi d6 M thudc doan CD
va ADM la mét trong hai phan cla tir giac
ABCD dugc AM chia ra.

Ngudc lai thi AM c4t BC tai N va mét phan
cla tir giac ABCD dudc AM chia ra sé la

ADCN ; S(ADCN) < S(ADE) = M




CUC TRI HINH HOC VA QUY TiCH

K/ K/ K/ X/ / X/ X/ X/ K/ @ CR/
L. %4 0’0 0’0 0’0 0.0 0’0 00 00 00 0’0 0’0 0

Tinh ¢é, t6i dugc mét ngudi ban tang bon
dé thi hoc sinh gidi I6p 9 ctia TP. Ha Noi.
trong bén nam gan day. Trong ca bén dé
thi, bai hinh hoc (bai 5) déu la bai toan cuc
tri hinh hoc (c6 thé cé thém cau goi y) va
cac bai todn cuc tri hinh hoc nay déu
duoc thiét ké nhu nhau, bdi cung mot
phuong phap la théng qua mot bai toan
quy tich. “Su kién" nay la su két hap gilra
hai thanh phan co ban :

+ Thu nhét : mét bai toan quy tich hoic
don gian hoac quen biét (da dugc gidu di).

+ Tht hai : mét bai toan cuc tri hinh hoc
cing hoac don gidan hoic quen biét lién
guan téi bai toan quy tich noi trén.

Vi sao hai thanh phan co ban trén lai
phai c6 cung mét dac diém hoac don gian
ho&c quen biét ? Bdi 18, néu khéng nhu vay
thi méi thanh phan trén tu n6 da la mot bai
toan, mot bai thi.

Bdi cdc ddc diém néu trén, ta thay :

+ V& nguyén téc, bai toan cuc tri hinh hoc
dugc thiét ké thong qua mét bai toan quy
tich khéng bao gid la bai toan that su kho.

+ Bai toan cuc tri hinh hoc dugc thiét ké
théng qua mét bai toan quy tich c6 thé co
hinh thitc dep néu su két hop gilra hai thanh
phan cla no 1a khéo léo va tinh té nhung
khong bao gid ¢6 ndi dung hay.

Vi vay, trong céc tai liéu toan sa cép, trir
mét vai vi du kinh dién, hau nhu khéng cé
nhitng bai toan cuc tri hinh hoc kiéu nay.

D6i véi caec em hoc sinh, dic biét la cac em
hoc sinh THCS, con it kinh nghiém trong
viéc gidi toan hinh hoc, nhimg bai cuc tri
hinh hoc nhu vay van c¢é thé gay cho cac

TS. NGUYEN MINH HA (DHSP Ha Nbi)
@,

DX IR IR I DR
em nhimg khé khan nhat dinh, nhat la trong
cac ki thi véi khoang thdi gian lam bai bi
khéng ché.

Vili do trén, t6i viét bai bao nay gidi thiéu
vdi cac em, bén bai toan cuc tri hinh hoc
trong cac dé thi ndi trén kém theo I3i giai
clia ching va nhimg [di binh luan céan thiét,
khong chi lién quan tdi 16i giai clia cac bai
toan ma con lién quan tdi hinh thirc cling
nhu néi dung clia chinh cac bai toan dé. Hi
vong bai bao s& dem lai khéng chi ddi chat
kinh nghiém trong viéc giai loai bai toan cuc
tri hinh hoc néi trén ma con nang cao mi
cam toan hoc cho cac em.

e Bai toan 1 (dé thi ndm 2002 - 2003, da
sira chita). Cho hai dudng thang cét nhau
A,, A, va duong tron (O) khéng co diém
chung véi ching. Diém A c¢é dinh trén (O),
diém M thuéc (0), diém N thudc doan AM

K/ K/

sao cho AN = %AM. Tim vi tri cia M sao

cho tong khoadng cach tir N ti A,, A, I6n
nhat, nhd nhat.
L&i gidi. Trudc hét ta gidi 2 bai toan phu.
Bai todn 1.1. Cho duong tron (O) va
diém A. Diém M chay trén (0), diém N
thudc tia AM sao cho AN = kAM, & day k |a
hé&ng s6 duong cho trudc. Tim quy tich N.
Loi gidi bai todn 1.1.




Goi R 1a ban kinh cla (O). -

Thudn. Giad st diém N théa man diéu
kién dé bai. L4y diém / thuoc tia AO sao
cho Al = kAO. Buong nhién / ¢6 dinh.

Mat khac vi Al k= AN nén theo dinh

AO AM '

li Ta-lét, ta c6 IN = kOM = kR. Suy ra N
thudc duong tron (/, kR).

Pdo. Cac em hay tu lam.

Két luan. Quy tich nhimg diém N thda
man diéu kién dé bai la dudng tron (/, kR).

Bai todn 1.2. Cho hai dudng thang it
nhau A,, A, va duang tron (/) khong c6 diém
chung véi ching. Diém N chay trén (/). Tim
vi tri ctia N sao cho tng khoang cach tir N
t6i A, A, 16n nhét, nhd nhat.

Loi gidi bai todn 1.2.

bat O=A, n A, Trén Ay, A, theo thir ty
|dy cac diém K|, K, sao cho OK, = OK, va
O, () thudc hai nira mat Qhéng khac nhau
c6 bo 1a K K,. Budng thang qua / vudng
goc véi K K, cat (/) tai N,, N,

V6i méi diém N thudce (1), goi H,, H, theo
thit tu 1a hinh chiéu vuéng goc cla N trén
A,, A,. Ta thay, t8ng khoang cach tir N t6i
A, A, 16n nhat < NH, + NH, |6n nhat

& LOK,NH, + 0K, NH, Ion nhat
2 2

o S(OK1N) + S(OK,N) I6n nhat

& S(OK,NK,) l6n nht

< S(NK,K,) 16n nhat

& Khodng cach ti N t8i K, K, I6n nhat
< N triing véi N, (cac em ty kiém tra).

Tuong tu, t8ng khodng cach tir N t6i A,,
A, nhd nhédt < N trung véi N,.

Trd lai viéc giai bai toan 1.

Trén doan AO lay diém / sao cho Al = %AO.
Theo bai toan 1.1 thi N € (I, IA).

batJ=4a;nA, Goi Jx la tia phan giac
clia géc dinh J, cac canh thudc A,, A, va cb
mién trong chua (O).

Ké dudng thang qua / song song vdi Jx,
theo thr tu cét (/) tai N,, N, ; AN,, AN, theo
thirtyr cat (O) tai M,, M,,. Ta théy, t8ng khoang
cach tr N tdi A, A, 16n nhat (nhé nhat)

o N =N, (N,) theo bai toan 1.2)

= M= M, (M) (theo bai toan 1.1).

L&i binh.

* Bai toan 1.1 la bai toan quy tich dé va
quen thudc.

* Bai toan 1.2 la bai toan cuc tri hinh hoc
quen thudc cé ngudn gdc tir mot bai toan
quen thudc khac, c6 trong chuong trinh
Hinh hoc 7, xin gidi thiéu cing cac em :

Bai todn 1.3. Cho AABC can tai A. Diém
M chay trén canh BC. H, K lan lugt la chan
cac duong vudng goc ha tor M tdi AB, AC.
Chitng minh ring MH + MK khéng déi.

Cac em hay dung bai toan 1.3 dé tim cho
bai toan 1.2 mét 16i giai khac. )

* Bai toan 11a su két hgp co hoc gilta bai
toan 1.1 va bai toan 1.2. Su két hgp nay tuy

‘don gian nhung ciing ¢ mét bai toan mai. 05
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* Bai todn 1.4 (dé thi nam 2002 - 2003,
bai toan géc). Cho (O, R) va day cd dinh

AB = 3R ; P la trung diém chia cung nhé

AB. Pudng thing d quay quanh P, ludn cit
doan AB tai N (khac A, B) va cét (O) tai
diém thir hai la M. Goi / [a diém nim trén

doan BM sao cho Bl = %BM.

a) Ching minh rang AP la tiép tuyén ctia
dudng tron ngoai ti€p tam giadc AMN.

b) Hay dung dudng théng d sao cho téng
khoang cach tir diém / dén hai dudng thang
AO va AP |1a nho nhat.

Bai toan nay c6 cau a) la cau cd ban, con
cau b) dugc “diéu ché” tur bai toan 1.

e Bai toan 2 (dé thi nam 2003 - 2004, bai
toan géc). Cho nlra dudng tron tam O,
dudng kinh AB = 2R. Day MN = R di chuyén
trén nlra dudng tron. Puong thing qua M,
song song vdi ON cit AB tai E. Budng thdng
qua N, song song v8i OM cat AB tai F.

a) Chimg minh r&ng hai tam giac MNE va
NFM déng dang.

b) Goi / 1a giao diém ctia EN va FM. Hay
xac dinh vi tri clia day MN sao cho tam giac
MIN c6 chu vi 16n nhét.

L&i giai.

a) Trudng hgp 1. MN song song vdi AB.

Dé thdy AMEN = ANFM.

Trudng hop 2. %N khéng song song vdi AB.

M

S AE @) B F

DAt S = MN ~ AB. D& thély AMON déu.
Theo dinh Ii Ta-ét, ta c6 ME . ME
MN - NO
ViMN=NOy=M _MO _NM 4
SN~ NF T NF

(Vi ME I/ NO, MO Il NF, MO = NM).
Mat khac : EMN = EMO +OMN

= MON + OMN (vi ME /| NO)
=60° + 60° (vi AMON déu) = 120°;
Tuong tu : MNF = MNO + ONF

= MNO + NOM = 60° + 60° =120°,  (3)
Tu (1), (2), (3) suy ra AMEN v ANFM.
b) Trudc hét ta cd hai bai toan phu.
Bai todn 2.1. Cho doan thang AB va géc
a (0° < o < 180°). Tim quy tich nhing diém

M sao cho AMB =a..

Bai toan 2.1 la bai toan quy tich co ban
c6 trong chuong trinh Hinh hoc 9.

Quy tich nhiing diém M sao cho AMB =«
la hai cung chlra géc o dung trén doan AB.

Bai toan 2.2. Tim diém M thudc cung
chita goc o dung trén doan AB sao cho tam
gidc AMB cb chu vi Idn nhét.

Loi giai bai todn 2.2.

(2)

L&y diém N thudc tia déi cha tia MA sao
cho MN = MB. Ta c6 AMBN can tai M

= NMB = % = N thudc cung chira géc %
dung trén doan AB (theo bai toén 2.1).

Goi M, 1a trung diém cung chifa goc o dung
trén doan AB (M, thudc trung truc ctia doan

AB)va AMyB = 2.% = 2.ANB nén (My, M,A)

chira cung chira géc % dung trén doan AB.

V& dudng kinh AN, ciia (My, MyA).
Ta thdy, chu vi AAMB 18n nhat
< MA + MB 16n nhat & MA + MN |.(Jn nhét
< AN16n nhdt & N= Ny = M= M,
Bai toan 2.2 da dugc gidi quyét.
' (Ki sau dang tiép)

| ——



Ngoai viéc sé
phat hién duoc
nhiéu bai toan méi,
théi quen xem xét bai toan dao con gilp
cac ban hoc sinh ghi nhé, khdc sau néi
dung clia bai toan géc ciing nhu biét van
dung linh hoat bai toan dé khi giai toan.

Khong phai bat ki bai toan nao cling c6é
nhiitng bai toan dao clia n6. Dé du doan va
dé xuét dugc bai toan dao, ta can nghién
cltu ki gia thiét, két luan, ciing nhu cac 1di
giai clia bai toan géc. Sau day 1a mot s6 vi
du va bai tap.

Vi du 1.

Bai todn géc. Cho hinh thang vudng
ABCD (vudng tai A va B) va diém O la
trung diém cha AB. Pudng tron tam O,
dudng kinh AB tiép xic véi CD. Chimg

minh rang COD = 90°.

Chimg minh.
Goi M |a tiép diém clia CD va (O).
D
M
C
A o) B

Ta c¢6 ABCD la hinh thang vudng tai A
suy ra AD 1 AB = DA va DM clng |4 tiép
tuyén cla (O) = OD la phan giac cla
AOM. Tuong tu ta c6 OC la phan giac clia
BOM. Suy ra COD =90° (tinh chat phan
giac clia hai géc ké bu). :

KHKC SAU KIEN THUC

QUA BAI TOAN DAQ

HOANG VAN PAC

(Hiéu ph6, THCS Vi Hitu, Binh Giang, Hi Duong)

Nhién xét. Ngugc lai véi qua trinh chimng
minh trén, néu hinh thang viéng ABCD c6

COD =90° ma ta lai chitng minh dugc OD

la phan gi4c ctia AOM véi M thude CD va
OM 1 CD thi khi d6 CD sé la ti€p tuyén clia
(O) tai M.

Hoan toan chimg minh dugc diéu nay
néu ta dé y thdy ring OD déng thdi cling la
phan giac clia ADM. Bai toan do dudc
phat biéu va chimg minh nhu sau :

Bai todn ddo. Cho hinh thang vuéng
ABCD (vuéng tai A va B), O Ia trung diém
clia AB théa man diéu kién COD = 90°.
Chitg minh rang dudng tron tm O, dudng
kinh AB ti€p xuc véi CD.

Chung minh.

Goi K la trung diém ctia CD, suy ra :

D

A o) B
-Vi COD = 90° nén tam giac COD vuéng
tai O, suy ra KOD = KDO ; @)

- Vi O la trung diém cGia AB nén OK la
duong trung binh cla hinh thang ABCD,

suy ra OK // AD = KOD = ADO ()
(so le trong).

Tir (1) va (2) suy ra ADO = KDO = hai
tam giac vuéng ADO va MDO béng nhau
(canh huyén, géc nhon) = OM = 0A = M
thudc (O) = CD tiép xtc véi (O) tai M.




Vidu 2.

Bai todn géc. Cho diém M ndm ngoai
dudng tron (O), qua M ké tiép tuyén MT va
cat tuyén MAB téi dudng tron. Chimg minh
ring MT? = MA-MB.

Chung minh.

T

Do MT la tiép tuyén cta (O) nén
MTA = TBA, suy ra AMTA o AMBT (g.g)

= =—— = MT?2= MA-MB.

Bai todn ddo. Cho AABT néi ti€p dudng
tron (O). Diém M thudc tia déi cha tia AB.
Ching minh riing néu MTZ = MA-MB thi
MT la tiép tuyén cua (O).

Chung minh. Ta c6 AMTA ¢ AMBT vi
MT MA ., | .o .

B - M7 va gbc kep giua hai cap canh
nay cua hai tam giac la géc chung.

Suy ra MTA =TBA = MT la tiép tuyén
cta (O) (ap dung dinh li ddo vé géc gilta
ti€p tuyén va day cung).

Nhan xét. Hai bai toan géc trong vi du 1
va vi du 2 déu don gian va quen thudc déi
véi cac ban hoc sinh, tuy nhién cac bai
toan dao thi khé han. Qua viéc xét hai bai
toan dao nay, chung ta da phat hién thém
dudc cac ddu hiéu nhan biét tiép tuyén cla
dudng tron.

Cac vi du tiép theo sau day sé lai cung
cap cho chung ta mét s6 s6 diu hiéu nhan
biét tam giac vuéng va ti giac néi tiép.

Vidy 3.

Bai todn géc. Cho AABC vuéng tai A,

trung tuyé’h AM. Chitng minh rang :

CBA + CAM = 90°.
Chung minh. Ap dung tinh chat dudng
trung tuyén thudc canh huyén cla tam
giac vuéng ta c6 AM = AC = AAMC can tai

M = CBA + CAM = CBA + CBA = 90°.

Bai todn ddo. Cho AABC, AB = AC,
trung tuyén AMthéa man CBA + CAM = 90°.
Chimg minh ring AABC vuéng tai A.

Chung minh.

B D

90°% - a
A C

E)étEB7\=cx;C7\T4=90°—a.

Goi D 1a giao diém ciia tia AM va dudng
thang qua C vudng géc vdi AC, ta cb

CDA = o = CBA suy ra tit giac ABDC néi
tiép dudng tron dudng kinh AD.

Nhu vay dudng tron trén c6 dudng kinh
AD di qua trung diém M clia day cung BC,
¢6 hai kha nang xay ra :

Néu BC khéng la dudng kinh thi BC L AD
(tai M), suy ra ABC la tam giac can tai A,
trai vai gia thiét AB = AC ; Vay BC ciing la
dudng kinh = BAC = 90° = dpcm.

Nhén xét. & vi du nay, trong qua trinh
“lat ngudc” bai toan gdc, ta mai phat hién
ra bai toan ddo chi dung khi AB = AC.

Vi du 4.

Bai todn géc. Cho AABC vudng tai A va
néi ti€p dudng tron (O ; R). Goi do dai cac
canh BC, CA, AB lan lugt 1a a, b, ¢. Chimng
minh ring a2 + b? + ¢ = 8R2.

Chumg minh. Theo gia thiétta co;

b? + 2= a2 = (2R)? = 4R2. Suy ra dpcm.

(Xem tiép trang 24)




KHAC SAU ...

(Tiép theo trang 3)

Bai todn ddo. Cho AABC nbi tiép
duong tron (O ; R), cé d6 dai cac canh BC,
CA, AB lan lugt 1a a, b, ¢ théa man diéu
kién a2 + b2 + ¢? = 8R2. Chimg minh ring
ABC la tam giac vuong tai A.

Chimg minh. Ké dudng kinh AM, ta c6 :

A

M

AM? = (2R)? = AB? + BM? = AC? + CM2
hay 4R? = ¢® + BM? = b2 + CM?, suy ra
a?+b%+ c? = a° + 4R? - CM? + 4R? - BM?
= 8R? = BC? + 8R? - BM? - CM?
= BC? = BM? + CM?
= BMC la tam giac vudng tai M
= MB la dudng kinh ctia (O) = dpcm.

Vi du 5.

Bai todn géc (Dinh Ii Pto-Ié-mé). Cho tit
giac ABCD ndi tiép dudng tron. Chimg
minh rdng AB-CD + AD-BC = AC-BD.

Chung minh. B

D
B A“
" A
‘/
C
Trén BD |dy diém / sao cho IAB = CAD,
AB Bl

AIAB « ADAC (g. —_——
suy ra (g.9) = ¢ "D

= AB.CD = AC-BI. (1)

Tuong tu ta c6 AIAD ¢ ACAB, suy ra
AD-BC = AC-DI. (2)

Tur (1) va (2) suy ra dpcm.

Bai todn ddo. Cho tit giac ABCD thda
man AB-CD + AD-BC = AC-BD. Chimg
minh rang t&r giac ndi ti€p dudng tron.

Chimg minh. A

C
Ldy diém / nim trong BAD sao cho
JAB=CAD va IBA=ACD (luén dung
dugc), ta c6 AIAB ¢ ADAC (g.g) suy ra

é—B—=ﬂ:> AB-CD=AC-BI; (1
AC CD
Tt IBA = ACD suy ra BAC = IAD, két
hgp véi iBi = ﬂ = ABAC w»» AIAD
) AC CD
= 142 = E = AD-BC = AC.ID : (2)
AC BC

Ta(1)va(2)suyra:
AC-BD =AB.CD + AD-BC
= AC-Bl + AC.ID = AC-(BI +ID)

= BD=Bl+ID= B,/ D thing hang
= ABD = BA = ACD
= t{r giac ABCD ndi ti€p dudng tron.

Cac ban hay thr phat biéu dusi dang
diéu kién can va di cho ca két qua bai
toan géc két hop véi két qué bai toan dao.




HAl Pt

Mot dang toan lién quan dén nghiém clia
phuong trinh bac hai, kha phd bién trong
cac ki thi cudi c4dp, sé dudc gidi thiéu sau
day, dé la dang toan tim diéu kién dé-hai
phuong trinh béc hai ¢d nghiém chung.

e Bai toan tdng quat.

Cho hai phuong trinh bac hai :

ap+bx+c,=0; (%)
azxz +byx+c,=0. (%)

Trong d6 cac hé s6 a,, b, ¢y, a,, by, ¢,
la cac biéu thitc chira tham s8. Hay xac
dinh giac tri cGa tham s6 dé hai phuong
trinh trén c6 nghiém chung.

e Phuong phap giai.

Diéu kién can. Gia sl hai phuong trinh ¢
nghiém chung la x,, khi d6 ta c6 hé :

{a1x02 +byxg+¢1=0
a2x02 +boxg+6p =0.

Tiu hé phuong trinh trén, ta di xac dinh
gia tri ciia tham s6.

Diéu kién di. Thay gia tri cGa tham s6 tim
dugc d trén vao hai phuong trinh (*) va (**)
dé dé tim nghiém chung, két luan.

e Vi du.

Bai todn 1. Tim gia tri clia tham s& m dé
hai phuaong trinh sau ¢4 nghiém chung :

X-(m+4)x+m+5=0; (1)
-m+2x+m+1=0. (2)

NGUYEN THANH HAI

(Ph6 Hiéu trudng, THCS Nam Cudng, Nam Truc, Nam Binh)
A AR X R R R A EEEREE SRR R

Loi gidi.
Diéu kién cén. Gia s hai phuong trinh cé
nghiém chung la x,, ta c6 hé :

Xo2 —(m+4)xg +m+5=0
xo2 —-{m+2)xg+m+1=0.

Trir theo timg vé€ clia hai phuong trinh
trén ta c6 ~2x, + 4 = 0 < x, = 2. Thay vao
hé phuong trinh trén ta c6 m= 1.

Diéu kién di. Thay m = 1 vao cac
phuang trinh ban dau, ta tinh dugc nghiém
clia (1) 1a 2 va 3 ; nghiém chia (2) la 2 va 1.
Hai phuong trinhg cé nghiém chung la 2.

Vay gia tritim dugc la : m=1.

Bai todn 2 (Dé thi tuyén sinh vao Idp 10,
THPT chuyén Lé H6ng Phong, Nam Dinh).
Cho hai phuong trinh :

X2 -(2m-3)x+6=0;
2%+ x+m-5=0.

Tim gia tri clia tham s6 m dé hai phuang
trinh ¢ duy nhat mét nghiém chung.

Loi gidi.

Piéu kién cén. Gia sl hai phuong trinh c6
nghiém chung la x,, ta c6 hé :

X2 ~(2m~3)xg +6 =0 (3)
2xg% +xg +m-5=0. (4)

Tu(4)suyrams= —2x02 - Xg +5,
thay vao (3) tacé :

®)




4x¢> +3Xg% —Txo +6=0
< (X +2)4x9 —5x¢ +3) =0
& XxXg+2=0& x9 =-2,
thay vao (5), suy ram=-1.

Diéu kién du. V6i m = -1, thay vao hai
phuong trinh ban dau ta thdy ching cé
nghiém chung duy nhat 1a -2.

Vay gia trican tim la : m = 1.

Bai todn 3. Cho hai phuong trinh :
X+mx+1=0 (6);x%+x+m=0 (7).

a) Tim gia tri cla tham sd m dé hai
phudng trinh ¢6 nghiém chung ;

b) Tim gia tri cda tham s6 m dé hai
phuong trinh tuong duong.

Lo gidi.

a) Diéu kién can.

Gia sl hai phuong trinh ¢6 nghiém chung

2
la x,, ta c6 hé {x" +mxp +1=0
Xg +X9+m=0.

Trir theo timg vé€ cla hai phuong trinh
tréntaco (m-1)x,+1-m=0
& (m=1)xg-1)=0 o[mﬂ

Xg = 1.

Thay x, = 1 vao hé phuang trinh trén ta
com=-2.

Diéu kién du.

Vai m = 1, thay vao (6) va (7) ta thay
ching déu voé nghiém.

V@i m = -2, thay vao (6) va (7) ta thay
chdng cé nghiém chung la 1.

Vay gia tri tim dugc 1a : m = -2,

b) Goi Ny la tap nghiém cla (6) ;

N, la tap nghiém ctia (7).

Ta cé (6) va (7) la hai phuong trinh tuong
duang khi va chi khi Ng=N,.

Truong hgp 1. Ng = N, = &

Ag <0 2 _
<:>{ 6<. o 4<0<:>1<m<2.
A7 <0 1-4m<0 4 :

Truong hogp 2. Ng = N, = &.
Goi xq € Ng=N,,suyra:
x02+mx0+1 =0;x02+x0+m=0,

trirtheo timg vé tacé (m - 1)xg + 1 -m=0
= (m-1)x,-1)=0.

Néu m = 1 thi hai phuong trinh (6) va (7)
clng cé dang xo2 + Xy + 1 =0, phuang trinh
v6 nghiém, mau thuan véi Ny = N, = @.

N&u x, = 1 thi m = - 2, khi 46 N = {1} con
N, ={1; 2} suy ra Ng = N;, mau thuan.

Suy ra khéng cé gia tri nao ctia m thoa
man trudng hogp Ny = N, # &.

Vay cac gia tri clla tham s8 m dé hai

phuong trinh tuong duong la : %< m<2,

Bai todn 4. Cho a va b |a hai tham sé
khac nhau trong hai phuong trinh sau :
x> +ax+2b=0 (8);x?+bx+2a=0 (9).

Chimg minh réng néu hai phuang trinh
trén c6 duy nhat mot nghiém chung thi cac
nghiém con lai clia hai phuong trinh nay la
nghiém clia phuong trinh x% + 2x + ab = 0.

Loi giai.

Goi x, 1a nghiém chung duy nhét cla hai
phuong trinh (8) va (9), ta cdé hé :

{xo2 +axg+2b=0
Xo2 +bxg +2a=0

suy ra (a - b)x, = 2(a - b) = x, =2 (via = b)
thay vao (8)tacd :4 +2a+2b=0
>at+b=-2=>a=-b-2
=X - (b+2)x+2b=0=Xx,=2vax, =b.

Thay vao (9), tuong tu ta c6 x,= 2 va
X, = a.

Suy ra (x; + x,) = a + b va x;-x, = ab
= X, X, la hai nghiém cla phuong trinh
x2 - (a + b)x + ab = 0 hay phuong trinh
X2 +2x+ab=0, via+b=-2(dpcm).

e




\ déla:

1. Phuong phap st dung géc ba.

2. Phuong phap st dung tinh chat cda
hinh binh hanh.

3. Phuong phap stt dung tién dé vé dudng
thdng song song.

4. Phuong phap s dung tinh chét cla
dudng tron.

5. Phuong phap st dung hai tia tring
nhau hodc déi nhau.

6. Phuong phap str dung dinh Ili Mé-né-a-uyt.

Sau day t6i xin b8 sung thém mét phuang
phap khac.

7. Phuong phap thém diém.

Dé chimg minh ba diém A, B, C thing
hang, néu cé thé, ban hay xac dinh mét
diém D khac A, B, C ma ching ta chimng
minh dudc hai trong ba bo ba diém A, B, D ;
A, C, D ; B, C, D thdng hang, tir d6 suy ra
A, B, C, D thing hang.

Sau day la mét sd vi du.

Vi du 1. Cho hinh chit nhat ABCD cé tam
O, diém M ndm trén doan OB, diém E d6i
ximg véi diém A qua M, diém H 1a chan
duang vudng goéc ké tit E tai BC. Vé hinh
chit nhat EHCF.

Chimg minh ring M, H, F thing hang.

A B

M

D o F

BB P00 0000000000000 0000000000000R0000080AN00CC00CRRCPCERD0RDRLGS

BO SUNG MOT PHUGNG PHAP
CHUNG MINH BA DIEM THANG HANG

NGUYEN BUC TAN':

(TP. H6 Chi Minh)

Trén hai s6 45, 46 cla tap chi TTT2 da dua ra 6 phuong
phap cd ban, thudng g4p dé chimng minh ba diém thang hang,

Lai giai. Goi / 1a giao diém clia HF va
CE, suyra H, /, Fthang hang. . (1
Ta sé chitng minh M, /, F thang hang.
Trugc hét, vi Ht hudéc BC nén ta cé
BCD + HCF =180° suy ra D, C, F thing
hang. Ma O, M Ian lugt |a trung diém cla
AC, AE nén OM // CE, suy ra ODC = ICF
(hai géc déng vi). (2)

Céc tam giac ODC va ICF 1an luot can tai
Cval= OCD=0DC ;ICF = IFC. (3)
Tir (2), (3) suy ra OCD = JFC = IF // AC.
Mt khac, /, M Ian lugt Ia trung diém cla
EC, EAnén Mi |/ AC, suy ra M, |, F thang
hang. (4)

Tu (3), (4) suy ra M, H, I, F thdng hang
= M, H, F thang hang.

Vi du 2. Cho tir giac ABCD ndi ti€p
dudng tron (0). Goi E la giao diém clia AB,
CD ; F la giao diém cla AC, BD. Cac tiép
tuyén vai (O) tai B, C cét nhau tai M.

Chitng minh ring E, M, F thing hang.

P



sesssessduses

Lai gidi. Goi K 1a giao diém clia dudng

: tron qua B, D, Evaduongtronqua F, D, C
: (K khac D). Ta s& chitng minh K, E, M thing

hang va K, F, M thing hang. Ta c6 :
BKC = BKD - DKC = 180° —- AED-DFC
(vi hai tif giac BKDE, DKFC néi ti&p).
Mat khac, sd/TE\D + sdD/I_:\C =

(sdAD - sdBC) +— (sdAB+stD)

—_ I\JI_L

-—(sdBADC sdBC) sdBMC suy ra

AED + DFC = BMC = BKC + BMC = 180°
= tif gidc BKCM ndi tiép = BKM = BCM.
Talaicod :
BCM = BDE (tinh chat ciia géc giita tiép

. tuyen va day cung) ;

BDE = BKE (vi tir giac BKDE ndi tiép).
Suy ra BKM = BKE = hai tia KE, KM

: trling nhau = K, E, M thdng hang.

Tuong ty, ta cd CKF = CKM suy ra hai tia

! KF, KM tring nhau = K, F, M thing hang.

Tur d6 suy ra dpcm.
Bai tap ap dung.
Bai 1. Cho hinh thang can ABCD

: (AB// CD), goi O |a giao diém ciia cac canh

: ACva BD ; M, N, P Ian lugt la trung diém

clia cac canh AB, BC, AD. Goi E la trung

: diém clia doan PN. Chimg minh rang M, O,
: Ethdng hang.

Bai 2. Cho dudng tron (O) néi tiép tam

: giac ABC. Goi D, E 1an lugt Ia cac tiép diém
clia (0) véi BC, CA. Budng thing qua B

vuéng géc véi AO tai F. Chimg minh ring
D, E, F th&ng hang.
Bai 3. Cho tir giac ABCD ndi tiép dudng

: tron (O,) va ngoai tiép dudng tron (O,).

Dlem O 1a giao diém cha AC va BD. Chimng

mlnh ring O, 01, 0, thing hang. -

: Hudng dan giai ...

(Tiép theo trang 10)
A

Tuy nhién, EBM <90° va EDM =60°
suy ra EBM + EDM <150°
= BED + BMD'> 210° = BED = BMD
= ABED = ABMD = BE = BM = [E = IM.
Tuong tu, ID = IM, suy ra I la tam dudng
tron ngoai ti€p clia ADME = BIC =120°
= BAC =60° = AH = OH.
Bai 5.
ea+b+c=6>a+b=6-c¢
= 9=ab+bc+ca=ab+c(a+b)
=ab+c6-c)=>(c-32=ab20;:
tuong tu ; (b—3)2=ca20;
(@ -32=bc>0.
ea+b+c=6>0= a,b, c khéng thé
cing am ho3c bdng 0 => ¢ >0; a=0 thi
b=c=3,trdigidthi®t>0<a<b<ec.

. ab<[a+b
2

=c?-4c<0>c(c-4)<0>0<c<4;

NEuc<2thi6=a+b+c<3cc<6,
voii;

Néuc>2thi-1<c-3 <1
—>ab=(c-3’<1=>a<1,ma(a -3)°=
=bco>bc>4, mac<4=b>1.

.Neub>3th|a+b+c>b+c>2b>6
voli=b<3.

e(@ - 3)(b-3)(c-3)=abc-3(ab +bc

2
] = 4(c-3)% <(6-¢)?

+ +ca)+9@+b+c)-27=abc>0;¢c-3>0
: >¢c>3=>0<a<1<b<3<c<4



PHUCNG PHAP DON BIEN BE CHONG MINH BAT BANG THOC THUHI] I]HHT

ThS. NGUYEN VAN THONG (t6 trudng t6 Toan, THPT chuyén Lé Quy D6n, TP. Ba Néng)

Ham s6 F(a ; b ; ¢) véi cac bién a, b, c dugc
goi 1a ham thuan nhat bac o néu v8i moi s6

thuc t tacd: F(ta;th;tc)=t*Fla;b;c).*

B4t dang thitc c6 dang F(a ; b ; ¢) > 0 véi
F la mot ham thuan nhat bac o dudc goi la
bat d&ng thirc thuan nhat bac a.

Phuong phap dén bién ia phuong phap
lam giam sé bién cla ham s&, duya ham s6
vé dang don gidn hon. Ta sé sl dung
phuong phap nay dé chimg minh bat ding
thirc thuan nhat.

Thay vi phai chimg minh truc tiép bat
dang thitc F(a ; b ; ¢) 2 0, ta sé& chiing minh
cac bat déng thitc trung gian vai s6 bién it
hon.

Sau day la mét s6 vi du minh hoa.

Vidu1.Choa;b;CGE;3}.

Chimg minh LA 4
a+b b+c c¢c+a 5

L&i giai.

PatF@a: bic)=—v P

+ .

a+b b+c c+a
V@i vai trdo nhu nhau, khong 1am mat tinh
téng quat, gid sta=max{a;b;c} tacd:

a b ab
_a_ 2Jb
a+b \/5+\/‘
F(a;b; \/—
2J—
Ja+b

suyra F(a;b;c)
b c
= +
b+c c+a

(Va -vb)(ab - c)?

= >0

(b+c)(c+a)( «/5+«/5
= F(a;b;c)> F(a;b;Jab). (1)
Datx=\/§s3[via;b;0e[-1-;3D,

b 3

tacod

a b \/— ——-:———.2—\/5__1

5 a+b \/5+\/E 5

B x2 . 2 _Z_3—7x+8x2—2x3
244 x+1 5 5(xZ +)(x +1)

_B-xPed-x?] o @)
5(x2 +1)(x +1)

Pingthic xdyra < (a; b c) =[3 ;%;1)
va cac hoan vj clia né.
Tir (1), (2) suy ra diéu phai chirng minh.
Vidu2.Choa; b; clacac s6 khong am
va khéng c6 hai s6 nao cung bang khéng.
Chimg minh ;
ab+bc+ca ab+bc+ca ab+bc+ca
+ + 2
b? —bc+c® c®-ca+a® a’-ab+b?
L&i gidi. Dat F@a; b c) =
_ab+bc+ca ab+bc+ca ab+bc+ca
b?-bc+c? c?-ca+a’® a®-ab+b?
V@i vai trd nhu nhau, khong lam maét tinh
tdng quat, gid sta<b<c,tacd:

Fla:bio)~F(0;b;0)= -2t
b* -bc +c”

. a(c? +2bc - ab) . a(b? + 2bc - ac)

* ¢? _ac +a? a% —ab+b?




a(b+c) . a(bc - ab) . a(bc —ac) S
ﬂbz—bc+cz c? ~ac+a? a2—ab+b2_
suyraFa;b;c)=zF0;b;c). (1)

Talaic6 F0;b;¢c)-3=

0

bc b ¢
= 2+—+—-—3
b4 -bc+c® ¢ b
4
(b-0) >0. @)

be(b? - be +¢?)
Dingthitc xayra<> (a;b;c)=(0;1:1)
va cac hoan vi clia né. ’
Tu (1), (2) suy ra diéu phai chitng minh.
Vi du 3. Cho a ; b ; c la cac sd thuc
duong théa man abc = 1. Chimg minh :
(@a+b)b+c)c+a)+7=25(@+b+c)
L&i giai. Khong lam mat tinh tdng quat,
gdsta=max{a;b;cjvadatx=b+c.

Tacbaz1: xzz\/R=i>o. (1

Ja
XétF@a;,b,c)=
=(a+b)b+c)c+a)+T7-5@+b+c)
= x(ax + a2 + bc) + 7 - 5a - 5x
=ax?+(a®+bc-5)x+7-5a

2 2 2 2
a‘+bc-5 a‘+bc-5
=aj X+ - +
2a 2a

+7-5a.

@)

(3)
Tu (1) suyra:
a®+bc-5_ 2

X+—m———2—+

2a a 2a

2 1
2a+g—-5 1

>S4 =-—[a2+l—1]>0.
a 2a 2a a
Tu (1), (2), (3), (4) suyra:

Fla;b;c)=ax?+(a®+bc-5)x+7-5a>

a?+bc-5
—_—>

(4)

2V 2

>al—| +(@a“+bc-5)—+7-5a
[\/5] Ja

22+l 5)411-5a

Ja a

E)att=\/521,tacézF(a;b;c)z
2,5 1
> —(a“+—-5)+11-5a
Ja a
218 -5t + 11t ~10t2 + 2

t3

(-2t - - 412 1 4t +2)
- 3
=12t % -4t +3t 4 1)
> 3

_(t-1*@2t+3)
e

> 0 (dpem)

(dang thitc xdy ra<> a=b=c = 1).
Bai tap van dung.
Bai 1. Cho a; b; ¢ la d6 dai ba canh cla
mot tam giac. Ching minh :
a . b c . 5\2 -4
b+c c¢+a a+b 2
Bai 2. Cho a : b clala cac sé thuc
duong, théa man a% + b2 + ¢ = 3.

Chimg minh : 5(a+b+c)+—3—218.
abc

Bai 3. Cho a ; b ; c la 1a cac sd thuc
khong am. Chimg minh : %(a +b+c) 2
>a*b + c) + b*c + a) + c*a + b).
Bai 4. Choa;b;ceB—;Z].
Chimg minh rang :

8[i+2+—c-]25[2+£+i)+9.
b ¢ a a b ¢

Bai5 Choa:b:c¢ 2?23-, théa man diéu
kién a + b + ¢ = 3. Chimg minh réng :

a2b? + b%c? + c?a? > ab + bc + ca.

Bai 6. Cho a; b; ¢ ; dla cac sé thuc
duong, thda man a + b + ¢ + d = 4. Chimg
minh : 3(a% + b% + ¢ + d?) + 4abcd > 16.

| p——



o DE c6 mot tu
duy gidi toan tét thi
viéc tim téi sang tap
trong khi hoc toén la hét suc can thiét. Qua
bai viét nay toi xin trao d6i cung cac ban vé
mot bai toan c6 thé ing dung dé gidi nhiéu
bai toan khac.

Bai toan (*). Cho a, b, ¢ la nhitng sé thuc
bat ki va x, y, z 1a nhimg s6 thuc duong.
Khi d6 ta ludn c6 cac bat ding thirc sau :

a® b? (a+b)2
— > —_—

a) (1)
X y X+y
2 .2 2 2
b)a_+b_ ¢ (atb+ey 2)
y z X+y+2z
L&i giai.

_a) Do x, y la cac sd thuc duong nén bat

dang thic (1) tuong duong véi

(@%y + b?X)-(x + y) > (a + b)°-xy

o azxy + b2xy + azy2 + b2 >
> axy + b?xy + 2abxy
o a%y? + b2x? ~ 2abxy > 0 = (ay ~ bx)2 2 0
B4t dng thic nay luén dung véi moi a,

b, x, y, suy ra (1) dugc chimg minh.

b) Ap dung hai lan lién tiép cau a) ta ¢cé :

a®> b? c (@+b? c® _(a+b+c)
—_—t—t—
X y z X+y z X+y+2z
suy ra (2) duge chimg minh.
Nhan xét.
2 - 2 2, a b
-Pangthc xayrad (1) o —=—;
Xy
2 , 2 2, a b C
dangthilcxayrao (2) & —=—=—,
X y z

- Qua cac chimg minh trén, ta ¢é thé dé
dang phat biéu va chimg minh dugc bat

Mér KET QUA
€O NHIEU UNG DUNG

LE BA HOANG
(Phong GD-BT Héng Linh, Ha Tinh)
d&ng thic t8ng quat chia (1) va (2) cho n s
thuc bat ki a,, a,, ..., a, va n s6 thuc duong
by by, b
e Sau day la mét s6 bai toan ma 10 giai
cua chung dugce ap dung bai toan (*).
Bai toan 1. Cho ba sd thuc duong a, b, c.
Chimg minh rang :
a° b? c? at+b+c
+ + > .
b+c c¢+a a+b 2
Lai gidi. Ap dung bat dang thirc (2) ta co
a’ . b? . c? (@+b+c)
b+c c+a a+b b+c+c+a+a+b

2 b2 c? >a+b+c

a
+ 2

b+c c+a a+b 2

Bai toan 2. Cho ba sé thuc duong a, b, ¢

théa mén a + b + ¢ < 1. Chitg minh ring :

1 + 1 + 1 >9.

a’+2bc b®>+2ca c¢®+2ab
(Dé thi vao chuyén toan DHTH Ha Noi,
né&m hoc 1992-1993)
L&i gidi. Ap dung bat ding thirc (2) ta cé
1 . 1 . 1
a®+2bc b%+2ca c?+2ab
(1+1+1)2

a% +2bc +b% + 2ca+c? +2ab

=—g >g =9.

(@a+b+cP 12

(dpcm).

2

Bai toan 3. Tim gia trj 16n nhét cta téng
1 1 1
+

P= +
xa+yb+zc xb+yc+za xc+ya+zb

theo cac hing s duong x, y, z, trong dé

‘a, b, ¢ la cac s6 duong thda man déng thitc




_1..+_1_+_1.=1.

Lai giai. Ap dung bat ddng thirc (2) ta c6

x y z x2 y2 2>(x+y+z)2

—t—=—t—t—2 .
a b ¢ ax by cz ax+by+cz

Dats=x+y+2z suyra

_1—Si_[x+y+£
xa+yb+zc s2\la b ¢
Tuong tu ta co

1 1(x y z).
SIS L A A
xb+yc+za g2

__1__ < _1_.[)( + — Y + Z]
xc+ya+zb &2

Cong theo tifng vé& clia ba bat déng thirc
trén ta duoc P <i l+-1-+_1_]=l_

s2la b ¢ s

Ping thifc xdy ra > a=b=c=3.

Vay P dat gia tri I6n nhat |3 ————.
X+y+2z

Bai toan 4. Tim gia tri nho nhat cia ham
s0 y=—2—+l vei 0 <x <1,

1-x x
L&i giai. Ap dung bat dng thirc (1) ta c6
2
2 +l (\/EH) =3+22.

=1—x X 1-x+x
Dang thitc xay ra khi va chi khi
1-x x 1-x+x

Vay ham s8 da cho dat gia tri nhd nhat

la 3+2V2.

Bai toan 5. Cho ba s6 duong x, y, zthda
man x + y + z = 1, Ching minh rang :
3 . 2
Xy +yz+zx  x2 +y2 +2°
L&i giai. Ap dung bat dng thirc (1) ta'co
(/6)? (V2)°

B 2xy +2yz +22x  x? +y? 4 72

A= >14.

_2xy+2yz+2zx+x2+y2+z

thic M=

(V6 +2)?

2

8+4\/§

=—— " _=8+4+/3 >14 (dpcm).

(x+y+z)2

Bai toan 6. Tim gia tri nho nhat clia biéu
1 1

+ ., biét
1-2(ab+bc +ca) abc

a, b, ¢ la ba sé thuc duong cé tdng béng 1.

Loi gidi. Taco (@a+b +c)2 =1

o a?+b2+c%+2ab+2bc+2ca=1
& 1-2(ab+ bc + ca) = a% + b% + 2.

Dod6: M = 1 >+ L
a’+b%+c? abc
1 a+b+c
= +

a? + b? + ¢2 abc
1 1 1 1
= 4 .

Mat khac, theo bat ding thirc (2) ta cé

_1_+_1_+ (1+1+1) _ 9
bc ca ab bc+ca+ab bc +ca+ab
=M:2 1 + 9 >

82+b2+02 bc+ca+ab
(+1+1?

= +
a® +b% +¢% +2bc +2ca+2ab
7 9 7
+ = +
bc+ca+ab (g+b+c)> bc+ca+ab
B 7
bc+ca+ab’
Ta lai chitng minh dugc :
2
0<ab+bc+casm=—1—, suy ra
3 3
7

_ > 21=> M=>9+21=30.
bc+ca+ab

Péng thifc xay ra <:>a=b=c=%

Vay M dat gia tri nhd nhét Ia 30.
(Xem tiép trang 21)




B4t ding thic Cé-si cé rat nhiéu (mg
dung. Bai viét nay xin trinh bay phuong
phap sl dung ki thuat “diém radi” (gia tri clia
bién dé xay ra dng thirc) két hop vdi bat
dang thirc Co-si trong cac bai toan chimg
minh b&t d&ng thic.

Bat ding thirc C-si.

Néu a,, a,, ..., a, la cac s6 khéng am thi

ag+ay+..+a
#2”[81.az.“_.an.

n

Dang thitc xdy ra < a, = a,= .. =a,.

2
Viéc xac dinh diéu kién clla bién dé xay
ra ding thitc trong bai toan b4t ding thirc 1a
rat quan trong, nd sé giup ta rat nhiéu trong
viéc dinh hudng giai quyét bai toan. Vi du
dau tién la mét bat dang thirc don gian.

Bai toan 1. ChoO<a<l

2
, N 1.9 .
Chung minh rang a+ _2>§ )
i ias g 1 .1
Lgigiai. Vi0<a<— nén — >4,
2 a2

Mat khac, khi a = % thi dang thitc xay ra

a(yva - 5+ Do do, &p dung bat dang
2 16a
thirc C6-si, ta nhan dugc :
J.d_a,a 1 15
a® 2 2 16a° 16a®

CAO MINH QUANG

(THPT chuyén Nguyén Binh Khiém, Vinh Long)
PLLLLLP4 44444444044

23333 1 +15>3 15 9
16a2

+— .

2 2 1632 4 4 2
Nhan xét. Ta c6 thé chimg minh bét
d3ng thirc trén bing céach khac, nhung ré
rang 16i gidi trén kha gon gang va dep mat,

sau khi ta xac dinh dudc “diémroi” 1a a = %

Bai toan 2. [Japan, 2005] Cho a, b, c la
céc s6 thuc duong thdamana+ b +c= 1.
Chimg minh rang :

aleb-c+bf+c-a+c+a-b <1.

L&i gidi. Tanhanthdy,nua=b=c= -:1;

thi dAng thirc xy ra & bat dang thic trén.
Ap dung bat dang thitc Co-si, ta c6

a+b-c=a-31-(1+b-c) <

saw 3(3a+ab ac)

suyra a-Y1+b-c s%(3a+ab—ac)
Chimg minh tuong ty, ta ¢ :

b-A+c-a<— (3b+ bc ~ ba) ;
c-Y+a-b<

Céng theo tifng v& ba b4t ding thirc trén,
ta suy ra bat déng thirc can chimg minh.
Bai toan 3. [IMO, 1995] Cho a, b, c la

—_

(3c +ca-ch).

wl_xw

‘cac s6 thuc duong thda man abc = 1.




\

Chimg minh réng :

1 1 1 3

3 + 3 + 3 2 —.

a’(b+c) b’(c+a) c’(a+b) 2
Loi giai.

DAng thirc xay ra khia=b=c=1. Khi dé
1 _b+c
ad(b+c) 4bc’
Vi vay, ap dung bat ding thirc Co-sita co ;

1 +b+c> _ 1 .b+c_1
al(b+c) 4bc aS(b+c) 4bc a
1 1[1 1]
Suy ra -3—2——— —+—
a’(b+c) a 4\b ¢
Chimg minh tuong tu, ta c6 :

1 1 1[1 1].
——— | =t — [}
bdc+a) b 4lc a

1 1 1[1 1]
—_— | =+
c3a+b) ¢ 4la b

Cong theo timg vé ba bat ding thic trén
va &p dung bat dang thitc Cé-si, ta co
1 . 1 . 1 5
a3(b+c) b3(c +a) 03(a+b)

1M1 1 1 1 /1 3
2—|—t=+—|2=-3.3J—=—,
2la b ¢ 2 abc 2
Vi du tiép theo la mot “dién hinh” cho viéc

st dung ki thuat nay.
Bai toan 4. [Poland, 1995] Cho ba s6

thuc a, b, ¢ déu khdéng nhd hon —%, thda

man a + b + ¢ = 1. Chitng minh rang :
a b c 9

+ + <—.
a®+1 b2+1 c?+1 10
Loi gidi. Ta dé y réng

a b c

+ <

a>+1 b2+1 c?+1

Wl
c? +1

B a® +1 b2 +1

Do d6, ta chi can chimg minh bat dng
thitc véi diéu kién a, b, ¢ déu khong am va
a+b+c=1. Chuy, ddng thitc xay ra khi

a=b=C=%. Khi dé az=b2=02=-;-. ap

dung b4t ddng thirc Co-si cho 10 s& gém a?

2
a” _10 sa;
9 9
4

a2+1=az+l+...+1210-10
9 9
a

végsé'ltacé:
9

_Q_ a

a
suy ra < =

a®+1 10 s

4
o
-U'l
LN
A

-¥3a
9
a+a-Fa+a+1
si——3=i 4a+lJ
10 5 50 3
= a <i 4a+-1-],
a®+1 50 3

Chimg minh tuong tu, ta ¢6 :

b si[4b+l]; ¢ si[4c +1]
b?+1 50 3) ¢?+1 50 3

Céng theo timg vé ba bat dang thic trén,
ta suy ra bat ddng thitc can chimg minh.

Ciing vdi ki thuat chon “diém rai”, ta con
c6 mét cach chimg minh khac, ap dung bat
dang thirc Cé-si, ta ¢ :

a2+1=a2+1+§22,fa2-1+§=68+8
9 9 9 9 9

< 9a 3 6 .
a2+1 6a+8 2 3a+4’
Chimg minh tuong tu, ta cé :

b 3 6 c 3 6
<=- ; <=- )
241 2 3b+4 2,14 2 3c+4
Céng theo ting vé& ba bat ding thirc trén,
ta nhan dudc : a_. 2b + 20' <
‘ b +1 ¢ +1

2
(Xem tiép trang 25)

suy ra

a“ +1




Bai toan ma téi
néi dén 1a mot bai
toan trong ki thi HSG
Toan I6p 9, TP. Ho
Chi Minh, nam hoc
1999-2000 : )
Bai toan. Cho a, b, ¢ la ba s6 thuc khdng
" &m. Chimg minh réng :

(@a+b-c)b+c-a)c+a-b)<abc.

L&i gial.

Ta nhan thay téng cta hai trong ba s6
hanga+b-c;b+c-a;c+a-bdéu
khdng &m nén chi c6 nhiéu nhat mot s6 am
trong ba s& hang trén.

Né&u trong ba s6 hang trén c6 méot s6 am
thi bat d&ng thirc can chimg minh hién
nhién dung.

Né&u ca ba s hang trén déu khong am, ta cd
a®za’—(b-cP=(a+b-c)c+a-b)20
tuong tu, ta cé

azz(a+b—c)(c+a—b);
b’2(a+b-c)b+c-a);
c?>(b+c-a)c+a-b)

Nhan theo timg vé& ba bat déng thitc trén
suy ra
a%b%c? > (a+b - c)X(b + c - a)’(c +a - b)?
=(a+b-c)b+c-a)c+a-b)<abc.

e Phép chimg minh bat ding thirc trén
kha don gian va quen thudc vdi nhiéu ban,
nhung bat dang thitc nay lai dudc itng dung
dé giai nhiéu bai toan khé.

Vi du 1 (dé thi IMO nam 2000). Cho a, b,
c la ba s6 thuc duong théa man abc = 1.
Chimg minh rang :

o e

L&i giai. Ap dung bai toan trén cho ba s&

MOT BAI TOAN THU VI

NGUYEN TIEN LAM

(Lop 12 Toan, THPT chuyén L& Quy Dén, Quang Tri)

ducngléa;1;—;-tacéz

[a+1—-1-][1+1—aJ —1-+a—1 <2
b b b b
1

o(a—1+1j(ab+b—1)(l+—1-—1js1
b a ab

Q(a—1+-1-][b—1+l][c—1+1]s1.
b c a

Vi du 2. Cho a, b, c |a ba s thuc khong
am c6 téng bang 1. Chimng minh rang :

5 15 1

a3+b3+c +—abc = —.
. 4 4

L&i giai. Ap dung bai toan trén ta c6 :
(a+b-c)Yb+c-a)c+a~b)<abc
& (1 - 2c)(1 - 2a)(1 - 2b) < abc

<:>§—3(ab+bc+ca)+gzab020
4 4
< (a+b+c)® -3(ab+bc+ca)a+b+c)+

+—-abcz1

4
@(a+b+c)(a2+b2+c2 —-ab-bc-ca)+

+2—7-abcz—1—

4 4

5 15 1

osat+bd+c +—abc > —.
4 4

e D& nghij cac ban l1am hai bai tap sau.

Bai 1. Cho a, b, c la d6 dai ba canh clia
mot tam gidc ¢ chu vi bang 3. Chimg minh
ring 3a? + 3b? + 3¢2 + 4abc > 13.

Bai 2. Cho x, y, z1a ba s6 thuc khong am
c6 téng bang 1. Chimg minh ring :

7
O<Xy+vyz+2zx-2xXyz < —.
yty Y. 27
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Trén TTT2 s8 52, nha gido Nguyén
Thanh Hai da gidi thiéu dang toan tim diéu
kién dé hai phuang trinh bac hai cé nghiém
chung. Qua bai viét nay, t6i mudn tiép tuc
gidi thiéu nhitng ma rong clia dang toan dé
théng qua cac bai toan sau.

Bai toan 1. Hai phuang trinh bac hai :

apx?+bx+c,=0;ax>+bx+c,=0
cd modt nghiém chung. Chirng minh réng :
(848, — 8,617 = (@b, — 8,b,)(b4Cy ~ by, ). (%)
(trich dé thi tuyén sinh THPT
tinh Quéng Ngai, nam hoc 2006-2007)

Loi giai. Goi x, la nghiém chung cla hai

phuong trinh da cho, khi d6 ta c6

ax5 +byxg +¢1 =0 (1)
azxg +boxg+cp =0. (2)

Nhan hai vé cla (1) véi a, ; clia (2) véi a,
rdi trir theo timg vé cla hai dang thirc mdi,
ta c6 (a,by — a;b,)x, + a,¢4 - a,c, = 0. (3)

Nhan hai vé ca (1) vdi b, ; clia (2) véi b,
roi trif theo timg vé& cla hai ding thitc mdi,
ta c6 (agby - 8by)x5 +baCy — bycp =0. (4)

+ Néu a,b, ~ a,b, = 0 thi tir (3) suy ra
a,c, - a,c, =0 = (*) dung.

+Né&u a,b, — a,b, = 0 thi tir (3) va (4) suy
_ bicy —by¢4

atby —anby.

a1y —axC1 | 2

» Xp
azby —asby

ra xg =

00 000800000000 00800880000 00000R000CE0C0000FCRLILIRNLIEIE0LIIIIIRREOERIIPBROISEROROIOIANITITOIOIOIECREOIROIDIOSTITITITDOIEOS

NGUYEN NGOC PHIEN

(I6p 10 Toan-Tin, THPT chuyén Lé Khiét, Quang Ngai)

_, biC2 - Doy _ (3102 — 801 T
aiby —axby  { axby —asb;
= (8,0, ~ 8,C,)? = (a,b, ~ a,b,)(b,C, — b,C,).
Vay bai toan dudc chimg minh.
Bai toan 2. Hai phuang trinh :
X2+ax+6=0;x2+bx+12=0
c6 mot nghiém chung. Tim gia tri nhd nhat
clia biéu thirc |a| + |b].
Lai giai. Goi x, 1a nghiém chung cla hai
phuang trinh da cho, khi dé ta cé

x§

+axg+6=0;

()

(2)

Cang theo timg v& clia (1) va (2) ta co
2x3 +(@+b)xg+18=0. (3)

Ton tai x, < phuong trinh (3) phai c6

x§+bx0 +12=0.

nghiém <> A>0 < (a+b)? - 14420

o (a+ b2 2144 < |a| + |b] = 12.
Suyra|al +|b| 2 |a+ b| 2 12.

ab=20;

la+b|=12.

+N&u a+ b =12 thi tr (3) suy ra

2x8 +12x5 +18 =0 x4 +6x5 +9=0

DAng thifc xdy ra < {

o (xg+3)° =0 & xg = -3,

thay vao (1) va (2) suyraa=5;b="7.
+Néua+b=-12thitr(3)suyra
2x5 ~12x, +18 =0 < xg = 3,

thay vao (1) va (2)suyraa=-5;b=-7.
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Vay gia tri nhé nhat clia |a| +|bl1a 12, dat
« dugc khi (a ; b) ba&ng (5 ; 7) hodc (-5 ; 7).
Bai toan 3. Hai phuong trinh :
: xX*+ax+b=0;x2+cx+d=0
: ¢6 mét nghiém chung. Chimg minh rang :
(b - d)? + (a - c)(ad - bc) = 0. (**)

evevevsreccccsssssnnsensese ®epecscen

L&i gidi. Goi X, la nghiém chung clia hai

phuong trinh da cho, khi d6 ta co
M

¥
x§ 2

Trir theo titng vé cla (1) va (2) ta cd
(@-cx,+b-d=0. (3)

+axg+b=0;

+cxg+d=0.

: d6 (**) hién nhién dung.

MOT KET QUA ...

( Tiép theo trang 3)

e Mong réng cac ban sé tiép tuc tim
thém dugc nhiéu ing dung clia bat dang
thirc céc da cho. D€ két thuc bai viét nay,
dé nghi cac ban lam céac bai tap sau day.

Bai 1. Cho x, y, z la cac sé thuc duong

* va x2+ 2+ 2% = 3. Tim gia tri nhd nhat clia

* bidu thirc P =

1 1 1
+
1+ xy

+ .
1+yz 1+2zx

Bai 2. Cho x, y, z |a cac sé thuc duong

! * thda man x + 2y + 3z = 6. Chimg minh
+Néua-c=0thia=c suyrab=dkhi :

©rang —+—+—21+

+Néua-c=0thiazc tr(3)suyra :

: Xo =u, thay vao (1) ta c6
: a-c

[d - bjz d-b
+a-

a-c a-c

o (d-b)? +a(d-b)a-c)+b@-c)? =0

< (d - b)2 +(a-c)ad - bc) =0 (dpcm).

e Bai tap réen luyén.

Bai 1. Cho hai phuong trinh :

x2+mx+n=0;x2+px+q=0.

+b=0

1 1 1 J2+J3+6
_—

X y z
Bai 3. Tim gié' tri nhd nhat clia biéu thic

s P= vdi a, b, cla cac so thuc

J_J—f

duong thbamana+ b+ c23.

Bai 4. Cho x, y la 2 s6 thuc dudng thda

man x +y = w . Tim gia tri nhd nhat cla

: biéu thic P =

Bi&t (m - p)2 + (n - )2 > 0. Chimg minh -
: rang, néu hai phuong trinh c6 dung mét :
nghiém chung thi hai nghiém coén lai la hai :

: s6 hitu ti phan biét.

Bai 2. Cho a, b, ¢ 1a ba s& ddi mét khac

: nghiém chung :
x2+ax+bc=0;:x%+bx+ca=0.

phuadng trinh trén ;

:  b) Chimg minh rang, hai nghiém con lai :
: clia cac phuong trinh trén 1a nghiém cla :

: phuang trinh x2 + cx + ab = 0.

ooooooooooooooooooooooooooooooooooooooooo

2006
2006 1

x 2006y’

(Trich dé thi gido vién gidi tinh Ha Tinh,
nadm 2006-2007)
Ldi tda soan. Thuc chat cac bat ding

: thire (1) va (2) suy ra ngay tir bat déng

(trich dé thi tuyén sinh THPT * thic Bu-nhi-a-cop-xki:

? 2 -~ - . 2 2
tinh Quang Ngéi, ném hoc 2004-2005) ; a_+b_ (x+y)2 i.\/}+_b_.
. S 4 JIx \/;
: nhau, ¢ = 0 va hai phudng trinh sau c6 mét - p
: =(a+b)";

c (2 2 2
s b— < (x+y+2z)2
a) Tim hai nghiém con lai cla cac : AV 7 y -

ﬁf .

Xy

z[f_x—-\/;+

2
b c .
b ] -

: =(a+b+c)2.
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Cho xOy cd phén gidc Oz. Trén tia
Ox ldy hai diém A, B va trén tia Oy ldy
hai diém C, D sao cho A thuéc doan OB,
C thudc doan OD va AB =CD. Goi M, N
lan luot la trung diém cua AC, BD.
Chung minh réng MN // Oz.

C6 nhiéu dau hiéu dé nhan biét hai
dudng thdng song song nhut : cac goc & vi
tri ddng vi, so le trong, so le ngoai bang
nhau ; hai dudng thdng ciing vudng géc
v8i duding thing thif ba ; hai dudng thng
cung song song vdi dudng théng thir ba ;
phan giac clia hai goc béng nhau cé cac
canh tuong g song song ; tinh chat clia
hinh binh hanh ; tinh chat clla cac doan
thang ti 1& ; ... TUr nhimg dau hiéu nhan biét
do, ta hi vong sé xac dinh dugc céac
phuong hudng chimg minh thanh céng.

Trén thuc t&, dua vao cac dau hiéu nhan
biét néu trén, ta da co téi thiéu mudi cach

chitng minh sau day.
Cdch 1.

CHGTG MINK HinK KoC BANG U CAck

NGUYEN NGOC THUY (THCS Thj C4u, Béc Ninh)

Chung ta déu biét, nhiéu bai toan cé thé giai bang nhiéu cach,
nhét 1a cac bai toan chimg minh hinh hoc. Viéc tim nhiéu cach
gidi cho méi bai toan sé gilip ban ghi nhd va biét ap dung triét dé,
linh hoat cac kién thitrc da hoc khi giai toan. Xin néu mét bai toan
quen thudc cla [dp 8 lam vi du =

Goi K 1a trung diém clia BC.

TUrAB = CD va tinh chéat dudng trung binh
trong tam giac, ta c6 MK //AB ; NK // CD ;
MK = NK. Goi P, Q 1an lugt la giao diém
cla MN vdi Ox, Oy. Suy ra tam giac MKN
can tai K va OQP = KNM = KMN = OPQ
(tinh chat géc ddng Vi) = tam giac POQ
can tai O '

= 2x0z = xOy = 20PQ = x0Oz = OPQ (1

hai goc dang vi) = Oz // PQ hay Oz // MN.
Cdch 2. X

y
D

Xac dinh P, Q nhu cach 1 va dung hinh
binh hanh ABED. Do d6 :

DE // AB ; DE = AB = DC suy ra tam giac
CDE can tai D, DCE = DEC ;

N 1a trung diém clia AE va MN la dudng
trung binh clia tam giac ACE, suy raMN // CE
hay PQ // CE = OQP = DCE (hai gocso le
ngoai) va OPQ = DEC (hai goc cbd canh
tuang (mg song song).

Suy ra: OQP =OPQ = tam giac POQ
céan tai O = Oz // MN (nhur cach 1).




Vi K 1a trung diém clia BC, theo céch 1
ta co tam giac MKN cén tai K va ﬂ)\y MKN
la hai goc cé canh tuong (ng song song,
c6 téng bang 180°. Do dé phan giac Kt clia
MKN déng thai vudng géc véi MN va Oz
{(danh cho cac ban tu chilmg minh), suy ra
MN // Oz.

Cdch 4.

Trén tia d8i ca tia NA, 1y diém E sao cho
NA = NE. Ta dé thay MN // CE ; AB // DE ;
CD =AB = DE. Nhu vay .

Tam giac CDE can tai D va EDy = 2ECy ;
Ox // DE suy ra E/D\y=x/C)\y=22/C.)\y

= ECy = zOy = Oz // CE = Oz // MN.
Cdch 5.
Dung hinh binh hanh ABEC, ta ¢4 BE //AC,
BE =AC = 2MC, CE // AB va CE =AB = CD.

. Do dé:

Tam giac DCE can tai C, suy ra phan giac
Ct ctia DCE di qua trung diém H clia DE ;
DCE = x?fy (d6ng vi), suy ra hai phan giac

Ct//Oz=CH/IOz;

HN la dudng trung binh clla tam giac
CBE suy ra BE // HN va BE = 2HN = HN
/I MC va HN = MC = HNMC la hinh binh
hanh = MN // CH = MN // Oz.

Goi K, G lan Iugt 1a trung diém clia BC, AD.
Ta chitng minh dudc MK // Ox, MG // Oy va
MKNG la hinh thoi, suy ra MN la phan giac
clia KMG.

M3t khac, KMG = xOy ¢6 cac canh tuong
(mg song song, suy ra MN // Oz.

Cdch 7.

(Xem tiép trang 25)




DPé phan tich da thirc thanh nhan td,
Sach gido khoa Toan 8 da gidi thiéu ba
phudng phap la d&t nhan tr chung, dung
h3ng ding thirc, nhém hang tir. Phai chang,
mudn phan tich mét da thirc thanh nhén t,
ta phai tim dudc tat ca cac nghiém cla da
thirc d6 ? Bai viét nay xin dugc gidi thiéu
phuong phap tim nghiém cia da thirc dé
phan tich da thirc thanh nhan tr, qua dé
ban doc phan nao tra 18i dudc cau hdi trén.

Trudc hét ta nhic lai mot s6 kién thirc co

. ban sau.
1) Pa thirc véi cac hé s§ nguyén

n—1 1

_ n
f(x) =apx" +a,x" " +...+a _,x +a

(8, #0) 6 nghiém hitu 2 thip ta vec cliaa,
q

q la udc duong cla a,

Hé qua. Néu x = a la nghiém nguyén cla
clia da thic f(x) thi a la udc cla a .

2) Né&u da thirc f(x) co ngiiiém x = a thi
x — a la nhan tir cla da thic.

Sau day 1a mét sé dang ca ban.

1. Pa thirc bac hai

Q Phudng phap dé phan tich da thitc bac
hai la tim nghiém roi viét thanh nhan to.

Vi du 1. Phan tich da thirc sau thanh
nhan ti : 3x2 - 8x + 4.

L&i giai. Phuong trinh 3x% - 8x + 4 =0 ¢
hai nghiém x; =2;x, = % nén da thirc da
cho dudc phan tich thanh :

3(x - 2)[x - %J =(x~2)(3x~-2).

VO VAN DOUNG (THCS Nam Son, Nam Truc, Nam Dinh)
R R R

2. Pa thirc bac cao

¢ Da thitc c6 nghiém nguyén

Vi du 2. Phan tich da thic sau thanh
nhan tir : x3 - x? ~ 4.

L&i giai. Ta c6 f(2) = 0 nén da thitrc c6

x3-x?-4 2

nghiém x = 2. Vi =X“+X+2

X-2
ma phuong trinh x2 + x + 2 = 0 vé nghiém
(doA=-7<0)nén:
xX3-x2-4=(x-2)(x%+x+2).
« Pa thirc c6 nghiém hitu ti
Vi du 3. Phan tich da thitc sau thanh
nhan tir: 3x3 - 7x2 + 17x - 5.

Lai giéi.ThL’IXe{ﬂ; 45 i%; ig}

dugc x =% la nghiém clla da thirc. Tacé :

3x% ~7x% +17x-5
3x -1

Phuong trinh x2 - 2x + 5 = 0 v6 nghiém
(doA’'=-4<0)nén:

3x3 - 7x2 + 17x - 5= (3x —1)(x% - 2x + 5).

@ Phuong huéng chung dé phan tich nhing
da thirc bac cao thanh nhan tlr la phan tich
né thanh tich cac don thirc va da thic bac
hai, sau dé tim nghiém clla cac nhan titr bac
hai nay. Xin dua ra nam cach sau day.

2.1. Bién d3i da thirc bac cao

Vi du 4. Phan tich da thiic sau thanh
nhan tt: x(x + 4)(x + 6)(x + 10) + 128.
- L&i gidi. Taco ;.

=x2_2x+5.




X(X + 4)(x +6)x+10) + 128
= (x% + 10x)(x? + 10x + 24) +128
= (x2 + 10x +12)% - 122 +128
= (x2 + 10x +12)2 - 42
= (X% + 10x +16)(x% + 10x + 8).

Phuong trinh x2 + 10x + 8 = 0 ¢ hai
nghiém x, = -5 + V17 ; x, = -5 - 17.

Phuong trinh x2 + 10x + 16 = 0 c6 hai
nghiém x5 =-2; x,=-8.

Vay x(x + 4)(x + 6)(x + 10) + 128 =
= (X +2)(x +8)(X +5 - V17)(x + 5 +17).

2.2. S{r dung phuong phap hé sé6 bat dinh

Vi du 5. Phan tich da thitc sau thanh
nhan tr : x* - 6x3 + 12x% - 14x + 3.

L&i gidi. Da thitc da cho khéng nhan 1,
+3 la nghiém nén khéng cé nghiém hiru i,
néu nd phan tich dudc thi phai ¢6 dang :

(+ax+b +ex+d)=x* +(@+ o +
+(ac + b + d)x? + (ad + bc)x + bd.

Tibd=3,néuchonb=3thid=1,taco
a+c=-6;ac=8vaa+3c=-14,suyra
a=-2,;c=-4

Giai hai phudng trinh x? - 2x + 3 = 0 va
x2-4x+1=0tasuyra:

x*-6x3+ 12x%2 - 14x+3 =
=(x2-2x + 3)(x - 2 - V3)(x - 2 + /3).

2.3. Sir dung cach giai cia phuong trinh
hdi quy

Vi du 6. Phan tich da thirc sau thanh
nhan tir: x* + 7x3 - 6x% + 7x + 1.

L&i gidi. Xét phuong trinh :

X+ 73 -6x2+ 7x+1=0. *)

Vi x = 0 khéng théa man (*) nén chia ca
hai v& cho x2, (*) trd thanh :

(xz +l2]+7[x+l]-6=o.
. X X

2+l2=t2~2, tachd:

bat t=x+1:>x
X X .

2 _ -4 _
t +7t—8—0c>t1-1 ,tz——8.

Tir 6, gidi hai phuong trinh x2—x+1=0
vax?+8x+1=0,tasuyra:

X+ 73 -6x2+Tx+1=
= (- x+ )X+ 4+ V15)(x + 4 - \15).

2.4. Dung cach giadi cua phuong trinh
dang (x + a)* + (x + b)*=¢

Vi du 7. Phan tich da thirc sau thanh
nhan tir: (x + 1)% + (x + 3)* - 2.

L&i gidi. Daty = x+1—ﬁ;g =x+2, dathitc

dudcvidtlaila: (y-1)*+(y+ 1) -2
= 2y* + 12y2 = 2y%(y? + 6)

= 2(x + 2)7[(x + 2) + 6]

= 2(x + 2)%(x2 + 4x +-10).

2.5, PSi tham sé& thanh bién sé

Vi du 8. Phan tich da thirc sau thanh
nhan tlr : (x2 - a)? - 6x2 + 4x + 2a.

L&i giai. Xét phuong trinh :

(x2-a)2-6x2+4x+2a=0
oa?-2(x2-1a+x*-6x2+4x=0.

Coi day la phudng trinh bac hai vdi 4n a,
ta tim dudc a = x% — 1+ (2x — 1). Tir d6
x?+2x-a-2=0vax?-2x-a=0.

So sanh hé s6 clia x* clia hai da thirc, ta
dudc : (x% - a)% - 6x% + 4x + 2a =
= (x2+2x - a - 2)(x% - 2x - a).

Nhan xét. Cac vi du trén ta thay su linh
hoat, da dang va hiru hiéu cla phuong
phép tim nghiém cta da thuc trong bai toan
phéan tich da thuc thanh nhén tr. Xem nhu
bai tap, hay phan tich cac da thitc sau day
thanh nhan tdr.

a)2x% +x-6;

b) 4x3 - 3x + 1;

) x®-4x* £33+ 3% —4x+ 1

d) (x + a)(x + 2a)(x + 3a)(x + 4a) + a*;

e)xt+ 43 +7x% +6x -4

f)axt +3x3-4x2-3x +2;

) (x - 3)* + (x + 1)* - 82,




Trong qua trinh
gidi toan, téi da
phat hién dugc kha
nhiéu b3 dé cé thé ap dung dé giai nhiéd
bai toan khac. B8 dé sau la mét trong sé
do.

B& dé. Vdix, y la cac s6 duong ta co :

1 1 8 "
")

— 2 .
X2 y2 (x+y)
Chimg minh. Ap dung bat ding thic
Co-si cho cac s6 duong ta co :
2

1
(x+y) —t— > 4xy-
x? Y2 x2y2
DAng thirc xay ra khi va chi khi x = y.
Sau day la mét sé bai toan ap dung b8
de ().
Bai toan 1. Cho a, b, ¢ la cac so thuc
duong thda man ab + bc + ca < abc. Chimg
L 8 8 8
minh rang + + <
a+b b+c c+a
<b+c+c+a+a+b
a® b2 c?
L&i giai. S dung bé dé (*)taco :
8 + 8 + 8 _(a+b)[—1—+—1?]+

a+b b+c c+a

+(b+c)[bi2 c1 J+(c+a)[ -1?]

Rut gon vé& phai ta dugc
b+c c+a a+b 1 1 1
+ + +2| —+—+—)|.
a® b2 c? a b c
Ti d6 két hop gia thiét = dpcm. Péng
thicxdyra a=b=c=3.
Bai toan 2. Cho cac s6 a, b, ¢ thda man
a > b > ¢. Chimg minh réng :

=8.

+2.

DUGONG PUC LAM
{LAp K51 XD9, Pai hoc Xay dung Ha Noi)

a2 +¢? 1 1

2 (@bP (b-of
L&i giai. Ap dung bé dé (*) vai
x=a-b>0vay=b-c>0,tacé:

1 1, 8

>ac+4.

+ > . 1)
(@a-b? (b-cf’ (a-c)
Ap dung bt ding thirc Co-si ta dugc :
PRYA
(a-o”, 8 =24,
2 (@a-c)

Cong theo vé cla (1) va (2) réi rat gon ta
dugc dpem. Pang thic xay ra khi va chi khi
c6 dang thire & ca (1) va (2)
<a-b=b-cva(a-c*=16
oa=c+2vab=c+1(ceR)

e Hi vong céc ban sé tim thdy nhiéu diéu
thu vi nita xung quanh bé dé (*). Sau day la
mot s6 bai luyén tap.

Bai toan 3. Cho cac sd duong a, b, c.
1 1

Chimg minh réng : .11
a b

2 2 2
(&%) o) e
Ja++b Vb +Jc Je+va
Bai toan 4. Cho a, b, ¢ la cac s8 duong
c6 téng béng 1. Chimg minh réng :
1 . 1 . 1
(a+b)2 (b+c)2 (c+a)2 -

) () )
> + + .
1+a 1+b 1+c

Bai toan 5. Cho céac sd duang a b, c.
Chimg minh rang :
b+c c+a a+b 1 1 1
7t — 22| —+—+—
a b c

a b c

| ——



s00sessee

DANG VAN BIEU
. (THCS Péng Du, Gia Lam, Ha N6i)

Chung ta déu biét chuong | - SGK Hinh

: hoc 9 dé cap dén Hé thuc lugng trong tam
: giac vubng, trong do co bai toan Gidi tam
giac vubng. M@ rong hon, chung ta ap dung
- cac phuong phap giai tam giac vudng dé
: gidi tam giac bat ki. N6i chung dé gidi dugc
. mot tam giac ta phai biét trudc hai canh va
: mét géc hoac hai goc va mét canh ciia né.
: Sau day la mét s6 vi du minh hoa.

Vi du 1. Cho tam gidc ABC vuéng & A.

* Biét rang AB = 6 cm, AC = 8 cm.

: = BC =10 cm.

:+ canh BC = NB + NC =BC =11cm.

Tinh BC, B, C.

L&i gidi. (Ban doc tu vé hinh)

Ap dung dinh |i Py-ta-go, ta c6 :
BCZ=AB? + AC? = BC? = 62 + 82 = 102

Ta cd th=—C—i:>I§z53°
AB 3

+ = C=90°-B~37°

Vi du 2. Cho tam giac ABC, trong d6

: BC=11cm, ABC =38°, ACB = 30°. GoiN
: la chan dudng vuéng gbc ké tir A xudng
. canh BC. Tinh AN, AC.

(Bai 30 - SGK Hinh 9, tap )
L&i giai. (Ban doc tu vé hinh)

Vi B, C la cac goc nhon nén N n&m trén

(1)

Mat khac :
(o]
NB _AN-cotgB _ cotg38 ~0,379. (2
NC = AN.cotgC cotg30° '

Giai hé (1) va (2) ta dugc :
NB = 4,675 cm ; NC = 6,325 cm.
T détaco:
AN = BN-tgB ~ 4,675-1g38° ~ 3,65 cm ;

Vi du 3. Cho tam giac ABC, trong do
ABC =50°, ACB = 70° va AB = 10 cm.

Tinh AC, BC. .

Huéng dan. Dung dudng cao AH cla
tam giac ABC.

A
ASOO - 70°
8 H C

Bai toan dudc giai theo cac budc sau :

+ Tinh HA, HB ;

+ Tinh AC, HC, BC. .

(Viéc tinh toan cu thé danh cho ban doc). -

Vi du 4. Cho tam giac ABC c6 AB=10¢cm, :
AC =12 cm, BAC = 40°. :

Tinh BC, B C.

L&i giai. Ké dudng cao BH clia tam glac :
ABC thi H n&m trén tia AC (vi A < 90°).

[ NN NN RN NN “etesosvevone B eNCERETNRINNNIGEQEIINTETARRISVINEROLIOENSGECGETRTS



B

= 40° |
C H A
Xét tam giac vuong ABH, ta cé :

: BH = AB-sinA = 10-sin40° ~ 6,428 cm :

: ACB=180°
: BAC =180°

AH = AB-cosA = 10-cos40° ~ 7,66 cm
=> CH=AC-AH =~ 12 - 7,66 ~ 4,34¢cm.
Xét tam giac vuéng BHC, ta c6 :
BH _ 6,428

tgC = 2 ~1,481=> C =~ 56° ;
CH 434

pc-2H _ 6428 _-26cm.
sinC  sin56°

Tir d6 suy ra B =180° - A - C ~ 84°.
Vi du 5. Giai tam giac ABC biét :
AB =8 cm, AC = 7 cm va ABC = 30°.
L&i gidi. Dung dudng cao AH cla tam
giac ABC.
N&u C > 90° thi H thudc tia d6i cila tia CB.
A

H C B
Xét tam giac vuéng AHB, ta ¢6 :
AH = AB-sinB = 8-sin30° = 4 cm.
BH = AB-cosB = 8-c0s30° ~ 6,928 cm.
Xét tam giac vudng AHC, ta cb :

sinA’cT4=%-_7~0571:>AoH ~ 35°,

Suy ra : CH = AC-cos ACH = 7-c0s35° ~
. =5374 cm.

Tir d6 ta tinh dugc :
~ACH ~ 145° ;
~ABC-ACB~5°;

BC ~ 6928 5,374 = 1,554 cm.

Né&u C <90° thi H n&m trén canh BC.
Bai toan dugc giai theo cac budc sau :
+ Tinh AH, BH ;

+ Tinh ACB va CH :
+ Tinh BAC va CB.

(Viéc tinh toan cu thé danh cho ban doc).

|

N

C H B

Nhu vay, véi viéc dung thém dudng cao
dé xuat hién tam giac vuéng, cac ban cé
thé giai dugc tam giac bat ki khi biét ba yéu :
t6 : hai canh va mét géc ho#c hai géc va :
mdt canh clia nd. Bay gid, ta giai tam giac :

khi biét d6 dai ba canh cta né.

Vi dy 6. Cho tam giac ABC. Bi§tAB =5 cm,

BC=6cm, CA=4cm.
Tinh s6 do cac goc clia tam giac ay.

L&i giai. Dung dudng cao AH cia tam :

gidc ABC. (Ban doc tu vé hinh)

Vi BC > AC va BC > AB nén A>B va :
A>C. Do d6 B, C la cac géc nhon nén H :

thuéc canh BC. Suy ra:
) BH+CH=BC=86.
Ap dung dinh Ii Py-ta-go, ta c6 :

AB2 = AH? + BH2 ; AC2 = AH? + CHZ,
Suyra:
BHZ - CH2=AB%2-AC2=25-16=9

& (BH + CHYBH - CH) =
< BH-CH=15.

Giai hé (1) va (2), ta dugc :
BH=3,75cm ; CH=2,25 cm.

Tach:

osB=%—§%5-=075 B~41:

cosc_ﬂ=ﬁ_05625:c 56°,
AC 4

Tudbtacod: A=180° -B-C ~ 83°

OF

@ :



PHUONG PHAP QUY NAP

NGUYEN ANH DUNG (Ha Néi)

Sit dung phuong phap quy nap rat hiéu
qua véi cac bai toan phu thudc sé tu nhién n.
Chuing ta da rat quen thudc vai viéc chimg
minh mot bai toan bang phuong phap quy
nap theo cac budc :

- Chimg té bai toan dung v6i n = i
(i € {0;1;..}1agia tri nho nhat ctia n co
thé nhan dugc) ;

- Gia str bai toan ding véi n = k va chimg
minh bai toan ciing dung véin =k + 1. TU
dé theo nguyén Ii quy nap, két luan bai toan
dung v6i moi s6 tu nhién n > .

Tuy nhién khéng phai luc nao ta ciing
lam dugc theo trinh tu d6. Hon nira ngoai
cac bai toan chimg minh, phuong phap quy
nap con dudc ap dung cho nhiéu loai toan
khac. Bai viét mong mudén phan nao giup
cac ban hiéu thém vé su da dang cla
phuong phap nay. Do khuén khd cla bai
viét c6 han nén mét s6 phan ching téi dé
doc gia tu giai quyét.

1. QUY NAP TUAN T

Thi du 1. Chimg minh rang véi moi s& tu

ié > A i _1_ _1_
nhiénn>1,tacd 7 + % +...+ T >Jﬁ.(1)

L&i giai. Vai n = 2, bat ding thirc (1) trd

1 1 a3
thanh — + — > /2, 1a bt ding thic dung.
VU2
Gia st (1) dung v6i n = k, nghia la
1 1 1
—t et t—=> VK. (2)
NIING Jk

Ta chimg minh (1) dung v6in =k + 1.
That vay, tu (2) suy ra :

1 1 1 1 1
—t—=+..t—=+——=> VKt —=—.
12 ko Jk+1 k1

Ve N

Vi\/E+ 1 :\/k(k+1)+1> 1
Jk+1 Jk+1

.1 1 1 1

nén W+$+...+W+\/T+_—1> Jk+1,
nghta la bat d&ng thirc (1) dung véin =k + 1.

Theo nguyén i quy nap, (1) dang véi moi
sO tu nhién n > 1 (dpcm).

2. QUY NAP THEO CONG THUC TRUY HOI
3++5 b 3-5

2 0 2
chimg minh rang a" + b" 1a s6 nguyén vdi
moi s6 tu nhién n > 0.

Ld&i gidi. Déthdya+b=3; ab=g;—5—=1.

Thidu 2. Gidstta=

KihiguS =a"+b"(ne{1;2;..}).

TacoS,=a+b=3;S,=a?+b?=
= (a + b)? - 2ab = 7 1a cac s nguyén.

GiastS, ,vasS, lacacsdnguyén (k> 1).
Taco S, q=a“*1+bk*1=(@ +b*)a+b)-
—ab(@'+pk-N= 3S, - S _; cling la s6 nguyén.

Vi§, va s, la cac s6 nguyén va néu hai
s6 hang lien tiép S, , va S, 1a cac s0
nguyén thi s& hang tiép theo Sy, cung la
s6 nguyén nén S_ = a" + b" 1a s6 nguyén
v8i moi s6 tu nhién n > 0 (dpcm).

Luuy. Cong thue S, , =35, - S, _, cho
phép ta tinh méi s8 hang S, theo cac s6 hang
trude d6. Mot cong thirc nhu vay goi la cong
thire truy héi (ho3c truy toan). Vi trong vé
phai clia n6 c6 hai s6 hang lién tiép S, _,, S,
nén ban dau ta phai chiing minh bai toan
ddng véi hai sén=1van=2



3. QUY NAP KHON(’B TUAN TU -
Thi du 3 (Bat ding thirc Co-si). Gid sl
ay, a,, ... , a, la cac s khong am, ching

minh ring 21532730 , Naqa,..a, . (3)
n
L&i gidi. Bai toan dingvéin=1:n=2
(ban doc ty kiém tra).
Gia slr (3) dang véin = k (k > 1), nghia la

aq+az +...+ 38,
—k—zk,/a1a2...ak .

Ta chimg minh (3) cling ding v&i n = 2k.
That vay, vdi 2k s6 khong am, theo gia thiét
quy nap (s(f dung bat déng thirc véi k s6
a +ap ag+a4  ax-1+ax ). ta 6 :

2 2 72
a;+a Az +a a +a
1 2 + 3 4 I 2k—1 2k
2 2 2 .
k
> l§/§1 +a ‘a3 +ay mazk_1 + dgk
2 2 2

2 VJ3182 .Ja3a4 ...\/a2k_1a2k 2'\(/8182...82;( ,
. ., Aqt+azx+..+4a
ngha la =122 - 2 > %faa,..ay,

suy ra (3) diung vdi n = 2k.

Theo nguyén li quy nap, (3) dung vai moi
sGtynhienne{1;2;2%2;2%; ).

Bay gid ta xét n 1a s6 tu nhién bat ki,
khéng phai la Ity thira cla 2.

Gia sUr q la s6 ty nhién sao cho n < 29,
bat m = 29, xét m s6 gom a,, a,, ..., a, va

a;+as +...+4a,
- .
Theo chimg minh trén, ta c6 :

a+ay +...+ 8 +(M-n)s .
172 n +(m-n) > Waa,..a,s™".

m
ns+(m-njs —s

m-nsds=

Dé y rang vé trai bang

suy ra s™ > aja,..a,8™" " = s" 2 a,a,...a,

hay M > n’a1aznlan .
n
Vay (3) dudc chimg minh hoan toan.
Luu y. Trong bai nay ta da chimg minh
theo trinh tu :
-Kiémtra (3)dungvéin=1;n=2.

- Chitng minh néu (3) dung vdi n = k thi
ciing dang vdi n = 2k, khi d6 (3) dang véi
moi & tu nhién n la IGy thira cha 2.

- Chitng minh (3) dung vdi n khéng phai
la luy thira cha 2.

Cach lam nay thudng dung dé chimg
minh cac bat dang thirc vé cac dai luong
trung binh clia cac s6 khong am (trung binh
cdng, trung binh nhan, trung binh diéu hoa,
trung binh bac 2, ...).

4. DUNG HINH BANG PHUONG PHAP QUY NAP

Thi du 4. Trén mat phng cho 2n + 1
diém, hay dung da giac c6 2n + 1 canh ma
trung diém cac canh la cac diém da cho.

L&i gidi. VGi n = 1, ban doc tu giai.

Gia s bai toan da dugc gidi quyét vdi
2n - 1 diém (n > 1).
Bay gid cho 2n + 1 diEm A, A, ... | A, |

vagia sitB,B,...B,, , , lada giac phai dung.

52 BZn -2
A
B, : Bon-1
A2n -1
B2n+1 A2n BZn

Goi A, la trung diém canh BB, _,.tacd
tir gidc AyA,, _ Ao A, , 4 1 hinh binh hanh
nén A dung dudc. Theo gia thiét quy nap,
ta dung da giac 2n - 1 canh B,B,..B, _,
vGi cac trung diém A, A, ..., A, o, A,
Binh B, la diém d6i ximg clia B,, _, qua
A,, _4:dinh B, , , 1a diém d6i ximg cla
B,, qua A, . Khi d6 dé thdy A, , ,la trung

> 2 2
diém cua canh B, , ,B,.
| g—,



Hoc toan khdng thuan tay la giai toan
ma bao ham qua trinh tim t6i, phan tich
cac khia canh khac nhau cla bai toan, qua
dé ciing c6 kién thirc, phat trién tu duy cho
ngudi giai. Qua trinh dé théng thudng la :

o Giai mét bai toan

o R&i mét phat hién nho nhé

o Tiép tuc phat hién ...

Vi khuén khd bai bao nén dé nghi ban
doc tu chimg minh mét s két qua va tu vé
mét s hinh. Dudi day, ching ta ban t&i bai
toan T4(4) dang trén TTT2.

Bai toan 1. Cho AABC nhon cé ba
duong cao AD, BE, CF cat nhau tai H. Qua
A vé cac dudng thing song song vdi BE,
CF 1an lugt cit cac dudng thdng CF, BE tai
P va Q. Chimg minh réng PQ vudng géc
v6i trung tuyén AM ctia AABC.

Lai gidi.

B Cc

D M
Vi AABC nhon nén H ndm trong AABC.
Goi |, K 1an lugt l1a giao diém cla PQ vai
AD va AM.
Tu gia thiét suy ra tir giac APHQ 1a hinh
binh hanh va AP L AC ; PH 1L AB, nén

(K47A1T Dai hoc Khoa hoc Tu nhién Ha Néi)

200000000000 00 0000000000 0C0COCBOCROCROCOROOTOETRSTOOS

HOANG LE TRUONG

APH = BAC. Ma AHP = ABC (vi BDHF la
tir giac noi ti€p, do BDH = BFH = 90°), suy
ra AABC u»» APHA (g-q).

Cha y M, | 1an lugt 1a trung diém BC va
HA, suy ra AABM ¢ APHI = MAB = IPH
= t(r giac AKFP ndi tiép
= AKP = AFP = 90°. Vay PQ L AM.

Nhan xét. Ta c6 thé phat biéu bai toan 1
theo cach khac, nhu sau.

Bai toan 2. Cho hinh binh hanh ABCD
c6 gbéc A td. T A, dung cac duang thing
vuéng géc véi BC, CD cét CD, BC tuong
{mg tai E va F. Chitng minh rang BD vuéng
goc vaéi trung tuyén AM clia AAEF.

Nhéan xét. Lai gidi bai toan 2 hoan toan
tuong tu nhu 16i gidi bai toan 1.

Thay két luan clla bai toan 2 bang két
fuan sau : “Chimg minh réng néu diém M
trén EF thda man AM L BD thi M [a trung
diém clia EF”, ta c6 bai toan 3.

L&i giai. (cho bai toan 3)

A




Tur gia thiét suy ra C la truc tam AAEF
nén AC L EF. Két hgp véi BD L AM va
ED L AF, suy ra hai tam giac ICD va MFA
¢6 cac canh tuong Ung vudng géc nén cac
g6c ciing tuang Ung bang nhau.

IC MF

Vay AICD v AMFA(g-g) = — = —. (1
2y g = 5=y M

Tuong tu, AICB ¢ AMEA = I_C_? = &E— 2
B MA

Tir (1), (2) va két hgp vdi gia thiét ID = IB,
suy ra ME = MF (dpcm).

Nhan xét. Ldi giai trén khéng ding dén
gia thiét tir giac ABCD Ia hinh binh hanh.
Ta chi st dung cac cap dudng théng vudng
gbc dé suy ra hé thirc : B _MF réi ding

ID ME
gia thiét IB = ID. Vay ta c6 bai toan sau.

Bai toan 4. Cho AABC c6 goc Atuivalla
trung diém cda BC. T diém D bat ki trén
Al, dung cac dudng thang vuéng géc vdi
AB, AC cat AC, AB tuang (mg tai E va F.
Chitng minh r&ng néu diém M trén EF thoa
man DM L BC thi M |a trung diém cla EF.

L&i giai.

E M F

Goi D’ 1a diém ddi ximg chaAqua |. Ty D’
ta dung cac diém E’, F’, M’ tuong tu nhu cach
dung céc diém E, F, M. Thé& thi D'M’ // DM
(vi D'M’, DM clng vudng goc véi BC).

Tur gia thi€t suy ra DE / D'E’ va DF / D'F’

. AE AD AF

né = =

L 2
AE AD AF :

Goi M” |a giao diém clia AM’ va DM. Ta
co —=A9=Ali = EM” // EM’, nén
AM" AD' AF
M thudc EF. Vay M” trung M.
ME _AM MF
ME AM MF’
Theo bai toan 3 thi ME' = M'F’, nén
ME = MF (dpcm).
Nhéan xét. Diém D tuy chay trén Al
nhung ta mudn D chay trén kh3p goc BAC.
Bai toan 5. Cho AABC co gocAtuvaDla
diém bat ki ndm trong géc BAC. Tir D dung
cac dudng thing vudng goc vdi AB, AC cit
AC, AB tuong Ung tai E va F. Goi M |a giao
diém cla AD vdi BC. Budng thdng qua D
vubng goc véi BC cdt EF tai |. Chitng minh
. IE MC
rang : — = -—.
IF MB
L&i gidi.

Do d6

B \ / C
D
Tudng tu bai toan 3, ta ¢ :

ADIE & ABMA (g-g) = .2 - MB

[E MA
va ADIF v ACMA = b =£.
IF MA

IE MC
Suy ra == = 2 (dpcm).
uyra e =up (@pem)

(Ki sau dang tiép)




pé gidi bai
toan tinh sé do
géc thudng ta
phai vé& thém hinh

déu, tam giac céan, tam giac vudng, tam giac
vudng can, dudng vudng goc, dudng phan
| giac, dudng trung truc, dudng trung tuyén...
I Trong bai viét nay, xin trao d8i cung quy
I doc gia, dac biét la cac ban hoc sinh 16p 7,
mot s6 bai toan tinh sd do géc cb lién quan
: dén sy déng quy cla cac dudng phén giac
| trong mét tam giac.

I Xin dudc nh3c lai cac két qua quen
| thudce.

: 1. Hai duong phan giac clia mét goc luén
| vuéng goc véi nhau.

I 2. Ba duong phan giac trong clla moét
I tam giac ludn cét nhau tai mét diém.

: 3. Hai duong phan giac ngoai clia mot
| tam giac va dgdng phéan giac trc,)ng clia géc
| thr ba luén cat nhau tai moét dieém.

I Bai 1. Cho AABC khéng vuéng c6 B, C
| 1a cac géc nhon. V& dudng cao AH va hai
: diém D, E sao cho AB, AC thi ty [a dudng
| trung truc clia doan HD, HE. Goi M, N thi
|
|
|
|
|
|
i
|
|
|
|
|
|
1
|
|
|

————————— i —— -

tu 1a giao diém ctia DE vdi AB, AC. Tinh s6
do g6c AMC va gbéc ANB.

Loi gidi. Xét tam giac HMN. Tu cach
dung hai diém D, E ta suy ra MB, NC Ia hai
dudng phan giac ngoai tuong (g clia gbc
M va N nén HA la dudng phan giac trong
cla géc H. Lai c6 HC L HA nén HC la
dudng phan giac ngoai clia géc H. Ma NC
la duong phéan giac ngoai cla goéc N nén
MC la dudng phan giac trong clia géc M.

Két hop véi MB la phan giac goéc ngoai

cha géc M = MC L MB hay AMC =90°.
Tuong tu ta cling c6 ANB = 90°.

phu nhu tam giac,

T 50 B0 66C N S NG QU
COA cAC BUGNG PHAN GIAC TRONG TAM GIAC

TRAN HA (THCS Tam Pa, Vinh Bdo, Hai Phong)

E

B H
Bai 2. Cho AABC c6 AH la dudng cao (H
nam gilta B va C), BD la dudng phan giac
va AHD = 45°. Tinh ADB.
L&i giai.

O

B H
Xét tam giac ABH cé BD la duong phan
giac trong clia géc B va HD la dudng phén
giac ngoai clia géc H nén AD la dudng phan
giac ngoai ctla goc A.
Goi Ax la tia d8i cla tia AB thi theo tinh
chéat géc ngoai clia tam giac, ta c6 :

x
O
S ———————a e g .

ADB + ABD = xAD ; )
AHB + ABH = xAH. ()

Xét (2) < 90° + 2.ABD = 2-xAD, so
sanh véi (1) ta dugc ; ADB = 45°,

——



-——-—-—-————————-——————_—————_——————-———

Bai 3. Cho tam giac ABC c6 B=75° va A

C = 45°. Trén canh BC lay diém D sao cho
3AD = 45° Pudng thing vudng géc vai BC £
tai C cdt dudng phan gidc géc ADC tai E.
Tinh CBE.
Loi giai. F
H
A X
B M C
Xét tam giac AEF cd AM la duong phan
£ giac trong cla goéc A. &)

Vi MEH = 90° ~EMH = 90° —n° nén :
MEF =180° - MEH - AEF

=180° - (90° ~n°)~2n° =90° —n°

Suy ra M_E\H=IWE\F nén EM la dudng

phan giac ngoai clla goc E clia tam giac

B D C AEF. (2)
Theo tinh chat gbc ngoai clia tam giac, ta T (1) va (2) suyA ra FM I3 dudng phan

ADC = ABD +BAD = 75° + 45° = 120° giac ngoai clia goc AFE. Vay :
nén ADB = ADE = CDE = 60°.
Xét tam giac DCE c6 DA la dudng phan

 9iac ngoai cla goc D va CAladudng phan  BE két thic bai viét nay, moi ban doc tu
| giac trong clia géc C nén EA la dudng phan giai bai tap sau.

r
|
I
I
|
I
1
I
i
I
I
I
I
I
]
I
|
i
I
i
I
i
I
]
I
i
|
1
|
Ic
' B e P mY°
I EFM=—EFC=—(FEA+FAE)=(n+—] .
: 2 2 2

: giac ngoai clia goc E. Tir dé ta 6 : Bai 5. Cho tam giac ABC c6 cac dudng
@zé)@zg(@Hﬁ): phan giac AD, BE, CF va A =120°.
1 a) Tinh BED.
= 5(900 +60°) = 75°. b) Tinh EDF.

Tir 6 suy ra AADB = AADE (g.c.g) nén c) Budng phan giac ngoai clia géc C cét
DB = DE. Vay tam giac DBE can tai D, Ma 12 ddi cla tia AB & K. Goi M 14 giao diém
BDE =120° nén suy ra GBE = 30°, clia DK véi AC. Tinh BMD.

Bai 4. Cho tam giac ABC can tai A (vdi
A =m°) ¢c6 M la trung diém BC, H Ia hinh
chiéu vudng goc clia M 1én AB, E 1a mét
I diém ndm gitra hai diém A va H. Trén canh
1 'AC ¢6 diém F sao cho :

I AEF =2.EMH = 2n°. Tinh EFM.
I L&i giai.

L————————————————————-—-—-————--———-—_-—-
| — "
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Sau |di gidi cha Hoang, téi “tinh cd” gap!
dugc hai 16i gidi rat doc dao cho bai toan
trén. Tuy nhién, |5 gidi ma lam téi &n tugng,
suy ngam la cach dua vé tdng cac binh
phuong véi bai toan manh hdn sau.

Bai toan 1.

Chimg minh réng vdi moi sé thuc a, b, ¢
thi : (@ +b? +c?)? >3(@%b + b3c + ca). (1)

L&i giai. Khai trién ra, ta viét lai bat ding
thirc nhu sau -

(Y a* - 3 a%?)+3(Y a%b? - Y abe) +
cyc cyc cyc cyc
+3(Y a’bc - Y a%b) 2 0.
cyc cyc
Ta cé cac hang dé’mg thitc sau day :

) 2(Y a* - T a?b?) = T (a% -b?)?;

()

cyc cyc cyc
i) 6(> a%b? - ¥ a’bc) =
cyc cyc
=) (ab+ac- 2bc)?;
cyc )
iii) 3(>" a’b - ¥ a’bc) =
cyc cyc
=Y (a? -b?)(ab + ac - 2bc).
cyc

Suy ra vé trai cla (2) 1a :
%Z(a2 -b2 —ab - ac + 2bc)?
cyc
ta cé dpcm.
Bai toan 2. Chimg minh rang véi moi s
thuc a, b, ¢ thi : ¥3(ab+b3c +ca) <

vO VAN THANH

(Ldp 11 toan, khéi Chuyén THPT, DHKH Hué)
0000000000 POPOOSPIOPNONDSONOSINOSNOSIOSIOSIBSIOIOSIOBSLOLOBSIOLOSIOSINOSETDODS
Trén TTT2 s6 25, ban Nguy&n Thic Vi Hoang da dua ra mot
bai toan md réng cho bai 3(47) rat hay véi 16i gidi 4n tuong va mot
phuong phap ddc dao - phuong phap dua vé téng cac binh phuong.

<a* +b* +c* + (V3 -T)abc(a+b +c). (3)
Lai gidi. Khai trién (3) rdi ap dung cac
hing dang thitc i), ii), iii), ta dude : (3) <
2

%Z[a@ -b? —%(ab+ac—2bc)] >0.

cyc 3 .

Suy ra dpcm.

Lai gidi hai bai toan trén rat dep va qua
dd ta clng hinh dung dudc phuong phap
nay. Mau chét cla phuong phap nay la ta
ap dung cac héng dang thiec i), ii), iii) di véi
cac da thirc bac bén c6 ba bién. Vay véi cac
da thitc bac khac thi tén tai cac hing ding
thirc tuong tu nhu thé nao ? Cau tra 1di xin
danh cho ban doc.

Hi vong cac ban sé& c6 nhiéu phat hién
mdi dé phuong phap nay dudc sir dung cé
hiéu qua hon va qua dé thay dudc vé dep
“tiém &n", chat phac cla phuong phap
chitng minh b4t ding thirc bing cach dua
vé tdng cac binh phuang. Dé két thic, moi
cac ban giai bai toan sau day.

Bai toan 3. Chimg minh rang véi moi s

thuc a, b, cta cé : %(a+b+c)4 <

<a(@+b)® +bb +c)® +c(c+a).

b

- .
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- vO VAN DUNG

(Ldp K50 Su pham Toan, Khoa Toan - Co - Tin, DPHKHTN Ha N6i)
Tinh don diéu ctia ham s8 cé rat nhiéu 1

(ng dung d& giai toan. Ching han nhu tim x+y22xy = xy 7

gia tri 1an nhat, gia tri nhd nhat cia moét ham . 1. . 1

sd ; gidi phuong trinh, hé phuang trinh ; tim Batt=xythite (0; Z] va A =t+?

s nghiém clGa moét phuong trinh, hé . 1 1

phuong trinh... Bai viét nay xin dua ra mot Xét ham s6 f(t) f“? vaite (O Z]'

s6 (mg dung d4. Trudc hét xin dugc nhic lai

Ii thuyét. V6i moi ty, t, € (05 ZImaty =1, th
Cho ham s6 f(x) xac dinh trén tap D (v&i  t,) - f(t ’
D cR. ft)=M2) _4_ 1 0, nenf()laham s

t-t, tts
1. f(x) dugc goi la d6ng bién (tang) trén D

. ca oa 1
néu veimoix,, x, € D max, > x, thifx,)> fix,). nghich bién trén (0 ; z]-
2. f(x) duge goi la nghich bién (gidm) trén D

L ) ! 1, 17 .. 1

néu voi moi xy, X, & D mé X, > X, thi fx,) < fxy). Suy ra f(t) 2 #(7) = 7= vaimoite (O -]
Ham sb6 goi la don diéu trén D néu né 17 1 1

déng bién hodc nghich bién trén D. Vay Anin = 7° t= 7EX=Y=5

Tinh chat. ,
nncha Bai toan 2. Cho cac sb thuc duong x, y

, eeenscscsooe
.-ooo'o'c;ooooo.oooooo.oool.oo..-..oo-oooooo000000o.ooo--oo.o.ocoOoo00oo.-Ooo..oooooooooooocooolo.oo

e f(x) déng bién trén D néu v&i moi x,, x,
_ thda man x2 +y? = xy1-y? +y¥1-x2.
eDmax, =x thiw>0 ,
1772 Xg — Xz ' Tim gia tri nhd nhat cda biéu thiae : .
e f(x) nghich bién trén D néu vai mgi x,, B = (x2 . y2)[1 . 1 _ ] :
xzeDma'x1¢x2thiw<O. e i .
X1 — X2 Ldi giai. :
Sau day 1a mét s6 bai tap ap dung. Ap dung bat dang thirc Bu-nhi-a-c8p-xki, E
Bai toan 1. Cho hai s6 thyc duong X, ¥ 15 dugc : [x Ay sy i ]2 < :
thda man x +y = 1. Tim gia tri nhé nhét cla :
- 1 <(P+y)2-x2-y?) i
biéu thirc ;. A = xy + —. . .
Y3 = (X2 +y9)2 < (X% + y3)(2 - x2 - y3)" :
L&i giai. Ap dung bat ding thitc Co-si < X2 +y?<2-x2-y? o x2+y?<1. :
: cho hai s& dudng x, y ta ¢6 : ' "Ap dung b3t ding thirc Cé-si, ta c6 :

..........O..........l..............l.....................................‘.......



000 00PN RNNNRNNNNNN000000000 R0t 000000000000R000RRt0RRRCORRRRORRIRRBRRTYS

x2+y222xy:>lz 22 =
XY x<+y

Do d6 ; Bz(x2 +y2){1+-2—42—2].
(x°+y9)

Datt=x2+y th|B>t[1+i] Xét ham
t2

s6 f(t)=t(1+12]=t+% véite (0;1].
t L

Tuang tu bai toan 1, ta dugc :

X y
Bhn=5ot=1o =
\ﬁ—yz V1-x2
x2+y2=1;x2=y2<:>x=y=\/?§-.

Bai toan 3. Giai phuong trinh :
V2x-1+x+3 +B5x-1=5. (1)

L&i giai. Diéu kién : x 2-;-.

Pat f(x)=v2x-1+Vx+3 +/5x-1 thi
f(x) 1a ham sé déng bién trén [-;- ; +0), Ma
S E vl moi i
f(1) = 5 nén f(x) > 5, vc'!! m(_)! x>1;
f(x) < 5, vGimoix < 1.
Vay (1) @ x=1.
Bai toan 4. Giai phuong trinh :
2x-1=x? +24 - X2 +15.  (2)
L&i gidi. Tacod :

(2) & (2x —1)(Jx2 +24 +x2 +15) -9,

Nhéan xét. N&u x 1a nghiém cha (2) thi

X > % Dat vé trai cla phuong trinh trén la

f(x) thi f(x) déng bién trén (% . 4), Ma

f(x) > 9, véi moi x >1
f(1) = 9 nén | X > 9, vGi moi x>
f(x) <9, vimoix < 1.
Vay (2) e x = 1.

Bai toan 5. Giai hé phuong trinh :

x3+x24x-2=y

yry?ey-2=z 3)

2+2242-2=x

Lai giai. Dat f(t)‘—t3+t2+t—2 t e R, thi
B)efx)=y;fy)=2z;fz) =
Vdimoit,,t, e Rmat, # tz, tacéd:
ft) —f(ty) _ 2

2ttty +ty+tp +1=
t—t,

1 2 1 2 1 2
=—=(t4 +t +—(t; +1)° +=(t, +1 0.
2(1 2) 2(1 ) 2(2 ) >

Suy ra ham sé f(t) déng bién trén R.
. -Néux<ythif(x)<fly)=>y<z=1fy)<f(2)
=>z<Xx.Dodéxcy<z<x:vhl
-Néux>ythif(x)>fly)=> y>z=1fy)>f(@)
=>z>Xx.Dodéx>y>z>x:voli
Vayx=y=z Suyra:
exlix-2=xox3+x2-2=0
SKX-NX2+2x+2)=0x=1.
VixX2+2x+2=(x+1)2%+1>0, Vx e R).
DoddB)oox=y=z=1.
Bai toan 6. Giai hé phuong trinh :

\/;<—+E+\/yT=3
{\/y_+5+\/XT=3.
L&i giai. Diéu kien : x>1;y > 1.
Tur (4) suy ra
\&+2+\/y—1=\ﬁ+2+\/x_—1_
ox+2-Ix-1=y+2-y-1.
Pat f(t) = Vt+2 -Vt —1, véit=> 1 thi phuong
trinh trén trd thanh : f(x) = f(y).

3
Vi f(t) = ————
Vt+2 ++4t-1
trén [1;+o)nénf(x) =fly) & x=y. Tu dé ta
cO: Vx+2+VYXx-1=3=x=2 (g|a| tuong
tu bai toan 3).
Vayd) & x=y =2,

—
~
S’

[a ham s6 giam

(Xem tiép trang 23)



Chic han nhiéu ban yéu toan déu biét
dén khai niém phan nguyén clia mot sé
thuc. Bai viét nay muén trao déi voi cac ban
mot khai niém c6 thé coi 1a ho hang véi
phan nguyén, dé la phan l&.

1. Dinh nghia

Phan 1é ciia mét s6 thuc x, ki hiéu 1a {x},
la mét s6 thue dugce xac dinh theo cong thifc :

{x}=x-[x]
trong d6 ki hiéu [x] 1a chi phan nguyén cia x,
tirc 1a s6 nguyén 16n nhat khdng vuot qua x.

Vidu. {2,1}=0,1;{-1,2}=0,8.

Sau day la mét sd tinh chat va hé qua
cia ham s8 phan 1& (phan ching minh
danh cho ban doc).

2. Tinh chét

0<{x}<1,VxeR

Hé qua.

{X}=0=xcZ.

X}=x=0<x<1.

ii) NEu x € Z thi {x} + {~x} = 0.

Néu x ¢ Z thi {x} + {-x} = 1.

Hé qua. Néu x ¢ 7 thi

{X}={-x} ©x=k+0,5(vdi k 7).

ii){x+m}={},vyxeRvameZ

Hé qua. Ham sé y = {x} 1a ham tuan hoan
véi chu ki co sd la 1.

iv){x+v}<{x}+{y}, VX, y e R

Ding thitc xay ra khi va chi khi {x} + {y} < 1.

Hé qua.

x-ytz{x}-{y vx,yeR.

{x; + Xp oo ¥ X} s’{x1} +{X} + +{X )
¥ X4, Xp.r , X, € R (@@ng thifc xay ra khi va

NGUYEN TIEN LAM

(Lop K50 Su pham Toan, Khoa Toan-Co-Tin, DHKHTN Ha Néi)

chi khi {X,} + {X,} +... + {x.} < 1).

v) Ham s6 y = {x} 1a ham don diéu tang
trén timg khoang [k ; k + 1), vGi k € Z.

Ta ap dung céc tinh chat va hé qua cla
ham s& phan 1é & trén dé gidi mot s6 bai
toan. Sau day la moét sé vi du.

3. Bai tap.

Bai toan 1. Giai phuong trinh :

X3 + [x] = {x} +2.

Loi giai. Tu thrOng trinh suy ra {x} € Z
nén{x}=0= xe Z Trddésuyra:

Wirx-2=0x-1NX*+x+2)=0
< x = 1 (thda man).

Bai toan 2. Tinh tdng sau (véin € N) :

e

L&i gidi. Ta cd :

Sl g Y i L G RV
3 313/ 3
n+1

Véy Sn = T

Bai toan 3. Chig minh cac bat dang
thirc sau :
1 1 4
a) —+ >
{x} {=x} {x}+{-x}
b) {X4 + Xy +... + X }+n-12
Z {x g} + {5} +.. +{X;} (")
Y Xq1 Xgpee 1 X € R,

>4, VXeglZ

L&i giai.
a) Vixe Z nén{x}>0, {-x}>0.

| ge—



Ap dung bat dang thirc 1.1,.4
a a+b

(véi

o

a,b>0),tacc’>:—1—+ 1 > 4 =4,
G {3 {(xp+{-x}

Dang thitc xay ra khi va chi khi :
{X}={x} ©@x=k+0,5(véik € Z).

b) Xét cac trudng hop :
-Tontaiie{1;2:..;n}déx e Z.

Gid sir x, € Z thi {x} = 0. Khi d6, theo”
tinhchat0<{x} <1, Vxe R, tacod:

n-1> {x}+{x}+. +{x};
{Xg + %, +..+x}2 0.

suy ra dpcm.
-Xétx ¢ Z, Vie{l.2:.;n}

+ NEU X, + X, +... + X € Z thi:

{Xq+Xp +.. +x }=0.

Tacd: {x}+{x}+.+{x}<n
=X+ Xy o+ X = (D] + Q)+ + XD < N

Vi hai vé& clia bat ddng thirc trén 1a cac sé
nguyén nén :

Xq+ X+ + X = (X + PO + X ) <n -1
= {X}+ {x} +... +{x} < n-1=dpcm.

+ NEu x, + X, +... + X, & Z.

Taco:{x}=1-{-x} Vie{l;2;..;n}va
Xy v+ x =1~ {—(x1 + Xy o+ xn)}.

Vay (X} + 06} + + == (=X} + {x}+
o+ XD S = {=(X + Xy e+ X))
={Xy + Xy ... + xn} +n -1 = dpcm.

Vay {x; + X, +.. +x }+n-12
> {x1} + {x2} +.. + {xn}, V Xq, Xgyeoo y X € R

Bai toan 4. Cho day sé thuc (u,)) duge
xac dinh béi - u, = Vn2+4n+5,v neN.
- Tim s6 thuc r 16n nhat dé {u}>r,vneN()

L&i gidi. Véimoin e N, tacd :
nZ+4n+4<n+4n+5 <n?+6n+9

on+2<u <n+3=[ul=n+2

={u)=u -(+2)=Vn’ +4n+5 - (n+2)
1

n2+4n+5+n+2

Tac6{u}>0,Vn e N. Ta sé& chiing minh

néurlaséthuclén nhat dé{u }>r,vne N
thir=0. )
Thuc vay, dé thay khi r = 0 thi (*) thda
man.
Néur >0 thi:
1

\[n2 +4n+5+n+2

Q\/n2+4n+5 +n+2<1.
r

B4t ddng thitc nay sai khi chon n = H

Vay gia tri 16n nhat cla r can tim la 0.

e D& két thuc bai viét, t6i xin dua ra 3 bai
tap dé cac ban tu luyén.

Baitoan1.Chox,y,z¢ Zvax+y+z=0.
Ching minh réng : {x} + {y} + {z} > 1.

Bai toan 2. Giai hé phuong trinh sau :

x? +{y}=1
y2 + {x}=1.
Bai toan 3. a) Chimg minh hé th{c sau :

{X}+l={5}+{ﬁ—1}, v xeR.
2 |2 2

b) Tinh t8ng sau (véin € N) :

{up}>re >r




Trong qua trinh
gidi bai toan chimg
minh bat dang thirc,
c6 thé ta sé gap nhig da thirc ndm trong
cac phan thirc dai s6 ma cac da thirc nay la
téng ctla cac don thitc c¢é bac khac nhau.
Diéu nay tao ra khéng it khé khan cho ngudi
giai. Bai toan thach ddu cta ban Pham Kim
Hung trén TTT2 s6 52 1a mot vi du. Lai giai
bai toan da dugc dang trén TTT2 s6 54.
Sau Idi gidi nay, t6i van van cé géng di tim
nhiing I6i khac ma céac da thitc c6 dugc sau
khi bién d8i s& clng bac vdi nhau. Bdi téi tin
rang lam nhu thé 16i gidi bai toan co thé sé
sang sGa hon. Hon nita, viéc dua vé bai
toan chimg minh b4t dang thitc ma cac da
thitc ¢ cling bac thudng dé dang hon. Sau
day 1a bai toan (da dudc s(ra lai dé bai cho
hap Ii) clia ban Hung.

Bai toan. Cho a, b, ¢ 1a cac sé khong
am, trong d6 c6 it nhat hai s6 duong va téng
cla ba s6 bang 3. Chimg minh rang :

a® N b2 . c? S 3
a+b? b+c? c+a’ 2

Lai giai.

Ap dung bt dang thitc Bu-nhi-a-cap-xki,
ta co :

)

a’ . b2 N c? 3
a+b? b+c? c+al
at b? ct
T3 223 22 3. 227
a” +a‘b b® +b“c c” +c“a

(a® +b? +c?)?
T ad+b3 4 +a?b? +b2c? +c2a?
Ta sé ching minh :
2(a%+ b2 +c?)? > .
> 3(a + b% + c® + a?b? + b%c? + c?a?)

NGUYEN THUC VU HOANG
(Lép 12T, THPT chuyén Lé Quy Poén, Bdng Ha, Quéang Tri)

< 2(a4 +b%+ c4) +ab? + b2c? + c?a? >
> 3(a3 +b3+ c3)
= 2(a4 +b%+ c4) +a%b? + b2c? + c?a%a® >
>(a+b+c)ad+bd+cd
< a* +b% +c* +ab? + b%c? + c?a’ >
> ab(a? + b2) + be(b? + ¢2) + ca(c? + a2). (i)
Theo bat ddng thiic Cé-si, ta ¢6 :
@* + a%?) + (b* + a®b?) >

> 2(JaBb? + a8 ) = 2(a%b + ab®) =
= 2ab(a? + b?).
Tuong tu :
(b% + b%c?) + (c* + b2c?) = 2bc(b? + ¢?) ;
(c* + c2a?) + (@* + c%a?) = 2ca(c? + a?).
Tir d6 suy ra (i), ta c6 dpcm.
DAng thitc xay rakhiva chikhia=b=c=1.
Binh luan. Khi chimg minh (*), bién déi
dén budc :
2(a* + b* + c*) + a’b? + b%c? + c?a’ >
>3@@% + b3+ cd)
ta thay vé trai [a da thirc bac bén, con vé& phai
la da thitc bac ba, tic la hai da thic hon nhau
mét bac. V3i gid thi€ta + b + ¢ = 3, tanhan

a+b+c

vé& phai véi da thirc bac nhat dé

duge hai v€ cling bac. Trong trudng hgp
t8ng quat, néu hai da thic (trong cung vé
hay khac vé) clia mot bat ding thic hon
kém nhau n bac thi ta chi viéc nhan da thirc
n

cb béac thap hon voi [%J , ta sé& dugc
hai da thirc cung bac. Day la mét ki thuat
c6 thé ap dung cho viéc chimg minh nhiéu
bat ddng thifc Iéch bac khac.



NHONG CACH MHin KuAC nHAw cln B ToA

PGS. TS. LE QUOC HAN (Pai Hoc Vinh)

Nhimg cach nhin khac nhau vé cac dai tuong cé mat trong mot
bai toan hay Igi gidi cla mot bai todn sé gai y cho chiing ta phat
hién nhimg bai toan mdi, tr d6 sé tao ngudn himg tha hoc toan
va tap dudt nghién cltu khoa hoc sau nay.

Xét bai toan quen thudc sau day. .

Bai toan 1. Cho hai diém cé dinhAvaB
ndm cung phia v8i dudng thdng xy. Tim
diém M trén xy sao cho MA + MB dat gia tri
nhd nhat.

L&i gidi bai toan nay kha don gidn. Goi A’
1a diém dai ximg cha A qua xy (ban doc tu vé
hinh). Khi dé6 MA + MB = MA' + MB > A'B
nén diém M can tim 1a giao diém clia A'B
véi dudng thing xy.

Tif 1657 gii trén, ta thdy AMx = BMy. Do
do bai toan 1 c6 thé phat biéu nhu sau.

Bai toan 2. Cho hai di€ém A va B ndm
cling phia vdi dudng thdng xy. Tim diém M
trén dudng thdng xy sao cho AMx = BMy.

cang nhu bai toan 1, |8i gidi bai toan 2
rat don gian vi tinh chéat binh ddng cla hai
diém A va B. Tinh chét binh ding d6 bi pha
v3 sé tao ra bai toan vdi Idi gidi khé hon
nhu sau.

Bai toan 3. Cho hai diém A va B nam
cling phia vdi dudng thing xy (hinh vé).
Tim M trén xy sao cho AMx =2 -BMy.

Lai giai.

Goi B’ 1a diém déi ximg ctia B qua xy va
H 1a giao diém clia BB’ véi xy. Dung dudng
tron (C) tam B’', ban kinh B'H. Tiép tuyén
(khong cat doan thdng BH) ké tir A tdi
dudng tron (C) ct xy tai diém M can tim.

That vay, ta c6

AMx = KMy = 2-BMy = 2-BMy.

Mot cach nhin khac la xem cac diém
nhu nhitng dudng trén c6 ban kinh bdng
khéng. Khi d6, tr bai toan 1, ta c6 thé phat
biéu mét sé bai toan ma 1i gidi cha ching
hoan toan tuang tu, tuy ¢é khé han it nhiéu.

Bai toan 4. Cho hai dudng tron nam
cling mot nita mat phéng véi b 1a dudng
thdng xy. Tim diém M trén xy sao cho cac
ti€p tuyén ké tir M téi hai duding tron tao vdi
Xy nhimg géc béng nhau.

Bai toan 5. Cho diém A va mét dudng
tron (O) ndm cling mét nlra mat phéng vdi
b 1a dudng thing xy. Tim diém M trén xy
sao cho tiép tuyén ké tir M t8i dudng tron

(O) tao véi xy mot géc biing AMXx.

Bay gi& ta hay phan tich 10i giai bai toan
1 dudi mét cach nhin khac. Phai chang, 16i
giai bai toén 1 tuong déi dé vi sé diém (A
va B) qua it. Diéu d6 hoan toan khang phai
nhu vay. Xét bai toan sau.

Bai toan 6. Tim diém M trong tit giac
ABCD cho truéc sao cho MA + MB + MC +
MD dat gia tri nhd nhat.

O day sé diém dugc téng gap déi nhung
I5i gidi lai dé hon nhiéu,

Ta c6 MA+ MC = AC va MB + MD > BD.

Suy raMA + MB + MC + MD > AC + BD.

Do d6 MA + MB + MC + MD dat gia tri

N



nhd nhat bang AC + BD, dat dudc khi va
chi khi M |a giao diém cla hai dudng chéo
AC va BD.

O day, c6 mét nghich Ii la s& diém it hon
c6 thé dan 14i bai toan khé hon. Ta xét bai
toan sau.

Bai toan 7. Tim diém M trong tam giac
ABC cho trudc sao cho MA + MB + MC dat
gia tri nho nhat.

Bai toan nay mang tén bai toan To-ri-xen-li
ndi ti€ng. Diém M tén tai khi va chi khi tam

giac ABC khong ¢6 géc nao 16n hon 120°. °

Néu A =120° ching han, thi M triing
véi A 1a diém can tim. Néu ba géc A, B, C
déu nhd hon 120° thi didm M can tim Ia
giao diém clla ba cung chra géc 120°
dung trén cac doan thing AB, BC va CA
(n&m vé phia trong tam giac ABC).

Bay qid, ta sé xét bai foan 1 trén madt
cach nhin khac. Phai chang 13i gidi bai
toan 1 qua dé vi s6 mad cta MA va MB quéa
nhd. Hay xét bai toan sau.

Bai toan 8. Cho dudng thing xy va hai
diém A, B ¢6 dinh. Tim diém M sao cho
MAZ + MB? dat gia tri nhd nhat.

Bai toan nay thoat nhin c6 vé khé hon
bai toan 1, nhung that ra néu ban nao biét
cbng thue tinh dudng trung tuyén clia tam
giac theo ba canh cta né thi |0 giai bai
toan 8 kha don gian.

Goi | la trung diém AB.

Khi d6 2(MAZ + MB?) = 4MI? + AB? nén
MAZ + MBZ? dat gia tri nhd nhat khi va chi
khi MI2 nhé nhat, nghia la khi va chi khi M
la chan dudng vudng goéc ha tir | xudng
dudng thang xy.

Bai toan 8 sé& trd nén khé haon néu ta
nhin n6 theo cach nhin cla bai toan 3 hoic
baij toan 6. Ta c6 cac bai toan sau.

Bai toan 9. Cho dudng thing xy va hai
diém A, B ¢6 dinh. Tim diém M trén xy sao
cho MAZ + 2MB? dat gia tri nhd nhat,

Bai toan 10. Tim diém M trong tam diac
ABC cho trudc sao cho MAZ + MB? + MC?
dat gia tri nhd nhat. )

. Bai toan 10 dugc goi la bai toan Dé-céc.
L&i gidi clia né khdng khé néu ta sif dung
cong thirc tinh trung tuyén clia mét tam
giac dé di téi cong thure Lai-bo-nit 1a

3(MA? + MB? + MC?) = 9MG? + AB? +
BC? + CAZ, trong dé G Ia trong tam tam
giac ABC. Tif cong thic d6 suy ra MA? +
MB2 + MC? dat gia tri nhd nhat khi va chi
khi M trung v&i trong tam tam giac ABC.

Nhitng cach nhin khac nhau an dudi cac
bai tap sau day va viéc giai ching sé rat b
ich cho cac ban.

Bai 1. Tim diém M trong tam giac ABC
cho trudc sao cho MH? + MK2 + MI2 dat gia
tri nhé nhat, trong dé H, |, K th( tu |a chan
cac dudng vudng goc ha tor M xudng ba
canh cla tam giac ABC.

Bai 2. Cho hai diém A, B ¢& dinh ndm cling
phia vai dudng thang xy. Tim diém M trén
xy sao cho | MA — MB | dat gia tri I6n nhat.

Bai 3. Cho tam giac ABC. Tim M, N, P
tuang ¢ng ndm trén 3 canh cla tam giac
ABC sao cho chu vi clia tam giac MNP dat
gia tri nho nhat.

Bai 4. Cho ti giac ABCD. Tim diém M
sao cho MA? + MB? + MC? + MD? dat gia
tri nhd nhat.

Bai 5. Cho hai dudng tron ndm khac
phia vdi dudng thdng a. Dung hinh vudng
ABCD ¢4 hai dinh A, C ndm trén a va hai
dinh B, D tuong (ng ndm trén hai dudng
tron da cho.

Bai 6. Cho tr giac ABCD. Dung hinh vuéng
MNPQ sao cho méi dinh ciia tif giac ABCD
n&m trén mot canh clia hinh vuéng MNPQ.

Chuc céc ban thanh cong !




1. D& chimg minh f(a ; b ; ¢) >0, ta can tim
X, Y, z biéu dién theo a, b, cdé f(a ;b ; c) >
f(x ; y ; 2), réi ching minh f(x ;y ; z) > 0.

2. Xac dinh dung céach Iua chon bién méi
mot cach phu hop.

Véi cac baitoan ma céc bién khdng cé diéu
kién rang buéc thi ta ¢ thé chon mét trong cac
dang trung binh sau : trung binh cdng, trung
binh nhan, trung binh diéu hoa hay trung
binh binh phuong. V4i cac bai toan ma bién
bi rang budc bdi diéu kién nao dé thi viéc
< lya chon mdt trong cac dang trén la r6 rang
han, chéng han, néu x, + X, + ... + X, = k thi

ta chon trung binh céng d& giai.

3. Tuy vao timg ham f da cho trong bat
d4ng thitc dé khai thac tinh chat clia né mot
cach thich hop, véi f d6i ximg thi ta c6 thé :

- Sap xép trat tu cac bién theo thir tu ting
ho#c gidm (Ham f(a ; b ; c) goi la déi xung
néuf(a;b;c)=f(x;y,;z),véi(x;y,z)la
hoan vi bét ki cba (a ; b ; c)). Chang han,
néu ham f(a ; b ; ¢) doi xing thi co6 thé gia
sfa<bcc.

- Ho#c ta ¢6 thé gia s

a=max{a;b;cthodaca=min{a;b;c}

Ta xét mét s6 vi du sau.

Vi du 1. Cho cac sé duang a, b, ¢. Chimg
minh réng

a2 + b2 + c¢Z + 2abc + 1 2 2(ab + be + ca).

Lai giai. Do tinh chat ddi xiing gitta cac
biennéngidsta=b>c. :

Patf(a:b;c)=a?+Db?+c?+2abc+ 1
- 2(ab + bc + ca).

TTT2 s6 52 da gidi thiéu Phuong phap dén bién dé ching minh
bat ddng thuc thudn nhat. Ching ta hay cung tim hiu thém vé
phuang phéap nay.

Xétfa:b;c)- f(v/ab ;Vab :c) =
=a?+b?-2ab-2c(a+b-2'ab)
= (Va-+b)?(a+b+2Vab -2¢c)>0.

Suyraf(a;b;c)zf(\/g ; \/ég;c):f(t;t;c).

Ta chi can ching minh véi t, ¢ > O thi
fit;t;c)=0 hay

22 4 c? + 2% - 2(P + 2tc) + 120
oc?+ 2% -4c+120
& (E-2c+1)+2c(tP-2t+1)20
o (c - 1)2+2c (t- 1)22 0 : hién nhién.

Dang thic xdyra<> a=b=c =1,

Chu y. Bai toan c6 thé giai bang nhimng
cach khac nhu dung phu’cng phap tam thic
bac hai hoc st dung bat dang thirc

abc28(@a+b-c)b+c-a)c+a-b)

Vidu 2. Cho cac s6 a, b, ¢, d duong théa
man a + b + ¢ + d = 4. Chimg minh rang

3(a2 + b? + ¢ + d?) + 4abcd —16 > 0. (%)

L&i gidi. Ta thdy via=b=c=d =1 thi
(*) xay ra dang thiec.

V4i gia thi€ta + b + ¢ + d = 4, ta sé don
bi€n b&ng cach s dung trung binh céng
nhu sau. Dat vé€ trai cta (*) laf(a;b; c; d).

Vif ddi ximg nén gid sta>b>c2>d.

Xét hiéu

a+c a+c
fla;b;c;d)-f| —;b;,—:d

( ) [ 2 > ]

= 3[a2 +c? —(a—+c—)2]+4bd[ac—ﬂ]
2 4

—(a—cp[2_
:—(a c) {2 bd].




Viazb>c>dnéna+c2>b +d.

Dodob+d< -;—(a+b+c+d)=

2
+d] 1= 3 _bd>o.
2 2

b 228, d].
2

Do dé ta chi can chimg minh (*) khia=c.
Maax=zb=cnénkhidba=b=c.

Ta sé& ching minh f(t ; t
3(3t2 + d2) + 4t3d - 16 2 0, véi 3t + d = 4.

That vay, thay d = 4 — 3t vao bat ding
thire trén, ta dugc

—12t% + 1613 + 36t2 72t + 32 20

o t-1)2((3t2+2t-8)<0
o (t-1)2 (3t -4)t+2)<0.

Vid =4 - 3t> 0 nén bat ding thiec trén
hién nhién dung. Suy ra dpcm.

Ping thirc xdyra wa=b=c=d=1.
" @ Ta clung xem vi du sau day (la vi du 2
trong bai viét cha thdy Nguyén Van Théng
dang trén TTT2 s6 52).

Cho a, b, cla cac s6 khong am va khong
c6 hai s6 nao cling bang 0. Chimg minh

Suyrabdc< [b

a+c

Vayf(a;b;c; d)>f[

5n ab+bc+ca ab+bc+ca
a2 —ab+b? b2 _bc+c?
ab+bc+ca
+_-2—'———'§'23-
¢ -ca+a

Patvétrailaf(a;b ; c).

Gid stta =minfa ; b ; c}.

Bang cach xétf(a;b;c)-f(0;b;c)ta
suyraf(a;b;c)2f(0;b;c). Saudé chimg
minh f(0 ; b ; ¢) > 3, suy ra dpcm.

Ta xét bai todn sau v4i cach gidi tuang tu
bai toan trén.

Vi du 3. Cho x, y, > 0. Chimg minh réng
P +y3+ 2% - Bxyz 2 4(x - Y)Y - 2)(Z - X)- (1)

L&i giai. Ta co
(1) = (X +Y+2) (XY + (y - 2)*+ (2-x)?)

-8(x~y)y-2)(z-x)20.

t:d)>0 hay

. Dat vé trai la f(x ; y ; z) thi f d8i ximg.
Giasttz=min{x ;v ; z}.
Xéthieuf(x;y;z)-f(x-z;y~-z;0)=

=3z(x-y)2 +(y -2z +(z-x)%2)=0.
Suyraf(x;y;z)2f(x-z;y-2z;0).
Do dé ta chi can chimg minh (1) trong
truonghgpz=0vax,y=0.
Khi d6 bat ding thirc (1) trd thanh
x3+y3 +4xy (x - y) 2 0.
Theo bat déng thitc Co-si, ta c6
y2 + 4x2 > 4xy = y3 + 4x%y > 4xy2.
Két hop v6i x > 0, suy ra (1').
Vay (1) dugc chimg minh.
Ping thirc xdy ra < x=y = z.
Nhan xét. Cach don bién nhu vi du 3 goi
la cach dén bién toan mién.
Sau day l1a mot s bai toan van dung.
Bai 1. (BDT Nét-sd—bl’t) Choa,b,c>0.
b c 3
+ + >—
b+c c+a a+b 2
Bai2.Chox,y,z>0thdbaman x+y+z=3.
Chimg minh réng

(1)

Chitng minh réng

2),

2(xy +yz +2 x2)+3<3(x +y + 2z
Bai 3. Cho x, y, z, t > 0. Chitng minh ring

x4yt ezt - Axyzt >
2 2(x = y)y - z)(z - t)(t - x).




Sau khi doc bai
viét clla ban Vo
Van Thanh trér
TTT2 s6 59, toi that sy an tuong véi phuang
phap phan tich thanh téng cac binh phuang
clia ban. Va t6i tu héi la con cach phan tich
binh phuong nao khac nira khéng ? That
tinh cd, toi da tim ra mot cach khac ciing
that dep.

Xin dugc nhic lai bai toan cha ban Thanh.

Bai toan 1. Ching minh réng vdi moi s
thuc a, b, c thi

(@% + b2 + c?)2 > 3(a%b + b3c + ca).

Pay 1a mot bai toan kha néi tiéng va
nhiéu ing dung clia tac gia Vasile Cirtoaje.

L&i giai. Bang cach phan tich :

6(a? + b2 + c?)? - 18(a%b + b3 + c%a)
=Y (2a% -b? - c? —3ab +3bc)? 2 0.

cyc

Ta c6 dpcm.

Ta cling ti€p tuc dén bai toan téng quat sau.

Bai toan 2. Chitng minh réng véi moi s6
thuc a, b, c, r thi

2
a® +b% + ¢ [’? - 1](a2b2 +b2c? +c%a?)

3r-r?
+

abc(a+b+c)

> r(a3b +b3c+ caa). Q)]
Loi giai. Bién ddi bat dang thirc (1).vé
dang Y (2a% -b? - c? —rab +rbc)? > 0.
cyc .

Suy ra dpcm.

NGUYEN MANH DUNG
(11A,, Toén, DHKHTN-DHQGHN)

Nhén xét.

+Trong (1), thay r = 3, ta dugc bai toan 1,
thay r = /3 ta dudc bai toén 2 clia ban Thanh.

+ Bat dAng thirc (1) con mét cach phan
tich nira tuong ty nhu ban Thanh la dua vé
dang 3 (a® -b? ~rab + 2rbc —rca)’ > 0.

cyc

Mot cau héi duge dat ra nira 1a con cach
gidi nao khac cho bai toan 1 hay khang ? Va
lai tinh c&, toi biét d&n mét 13 gidi nhu sau.

Dat X = (a2 +b? + )2 - 3(a’b + bic + c3a) ;

Y=a2+b%?+c?-ab-bc-ca:
A=al+b®+c3;B=a%b+b%c+c?a;
C =ab? + bc? + ca? ; D = 3abc.

Ta c6 4XY = (A - 5B + 4C)? +

+3(A-B-2C +2D)?2>0.

VichiyY>0.KhiY=0thia=b=c
nén X=0.KhiY >0 thi X > 0.

Dén day chac cac ban tu héi réng tai sao
lai c6 phan tich trén va ngoai cach phan tich
thanh téng cac binh phudng con cach gidi
nao khac nira khong ? Rat mong dudc trao
d8i clia cac ban vé van dé nay.

MNe o LT




sU DUNG PHAN TU CUC HAN BE GIAI TOAN

ThS. NGUYEN ANH DUNG (Ha Ni)

Ta biét rAing mot tap hop khac rdng
gém hitu han céac s6 thuc ludn tén tai sé
I6n nhat va s6 nho nhét.

Nhan xét trén tuy don gian nhung sé la
y tudng kha hay va doc dao gidp ta sir
dung phan t cuc han (phan tf c6 gia tri
I6n nhat hozc nhd nhat cla mot tap hop)
dé giai mét s6 bai toan.

Sau day la mot s6 vi du.

Bai toan vé so nguyén

Bai toan 1. Chdmg minh rang véi moi s6
tu nhién n > 1, tdng S=1+1+—1-+...+l
2 3 4 n
khong phai la mot s6 nguyén.

L&i gidi. Vi mbi s6 tu nhién n > 1, goi
k la s8 tu nhién [6n nhat théa man 2% < n.

Thé thi 2¥*1 > n. Do d6 ngoai phan tir 2
thi trong day 2, 3, 4, ... , n khéng con sé
nao khac la bdi cia 2X. Goi p la tich cla
tat ca cac s6 1& khong I8n hon n va dat
q = p-2¢" thi ngoai s6 2K, q 1a boi clia tat
cd cac s6 con lai trong day 2, 3,4, ..., n
q+q+q+ O I

3 4 ok n
Trong vé& phé| clia d4ng thic trén chi cé

ikez, con lai tdt ca cac s8
2

Tacd qS=

s6 hang

hang déu la s6 nguyén. Do d6 qS ¢ Z nén
S khéng phai la s8 nguyén. Ta cb dpem.
Bai toan 2. Chimg minh réng phuong trinh
x? +y2 = 322 khong c6 nghiém nguyén duong.
L3i gidi. Nhan xét r&ng, néu n : 3 thi
n2 | 3 va néu n khdng chia hét cho 3 thi n?
chia 3 du 1.

Gid s phuong trinh trén c6 nghiém
nguyén duong va (X, : ¥, ; Zp) la mét
nghiém ctia phuong trinh sao cho z, 1a s&
nguyén duong nhd nhét trong cac gia tri
clia z thda man x? + y2 = 322, *

Thé& thi x3 +y3 : 3 nén tir nhan xét trén
tasuyrax,:3vay,:3.Dodd x(2,+y(2, 19
nén 3z3 : 9. Do d6 z,: 3.

bat x, = 3x, 1y, =3y, 1 25 = 3z,.

Thay vao phuong trinh (*) réi chia ca
hai v& cho 9, ta dudc x? +y? = 322,

Nhu vay (x; 5 vy 5 z4) clng la mét
nghiém cla (*) ma z, < z,, trai vdi gia thiét.

Vay phuong trinh (*) khéng ¢6 nghiém
nguyén duong.

Luu y. Ta gia st z, c6 gia tri nhd nhat,
sau d6 lai chi ra z, < z, nén mau thuan.
Cach lam nay }hu’c‘mg gap trong chimg
minh bai toan bang phan chimg.

Bai toan vé hé phuong trinh

Bai toan 3. Gidi hé phuong trinh

x3 =2y -1 (1)
yS =2z-1 )
73 =2x-1 (3).

L&i giai. Vi day la hé phuong trinh hoan
vi vong quanh theo nén khdng mat tinh
téng quat, gia sif x = max{x ; y ; z}.
Vixzynéntir(1), (2 suyray=z
T (2), (3)suyraz=x.Doddx=y==z
_Thay vao (1), ta dudc x° - 2x + 1 =0.
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Tir d6 dé dang tim dudc nghiém cﬁa—hé la

x=y=2z=1ho4c x=y=z=—1i2\/§.

Bai toan hinh hoc

Bai toan 4. Tim s6 tu nhién n (vdin > 3)
I6n nhat sao cho trén mat phang ¢6 n diém
phan biét ma ba diém b4t ki trong chung
1& cac dinh clia mét tam giac vudng.

L&i giai. Gia sl c6 n diém phan biétA,,
A,, ..., A, vOin > 3, thda man diéu kién
bai toan. Vi sé cac doan thdng ndi cac
diém trén 1a hitu han va vai tro cac diém
nhu nhau nén gid stA A, = max{AA}, véi
i,je 1—3

Thé thi A A/A, la cac tam giac vudng
véi canh huyén 1a AJA,, ¥ i e 3,n. Noi
cach khac, cac diém A, A,, ..., A nam
trén duong tron duong kinh A A,. Néu
trong cac diém A, A, ..., A c6 hai diém
cung nam trén nira dudng tron dudng kinh
A4A,, ching han 1a Ay va A, thi dé thay
tam giac A AzA , [a tam giac tu : vo Ii.

Suy ra trén mdi nlra dudng tron dudng
kinh A,A, ¢6 nhiéu nhat mot diém thudc
(A A, A} Vayn<4,

Dao lai, dé thdy khi n = 4 thi hinh chit
nhat A, A A;A, théa man diéu kién bai toan.

A, A,

Vay s6 n 16n nhéat phai tim la 4.

Bai toan t& hop

Bai toan 5. Trong cudc thi ddu c6 cd n
ngudi tham gia (n > 3). Biét rang hai ngugi
bat ki déu diu v6i nhau dung mét van va
khéng ¢ van nao hda. Chimg minh réng
c6 thé xép n ngudi.dé thanh mot hang doc
sao cho méi ngudi, ké tir nguoi dimg dau,
déu thing ngudi dimg ké sau minh.

L&i gidi. Vi khdng cd van dau nao hoa
nén tir cac ngudi chai, luén cb thé xép
dudc thanh mét s cac hang doc (c6 thé
khdng dd n ngudi) sao cho trong mai hang
thi méi ngudi, ké tir nguai ding dau, déu
thdng ngudi dimg ké sau minh (méi hang
c6 thé cb 2, 3, ... ngudi).

Trong cac hang doc c6 thé x&p dudc,
xét hang c6 s6 ngudi nhiéu nhat. Gia sif
hang do (ki hiéu la hang 1) gém m nguoi
va dugc xép thanh hang theo thirtur laA,,
A i Ay

Néu m = n, ta ¢c6 dpcm.

Xét m < n, Gia sif B [a mét ngudi khéng
thudc hang 1.

Néu B thdng A, thi hang B, A, A,, ...,
A, €6 nhiéu ngudi hon hang 1 : v Ii.

Do d6 B thua A,.

Néu B thang A, thi hang A, B, A,, ...,
A, €6 nhiéu ngudi hon hang 1 : voli.

Vay B thua A,

~ (Xem ti€p trang 21)
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S0 DUNG PHAN 10 ...

(Tiép theo trang 23)

CUr tiép tuc Ii luan nhu thé, ta dugc B
khéng thé thang bat cir ngudi nao trong
hang 1. Nghia la hang A, A,, ... \A_, B
c6 nhiéu ngudi hon hang 1 : vé |i.

Vay m = n va hang 1 ¢6 d n ngudi, bai
toan dugc chimg minh.

Luu y. V& phuong phap, ta st dung
hang c6 nhiéu ngudi nhat réi chimg minh
khéng con ai dilng ngoai hang dé.

Qua cac thi du trén, ta thay phan tif cuc
han c6 mét vai tro dac biét. N6 vira co
thudc tinh chung clia mét tap hop vira ¢
tinh chat riéng clla phan tir & vi tri bién clha
tap hop d6. Trong nhiéu trudng hop, viéc
quan tam dén phan tlf cuc han sé giup ta

tim ra hudng giai quyét bai toan.

Bai tap lam thém

Bai 1. Gia s{ trén mat phdng c6 n diém
phan biét (n > 2) sao cho néu mét dudng
thdng di qua hai diém bat ki trong ching
thi dudng thing dé con di qua it nhat mot
diém thir ba nita. Hay chimg minh réng n
diém d6 cuing n3m trén mot dudng thing.

Bai 2. Gia sir c6 n sd thuc dugc viét
vong quanh mét dudng tron sao cho méi
s6 bang trung binh cdng cla hai s& bén
canh né. Chimg minh rang n sé trén bang
nhau. .

Bai 3. Chimg minh ring phuong trinh
x3 + 3y = 923 khong ¢6 nghiém nguyén
duong.

Keét qua TRAN BHY ___
(Tiép theo trang 19)

Tir d6 suy ra : Néu M la trong tam tam
giac A'B'C’ thi M nhat thiét phai la diém
chung cla ba cung tron BHC, CHA va AHB,
vi vay M tring vdéi truc tdm H clia AABC.
Diéu ngugc lai cling dung.

2) C6 sau vo st tham gia tran thach dau
th(r 52. Tuy nhién dang tiéc c6 dén ba v si
sau khi thiét 1ap diéu kién can (1a diéu kién 1
trong dap an néu trén) lai phat biéu ngudc
lai thanh diéu kién da : Néu M Ia truc tam
AABC thi M la trong tam AA’'B'C’ | Ngoai ra
hai vd sT Nguyén Ngoc Long, 9A, THCS Vi
Kiét, Thuan Thanh, Bic Ninh va Hoang
Minh Lap, 9E, THCS Quang Trung, Kién
Xuong, Thai Binh cho 16i gidi dung nhung
phai sit dung dinh li ham s6 sin- thudc

chuong trinh Toan 16p 10 THPT. Pang tiéc
cb hai v si khdng doc ki dé bai toan (hoic
khoéng ndm vimg khai niém tia) nén dung
A’, B’ va C' khéng ding do hiéu sai tia MA
thanh tia AM, v.v... 1! B&i vay chi c6 mét vo
si cho 1di giai ding va tuong ddi ngén gon
theo hudng dap an da néu. Do la vo si
Nguyén Manh Quén, 9C, THCS Vinh
Tudng, Vinh Tudng, Vinh Phac, rit xing
dang dugc dang quang trong tran thach
dau thit 52 nay.

NGUYEN DANG PHAT




Ta biét ring mét sé bai toan c6 thé dudc
phat biéu tém tat dusi dang néu A thi*B.
Vay dé phat trién va md rong mot bai toan
g dang trén thi van dé datrala:

i) Ngoai B ra thi con c¢é thé thu dudc két
qua nao khac nita khéng ?

ii) Dao lai, néu cd B thi cdé Akhéng ?

iii) Thay d6i mot s6 dirkién clia gia thiét A thi
két qua bai toan thu dugc cd gi médi khdng ?

D6 1a mét s6 hudng dé phat trién va md
rong mot bai toan. Sau day la mét sé vi du.

Bai toan 1. Cho n(ra duong tron tam O
dudng kinh AB cé cac ti€p tuyén Ax, By
nam cling phia véi AB. Qua diém M thudc
nlra dudng tron (M khac A, B), ké tiép
tuyén véi nita dusng tron cét Ax, By theo
thirtu & C, D. Ki hiéu gia thiét da cho 1a (1).
Ching minh rang :

a) COD = 90°.

b) CD = AC + BD.

c) Tich AC-BD khong ddi khi M di
chuyén trén nita dudng tron (O).

(SGK Toéan 9, téap 1)

Y
D

L&i giai.

A H O B

HOANG VAN CHUNG

(GV. THCS C4dm Vi, Cdm Giang, Hai Duong)

S8 bai toan khéac co lién quan)

a) Theo tinh chat ti€p tuyén cila dudng
tron, ta co COD = COM +DOM =

_ 1 xom+1Bom =2 1800 = 900,

2 2 2

b) Tac6 CD = CM + MD = CA + BD.

c) Ap dung hé thitc lugng cho ACOD
vudng tai O vdi dudng cao OM, ta ¢

MC-MD = MOZ2.

Suy ra AC-BD = MO?, khéng déi.

Bai toan 2. Vdi gia thiét (1). Ké MH L AB
(H e AB). Chimg minh r&ng MH, AD va BC
déng quy.

L&i giai. Goi |, I theo th(r tu 1a giac diém
clla MH véi AD, BC. Theo dinh li Ta-lét, ta c6

M _DM M_AC~DM_MC-DM
AC DC DC DC
Tuong tu : IM =M nén IM = I'M.

Vay | = I' nén MH, AD va BC déng quy.

Bai toan 3. V4i gia thiét (1). Goi E, F Ia
giao diém ctia AM, BM tuong (mg véi By,
AX.

a) Tim gia tri nhé nhat clia S ¢ khi M
di chuyén trén nira dudng tron (O).

b) Chitng minh réng khi M khéng phai la
diém gilta clia cung AB thi EF, CD va AB
dong quy, ta c6 dpem.

L&i gidi. a) Vi CM = CAnén ACAM can
tai C. Suy ra CAM = CMA => CFM = CMF.

Do d6 ACFM can tai C, nén CF = CM.

(Hinh vé nay dugc dung chung cho mét Tuong tu : DE = DM. Suy ra

VN



Scoer = %(CF +DE)AB = -;—(CM +DM)AB

-lcp.aB>taB2.
2 2

Vay GTNN clia S, 1 %ABZ, dat dugc
khi va chi khi M Ia diém giita ctia cung AB.

E
y
F
X D
M
C
A 0] B

b) Goi K la giao diém ctia CD véi AB, E’
la giao diém cla KF véi By (ban doc tu vé
hinh). Theo dinh Ili Ta-lét, ta co

CF KC CA

DE KD DB
Ma CF =CAnén DE'=DB. Ma DB =DE
nén DE' = DE. Suy ra E’' = E. Vay EF, CD

va AB dong quy tai K, ta cé dpcm.

Nhan xét. Ta xét bai toan ngugdc cla
cau c) cla bai toan 1, nhu sau.

Bai toan 4. Cho dudng tron tam O
dudng kinh AB = 2R cé cac tiép tuyén Ax,
By nam cung phia véi AB. Goi C, D lan lugt
la cac diém trén Ax, By sao cho AC-BD = R?,
© Chimg minh rédng CD Ila tiép tuyén cua
duong tron (O).

Lg&i gidi. TUr C, dung tiép tuyén cla (O)

cat By tai D'. Theo chimg minh cla. bai

toéan 1 thi AC-BD' = R% Ma AC-BD = R?
nén BD' =BD. Suy ra D' =D, ta c6 dpcm.
Nhan xét. Dé thdy AAMB ¢« ACOD. Do
dé, néu biét dién tich ACOD thi tinh dugc
dién tich AAMB. Ta ¢ bai toan mé rong sau.
Bai toan 5. V6i gid thiét (1). Biét
MC =4 cm, MD =9 cm. Tinh dién tich AAMB.
Lai giai. Tacd6 CD =MC + MD = 13 (cm) ;
MO? = MC.MD = 36 = MO =6 (cm).

Vi OMC = OAC = 90° nén tr giac OMCA

'n()i tiép. Suy ra OCM = OAM.

Tuong tu : ODM = OBM.
Suy ra AAMB o» ACOD (g-g).

Do d6 Spmg = Scop - [AB] =

CD
2 5 A3
=l.CD om. 4-OMT_2-OM”
co? CD
3
_2:67 382 2y~ 33.23(cm?).
13 13

Nhan xét. Ta c6 thé tinh dudc ban kinh r
ctia dudng tron ndi ti€ép ACOD khi biét do dai
cla hai canh OC, OD. Ta ¢6 bai toan mdi sau.

Bai toan 6. Vdi gia thiét (1). BiEtMC = 4
cm, MD =9 cm. Tinh ban kinh clia dudng tron
néi ti€p ACOD.

Léi giai. Ap dung dinh |i Py-ta-go, ta c6
0C = VOM2 +MC? =62 + 42 = 213;

OD = VOM? +MD? = V62 +92 = 3,13,

Vi mot tam giac bat ki, ta cé céng thirc
S =pr, trong d6 S, p, r thi tu la dién tich,
n(fa chu vi va ban kinh dudng tron noi tiép
cla tam giac d6. Tl d6 ta tinh dugc ban
kinh dudng tron ndi ti€p ACOD 13

5J13 -13
==————cm
2

Nhan xét. Ta c6 thé ching minh két qua
bai toan quen thudc sau.

Bai toan 7. Vi gia thiét (1). Goi r 1a ban
kinh dudng tron noi ti€p ACOD. Ching
minh rang.2r = CO + DO - CD.

(Xem tiép trang 21)
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PHAT TRIEN VA M& RONG ...

(Tiép theo trang 3)

Nhan xét. SIr dung két qua bai toan 7, ta
cé bai todn mad réng nhu sau.

Bai toan 8. Vi gi thiét (1). Goir, r,var,
lan lugt 14 ban kinh dudng tron néi tiép clha
cac tam giac COD, COM va DOM. Ching
minh réng :

a) r+r, +r, khong déi khi M di chuyén trén
nira dudng tron (O).

b) r2 =12 +12.

Lai giai. Ap dung két qua bai toan 7, ta co
2(r+r,+r,)=CO+DO-CD +CM + OM

-CO+DM+OM-0D =20M.
Suy rar +r, +r, = OM, khong ddi.
b) D& thay cac tam giac COD, CMO, OMD

- r r I
doéng dang. Suy ra — = —=—*—

g dang y Ch CO ODb

r? 2 r22 2 18
P2 T A2 An? 2 2

CD CO oD CO“ +0D

Ma CD? = 0C? + OD?nén r? =r2 +12, ta
c6 dpcm.

Cu tiép tuc phat trién va md rong bai toan
nhu trén, ta sé thu dudc cac két qua khac.
Chuc céc ban thanh céng.

Cau 3. K

D

A\MB

C
1)wm=%sdﬁ;=%sm=ﬁnén

ACAM «» ACDA.

Suy ra CA2 = CM-CA, ta c6 dpcm.
2) Goi 04, O, Ian luot 1& tdm dudng tron

ngoai tiép AADM va ABDM. Ta c6
AOM =2-ADM = ADB = 2-BDM = BO,D.
Ma AO,AM can tai O, va AO,BM can tai O,
nén O;AM = O,BM = G;MA = O,MB.
Do d6 tir giac MO1KO2 Ia hinh binh hanh,
véi K = A0, N BO,,.
Suy ra K nam trén dudng tron (O) va la

Hudng dan giai de ki iS¢ ... (miep theo rang 10

diém ctiinh gilta clia cung AB chita diém D

nén K ¢é dinh. Vay tdm dudng tron ngoai ti€p
AADM nam trén dudng thang AK c¢é dinh.
3) Ta ¢ KO, = MO, = R, va AO, = R..
Suy ra R, + R, = AK, khong ddi.
Cau 4. Goi D(5 ; 0) thi AODC la hinh
75 3

thang. Ta ¢6 Spopc = 5 , Sgep = 3

= Sposc = Saonc ~ Spep = 9 (dvdt).

Lé'y M(3 . 0) thi SAOM = % = %SAOBC .

Vay dudng théng AMCcOPT:y=-x+3.

Cau 5. Pat 2=x3; E_y €_28 ti
b a
xyz = 1.
Suy ra x3 + y3+ 23 = 3xyz, hay
(X+y+2)0C+y2+ 22 - xy -yz-2x)=0.
+ N&u x% + y2+ 22 - xy — yz - zx = 0 thi
x=y=z=1.Suyraa=b=c,nénabc=a3.
+ Xét x + y + z = 0. Ta chiimg minh dugc

3
abc < [bc —ab] .
a-b
Viabc nguyén nén vé& phai la 1ap phuong
clia mot sé nguyén,




NGUYEN VAN HUYEN
(Lép 10A, THPT Nguyén Trung Truc, Tri Tén, An Giang)

Chung ta da biét, méi hé phuong trinh Bai toan 2. Gidi hé phuong trinh

déi ximg loai I, hé phUdng, trinh déi ximg X+y+z =1 (1
loai I, hé phugng trinh dang cép va hé
phuong trinh hoan vj vong quanh déu cé
mét s§ phuang phap chung dé giai. Bai viét 3 +y3+2% =1 (3)
nay sé gidi thiéu mét s6 phuong phap dé giai
mét s6 hé phudng trinh khéng miu muc.
Bai toan 1. Giai hé phuong trinh

X2 +y?+22 =1. ()

L&i giai.
Cach 1. T (1), (3) va ap dung hiéing dang
thirc quen thudc (a + b + ¢)° -

—— N R R NN SN R e SN EEN BN SN SN B SN SN EE E SEN SN SRS NN S B SN S Smm SN SEN SN NN S S SN BN S N SIS SN SN B A M A S g
—_—

(1_ 12 ]J‘= — (a3 + b3+ c3 =3(a+b)b +c)c +a), ta
y+3x . suyra 3(x + y)y + z)(z + x) = 0.
(1+ 12 ]ﬁ:e N&u x +y = 0 thi hé cé nghiém 12 (0: 0 : 1).
y+3x N&u y +z = 0 thi hé c6 nghiém 1a (1: 0 ; 0).
L&i giai. D& thay xy = 0. Néu z + x=0thi hé& c6 nghiém1a (0; 1;0).
Diéu kienx>0;y>0. Céch 2. Tu (2) va (3) suy ra
Hé phuong trinh d3 cho tuong duong véi ~ x2(1 - x) +Y2(1 - y) + Z2(1 - y) = 0. (4)
12 2 1 3 11 T (2 suyrax? y%, z2<1nénx,y, z<1.
1"y_+§;=_fx’ 'ﬁ+7‘;_ M Suyrax¥(1-x)20;y3(1-y)20;2%(1-y)20.
l”izio _1.3 127 Vay@exk(-x=yAl-y)=71-2)=0.
y+3x fy Ix Jy  y+3x Suy ra nghiém cGa h&la (0 ; 0 ; 1) va cac
Suy ra 2_l= 12 hOéCn'Vi' :
Y X y+3x ach 3. T (1), (2) suy ra
<:>y2+6xy—27x2=0<:>[y=3x o X+Y:1—Z o x+y=1—z.
y = -9x (loai) xy=-5((1—-z)2—(1—22)) xy=22-2
Thé y = 3x vao (1), ta dudc l+£ =1, Thay vao (3), ta dugc
Vx ‘/; (1-2P-3(1-2)(z2-2)+2%=1
Suy ra nghiém cla hé la X=4+2\/§. ©2-72=0e2z=0hojcz=1.
' y=12 +643 . Tur d6 suy ra nghiém ciia hé.

T r e s T T Y Yr“* " 2*rrrr -y r*ryrrrry ¢ 0 ¢ 0 0 } 1

N



Bai toan 3. Giai hé phuang trinh . » Giai cac hé phuong trinh sau :

Cong theo V& vdi (5), ta dudc xyz = 2z + 1.

Tuong tu: xyz=2x+1;xyz=2y + 1.

Suyrax=y=2.

TUu d6 suy ra nghiém cla hé.

Dé& két thuc bai nay téi xin gidi thidu mot

s6 bai tap dugc trich tir @& thi vao ldp 10

~ chuyén toan va Olympic toan ciia mét s6
- tinh, thanh ph& dé ban doc tu giai.

1
|
3 2 _
x——1-= ) 2x> —7X° -8x-2=y :
31/ Bai 1. {2y -7y -8y-2=2. I
fy-z=t ) 273 772 ~82-2=x :
|
z—l=1 3) X+y+2Z+t=22 I
X 1 1 7 1
. —+— =— |
L&i giai. Didu kién X, y, z # 0. Bai2 (X VY 12 I
) A X+1 . 1 1 5 1
Céch 1. Tu(3)suyraz=——,nénx=-1. . —+- =— 1
X z t 18 I
Thay vao (2), ta dugc xyzt = 648 |
|
Yo = 1= xy-1=2x-y. x+1+Ux+3 +Vx+5 = 1
X+1 . I
Mat khac, tif (1) suy ra xy — 1 = y. Bai 3. =Jy-1+Jy-3+y-5. |
Dodé2x-y=ynénx=y. x2 +y2 +x+y =80 :
Tuong tu, tacoy=znénx=y =z. ) s I
X+y+2)” =12t |
vay(1)©x2—x-1=o©x=1i‘/§. (x+y )3 I
Bai 4 (y+z+t)” =12x 1
Vay hé c6 hai nghiém (x ;y ; z) la ’ (Z+1t+x)3 =’12y. :
145 145 145, (s x+y)® =122 l
2 "2 "2 ) 3,3 :
ux’ +vy” =14 I
1—\/-5-;1—\/-5-;1—\/-5- . BAl 5 <ux2+vy2=5 1
2 T2 T2 : : I
ux+vy =2 I
Céch 2. Hé da cho tuogng duong vdi u+v =1 |
|
Xy -1= 4
y)z/ 1_32/ ((5)) x3+y3+x2(y+z)=xyz+14 :
Xz —1=x () Bai6. y3+z3+y2‘(z+x)=xyz—21. :
TU (4) suy ra xyz =z + yz. 22+ X3+ 22 (x4 y) = xyz+ 7 :
|
|
|
|
|
|
I
|
|
|
|
I
|
|
4




TU TUONG Cd DPE-CAC QUa LOI GIdl
cda MOT BAI TOAN CUC TRI HINH HOC

TS. NGUYEN MINH HA (BHSP Ha N6i)

Trong TTT2 s6 13, tdi da gidi thiéu 16i
giai dai s6 cla bai toan sau (la bai toan
thach dau cua tran dau thir ba). .

Bai toan 1. Trong cac tam giac noi tiép
dudng tron (O ; R) cho trudce, hay tim tam
giac c6 dién tich 16n nhat.

Vira qua, trong TTT2 s6 56, vdi bai
“Nhan xét bi lang quén”, toi da gidi thiéu
vdi ban doc gidi |8i giai thuan tiy hinh hoc
cho bai toan 1. Khong nhimg th&, dé
khang dinh tinh uu viét cGa ki thuat hinh
hoc, téi con st dung né dé giai bai toan
tuong tu doi vdi chu vi nhu sau.

Bai toan 2. Trong cac tam giac ndi tiép

- dudng tron (O ; R) cho trudce, hay tim tam
giac ¢d chu vi 18n nhat.

Sau khi TTT2 s6 56 dugc phat hanh, toi
nhan dugc mét birc thu cla em Nguyén
Khanh Linh, 9Ag, THCS L6-m6-nd-xop,
Ha N&i, cung vdi cau hoi va I6i dé nghi
kha hay : “Thua TS. Nguyén Minh Ha, ¢
hay khong moét 16i giai dai s6 clia bai toan
2 nhu I6i giai clia bai toan 1 ma TS da gidi
thiéu trong TTT2 s6 13 ? Néu ¢6 thi mong
TS hay gidi thiéu 18i giai d6 dé ching em
va ban doc clia TTT2 dugc biét".

Bai toan 2 c6 nhiéu I6i giai dai s6. Sau
day, t6i sé gidi thiéu mét trong cac 10i giai
db. Hon nita, qua 13i gidi nay, tdi con
mudn gidi thiéu vdi cac em mét tu tudng
Ién cha toan hoc : dai s6 héa hinh hoc
bang phuong phap toa doé.

Trudc hét, ta hay chimg minh bé dé sau.

Cho tam giac ABC vdi trung tuyén AM.
Chimmg minh réng

_2(AB? + AC?)-BC?
4

AM?

B6 dé trén c6 thé dugc chimg minh
béng nhiéu cach. Dudi day la hai cach
chimg minh kha dién hinh cla né.

Cach 1.

A

Khong mat téng quat, gia stf, AB > AC.

Goi H, K Ian lugt 1a hinh chiéu vuéng
gbc clia B, C xudng AM thi H thudc tia doi
cla tia MA, K thudc tia MA.

Ta ¢6 ABMH = ACMK (g-c-g).

Suy ra BH = CK va MH = MK.

Ap dung dinh li Py-ta-go, ta cé

2(AB? + AC?) - BC?
= 2(AH? + BH? + AK? + CK?) - BC?
= 2((AM + MH)? + (AM — MH)? + 2BH?) - BC?
= 2(2AM? + 2MHZ + 2BH?) - BC?
=4AM? + 4BM? - BC? = 4AMZ.
2(AB? + AC?)-BC?
4

Do d6 AM? =

Cach 2. DatBC = a.
Chon hé toa d6 Dé-cac vudng géc Oxy

77\
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sao cho M(0 ; 0), B(—% £ 0), C(% £ 0).
Gid slrA(a, ; a,) vdia, = 0.

yﬂ
A

»-
X

B = M C

Theo céng thifc tinh khodng cach gilra
hai diém, ta c6 :

AM? =a? +a3;

a 2 a2
ABZ=(a1 +§] +a%'—' a12 +a% +a1a +-—4—,

2 2
a a
AC2=[a1—§J +a% =a12+a%"a-|a+7.

2
Do dé AB? +AC? =2AM2+%, bé

dé dugc chimg minh.
Trd lai viéc chitng minh bai toan 2.
Goi M Ia trung diém chia BC.
Tu bd dé, suy ra
2(AB2 + AC?) - BC? = 4AM?
& 2(AB? + BC? + CA?) = 4AM? + 3BC2,
St dung b4t déng thirc quen thuéc
A

(x+y+2)2<3(x®+y2+ 2%, tasuyra

(AB +BC + CAY < %(4AM2 +3BC?). (1)

ViAM < AO + OM nén
4AM? + 3BC? = 4AM? + 12MC2 <
< 4(AO + OM)? + 12(CO? - OM?)
= 4(R + OM)? + 12(R? - OM?)
= 4(R + OM)(R + OM + 3R — 30M)
=8(R + OM)(2R - OM)
<2(R+OM + 2R - OM)? = 18R? (2)
(8 day ta ap dung bat ding thitc Cé-si cho
hai s6 duong R + OM va 2R - OM).
Tur (1) va (2), suy ra
AB+BC +CA < 33R.

DAng thifc xay ra khi va chi khi AABC déu.

Tém lai, trong cac tam giac noi tiép
dudng tron (O ; R) cho trudc, tam giac déu
¢ chu vi 16n nhat va gia tri |on nhat dé
bing 3v3R.

Nhan xét. Tir |0i gidi dai s6 dén 1di giai
hinh hoc clta bai toan 1, tir I8i giai hinh
hoc dén Idi gidi dai s6 clia bai toan 2, ta
thay hinh hoc va dai s6 quan hé mat thiét
vdi nhau.

Tir thud xa xua, méi quan hé gilra Hinh
hoc va Pai s6 da dugc loai ngudi quan
tam tim hiéu. Truéc thdi Ta-lét va Py-ta-go,
ngudi ta cho ring Hinh hoc va Pai s6 |3
hai mén hoc riéng biét, khéng ¢6 quan hé
gi vdi nhau. Tir thoi Ta-lét va Py-ta-go, trong
Hinh hoc da c6 Dai s6 va Dai s6 da tham
nhap rat sau sic vao Hinh hoc. Nhung chi
tir thai Dé-cac, méi quan hé gitta Hinh hoc
va Pai s6 mdi trd nén rd rang hon bao gid
hét. B&ng phuong phap toa do tuyét vai
clia minh, Dé-cac da chi ra ring moi bai
toan hinh hoc xét cho ciing déu 1a mét bai
toan dai s6. Cach chimg minh thi hai clia
b8 dé ma téi gidi thiéu d trén 1a mét vi du
don gidn nhung tuong déi dién hinh, minh
hoa kha ré nét tu tudng dai s6 héa hinh
hoc clla clia Pé-cac. Vi tu tudng trén,
Dé-cac da trd thanh mét trong nhing nha
toan hoc Ign nhat clia nhan loai.

N -




Mot ngudi vay $1000 trong 2 nam vdi
15i kép 8% mdi nam. Tién lai kép dugc tinh
nhu sau :

Cudi nam dau tién, 8% lai cla $1000 la *
$80 dudc cong vao phan chinh (tién géc)
dé trd thanh khoan vay cho nam thi hai.
Khoan vay ctia nam thi hai sé 1a $1080.

Cubi nam thit hai tién lai cta $1080 vdi
8% mot nam sé la $86,40. Téng tién lai
goi la 1di kép 1a $80 + $86,40 = $166,40.

Lai kép con goi la lai gop.

Vi du. Tim tién Iai kép cha khoan vay
$5000 sau 3 nam vdi lai suat 4% méi nam.,

Lai giai.

Phan chinh clia nam thit nhat = $5000.

Tién |4 4% (nam thit nhat) =

4
=% . $5000 = $200.
T §

Phan chinh clia n3m th{ hai = $5200.
Tién Iai 4% (nam th(t hai) =

4
- 2 «$5200 = $208.
T $

Phan chinh clla nAm th( ba = $5408.
Tién lai 4% (ndm thi ba) =
4

- % .$5408 = $216,32.
100 $

Lai kép = $200 + $208 + $216,32 =
= $624,32,

T ngir ti€ng Anh thuéng gép :

e compound interest : |ai kép, 1ai gop

e per annum : m6i n&m

e p.a. : mbi nam (viét tat)

e borrow : vay, mudn tién

e period : khoang thdi gian

e quarterly : mét quy

e /end : cho vay lai

e invest : dautuy -’

e duration : thdi gian

e debt: ng

e repay : hoan tra lai, thanh toan lai

e owing : con phai tra, con ng

e merchant : ngudi ban hang, thudng
nhan

e dealer : nguadi buén

e departmental store : clta hang kiét

e salesman : ngudi ban hang, ngudi
chao hang (M¥)

e frader : nha buén, thuang nhéan

Bai tap. A man borrowed $3000 at 8%
per annum compound interest compound
annually. How much must he repay in all
at the end of 3 years ? Give your answer
correct to the nearest dollar.




Ldi gidi bai toan 1 dua trén mot b dé rat
quen thuéc va sé dugc sir dung dé giai cac
bai toan trong bai viét nay.

B& dé. Gid s | la tam dudng tron ndi tiép
AABC. Thé thi BIC = 90° + BATC
(ban doc tu chitng minh bé dé nay).

Khi gidi bai toan nay, hoc sinh thudng
chi xét truang hap BAC nhon. Khi d6 O va
| thuéc cling mét nira mt phing vai bé 1a
dudng thing BC nén B, C, O va | ndm trén
mét dudng tron khi va chi khi BOC = BIC

e—

BAC

< 2.BAC =90° + < BAC = 60°.

O day ta khong loai trif trudng hop O =1,
trc 1a khi ABC la mét tam giac déu.

That ra dé |di gidi chit ché, ta con phai
xét thém hai trudng hop :

+ Néu BAC = 90° thi O la trung diém BC
nén B, C, O va | khéng ndm trén mét
dudng tron : loai.

+ Né&u BAC > 90° thi O va | § vé hai nita
mat phang véi bd 1a dudng thing BC nén
B, C, O va | ndm trén mét dudng tron khi
va chi khi t&r giac BOCI néi ti€p
< BIC+BOC =180°
BAC

< 90° + +2-(180° -BAC) = 180°

< BAC =180° : loai.

Tim MAl LIEN HE 61GA CAC BAI TOAN HinH HoC

ThS. LE THI NGOC THUY (GV. CDSP Nghé An)
Bai toan sau day tuy don gian nhung chita dung trong né nhiéu

y tudng kha sau séc can dugc kham pha.
Bai toan 1. Goi O va | Ian lugt 1 tam dudng tron ngoai tiép va

ndi tiép tam giac ABC. Tinh BAC biét bén diém B, C, O va | nm
trén mot dudng tron.

A

y i\ V.

Vay bén diém B, C, O va | ndm trén mét
duding tron khi va chi khi BAC = 60°.

Bai toan 2. Cho dudng tron tam |, ban
kinh r tiép xtc vdi hai canh AB va AC cla
AABC tuong (g tai M va N. Cac dudng
thdng BI va C| cit dudng thdng MN tai E
va F. Chiing minh réing cac diém B, C, E va
F cung thudc mét dudng tron (Dé thi vao 16p
chuyén toan ctia B6 Gido duc, nam 1975).

L&i giai. Vi (1 ; r) ti€p xuc v6i AB va AC tai
M va N nén AMN = ANM. Xét E va F cling
nim ngoai doan thdng MN (cac trudng hop
khac ban doc tu ching minh). Khi db

€N5=m=goo_gvaﬁc=gowg.
A E




Suy ra

A

6ﬁ5=180°—[90°+-2-] Ao

90° - —= =CNE.
2

Do dé tir giac CINE noi ti€p, suy ra
IEC = INC = 90° hay BEC =90°.

Tuong tu BFC = 90° nén t(r giac BCEF néi
ti€p duang tron dudng kinh BC, ta c6 dpcm.

Bai toan 3. Cho géc vudng xAy. Trén tia
Ax |ay mét diém B cd dinh va trén tia Ay co

mét diém C di dong. Budng tron tam | néi*

ti€p AABC tiép xtc vdi AC va BC tuong
{mg tai M va N. Chimg minh réng dudng
thang MN ludn di qua mét diém ¢b dinh khi
C di chuyén trén tia Ay.

L&i giai. Goi E 1a giao diém clia Al véi MN.
Theo I8i gidi bai toan 2, ta c6 AEB =90°.
Mit khac BAE =BAI=45° nén AAEB
vudng can tai E. Vi A, B ¢ dinh nén dudng
thing MN luén di qua diém E ¢ dinh.

X
B

A M C

Bay gid ta hay xét bai toan sau day vdi
Idi giai suy ra truc tiép tir b8 dé trén nhung

OIC = 90° + = 90° +45° = 135°.

OHC
2

Ma AIOA = AIOC (c.g.c) nén
AlO = ClO0 =135° Vay | ndm trén cung
chra géc 135° dung trén doan AQ. Vi

AFO = 45° =180° ~AIO nén | thudc dudng
tron ngoai ti€p AAOF. Budng tron nay nhan
AF |am mdt dudng kinh ctia né.

Lap luan tuong tu d6i véi cac trudng hgp
con lai, ta thay tap hop can tim la bén cung
chita goc 135° dung trén cac doan AO va
OB (trir c4c diém A, B va O).

Chu y réng néu khi du doan tap hop
diém I, ta chon diém C nim trén ba trong
bén cung AE, EB, AF va FB thi ta dé doan
nham tap hgp diém can tim véi cac dang
quy tich quen thudéc nhu mot doan thang
hay mét cung tron.

Bai toan 5. Cho AB la day cung ¢6 dinh
clia du’dng tron tam O ban kinh R va C la
moét diém chuyén dong trén dudng tron dé.
Goi | la tam du’dng tron noi ti€p AABC. Tim

c6 mét diém ma ban doc can luu y khi du  gia tri 16n nhat cla chu vi AABI.

dodn quy tich.

Bai toan 4. Cho duong tron tam O
dudng kinh AB cé dinh va mét diém C
chuyén dong trén dudng tron dé (C khac A
va B). Goi H la chan dudng vuéng géc ha
tir C xuéng AB. Tim tap hop diém | la tam
dudng tron ndi ti€p AHCO.

L&i gidi. Ké dudng kinh EF vudng gbc
véi AB. Do tinh ddi ximg nén ta xét trudng
hop C ndm trén cung nhé AE. Khi d6 ap
dung bé dé cho AABC, ta cb

L&i gidi. Xét trudng hgp C ndm trén cung
nhd AB. D3t ACB = « thi AIB = 90° +%.

Kéo dai Al mét doan IM = IB.

Tacd PTM\B-EE—45°+E.
2 4

Goi EF la dudng kinh vudng goc véi AB
clia (O) (E thudc cung ACB). Trén EF ldy
diém J sao cho JF = FA.

(Xem tiép trang 7)




" Cuée thi
DU/ B0AN B{1 VD BICH EURD 2008

Cau hdi du thi :

1) B6i nao vo dich Euro 2008 ?

2) Cé bao nhiéu ngudi tra |di giéng ban ?

Poi tugng dur thi : T4t ca cac doc gia
cla TTT2.

Thai han dy thi ; .

o Néu ban gt bai du thi béng thu thudng
thi trudc ngay 26 - 6 - 2008 (tinh theo dau
buu dién). Bai du thi gl vé dia chi : Tap
chi Toan Tudi tho, nha 22/16 ngd 61 Tran
Duy Hung, Q. Cau Gidy, Ha Néi. Ngoai
phong bi ghi r6 : Tham du cudc thi Dy
doan d6i vo dich Euro 2008 clia TTT2.

e Né&u ban gt bai du thi bing e-mail
thi trudc 0 gio ngay 26 - 6 - 2008 (gio Viét
Nam). Bai du thi gl vé dia chi :

toantt@fpt.vn
;  Kétqua tring thudng sé dugc cong bo
I trén TTT2 s6 65, thang 7 - 2008.

) P —————— e L L D L L T Y

Tim M LiEn K.

(Tiép theo trang 3) M
c
J
A B

0

F

— o —
Khi d6 AFJ =189~ _ggo -% nén

ATJ73=2-ATJT==180°—(90°-%]=
=90°+%=2-/WT3.
Ma JA = JB nén J la tdm dudng tron

ngoai tiép tam giac AMB.
SuyralA+IB =AM < 2JA.

Vay IA+IB + AB < 2JA + AB.

Tuong tu, néu C n&m trén cung AFB thi
chu vi tam giac ABI < 2KA + AB, trong d6
K 1a mot didm nam trén EF sao cho EK =EA.

Vi a > 90° nén 180° —%390° + 2
Suy ra 90° —%s45° +2

hay AKJ < AJK = AJ < AK.

Do d6 chu vi AABI 6n nhat [a 2KA + AB,
dat dugc khi va chi khi C trung véi F.

Bai tap ap dung

Bai 1. Cho dudng tron tam O, ban kinh
R va mét day AB c8 dinh (AB < 2R). Goi
C 1a mét diém chuyén dong trén cung nhd
AB va | |a tam dudng tron noi ti€p tam giac
ABC. Chimg minh r&ng dudng phan giac

cGa AIB luén di qua mot diém cé dinh.

Bai 2. Chimg minh réng trong cac hinh
chir nhat cling ndi ti€p mot dudng tron cho
trude, hinh vudng c6 déng thdi ca chu vi
va dién tich 16n nhét.

P
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dang toan nay.

Vi du 1. Tim nghiém nguyén cua phuong
trinh 3(x2 + xy + y2) = X + 8y. (1)
Ldi giai. Ta cb
(1) o3x%+(By-)x+3y2-8y=0. (2)
ViA=(3y-172-12(3y> - 8y)nén A2 0
< 27y2 - 90y - 1<0 < 3(3y - 5)2 < 76.
ViyeZnénye{0;1;2;3)
Suy ra nghiém cla (1) 1a :
(x:y)e{0;0);(1; 1}
Vi du 2. Tim cac nghiém nguyén cla

phudng trinh X + y + Xy = X2 + y2. (1)
L&i gidi. Ta co
(1) & x2-(y+ x+(y?-y)=0. (2)

ViA=(y+1)2-4(y%2-y)nénA20
o3 -6y+1<0o3(y-172<4.
ViyeZnénye{0;1;2}.
Suy ra nghiém nguyén cGa phudng trinh
() la: |
(x;y)e{(0:0);(0:1);(1:0);(1,;2);
(2:1);(2:2)
Vi du 3. Tim nghiém nguyén clia phuang
trinh X% - 2xy + 5y2 =y + 1. (1)
L&i giai.
Cach 1. Giéng nhu hai vi duy trén, ta dua
(1) vé phuong trinh 4n x
x2 - 2yx + (5y?’ -y -1)=0,
réi tim dugc diéu kién dé phudng trinh cé
nghiém la y = 0 va suy ra nghiém cta (1) la
x:y) e{(1:0):(-1;0)
Céch 2. Bién d8i (1) trd thanh

M S HUIING PHAP G PHUGNG TN
NGHEM NEUYEN Al

TRINH THUY HANG (GV. THCS Trung Vuong, Ha N6i)

Giai phuong trinh nghiém nguyén khéng phai 1a viéc dé dang
déi vai hau hét cac ban hoc sinh. Bai viét nay xin gidi thiéu mét
s6 vi du, qua d6 ta hoc dugc mét s& phuadng phap giai cu thé cla

y+1=(x-y)?+4y% rdisuyray+ 1> 4y2
Viye Znény?>y.
Suyray?+12y+124y2 = 123y2
Tl d6 tim dugc y = 0 va ta tinh dudc x.
Vi dy 4. Tim cac nghiém nguyén cta
phuang trinh 5(x2 + xy + y2) = 7(x + 2y). (1)
L&i gidi. Vix,y € Znén 502 +xy +y9) 5
va7(x+2y):7.Dodéténtaim e Z dé
{x +2y =5m

x2+)(y+y2 =7m,

Ti X + 2y = 5m, suy ra X = 5m - 2y. Thay
vao phuong trinh x2 + xy + y2 = 7m va rit gon,
ta dudc 3y2 - 15my + (25m? — 7m) = 0. (2)

Phuong trinh (2) &n y ¢ nghiém < A >0

<:>Osmsg§.
25

VimeZnénme{0;1).

Tl dé tim dudc nghiém nguyén cla phuong
tinh (1) a1 (x;y) € {(0;0);(1:2);(-1:3)}

Bai tap ap dung

Bai 1. Tim nghiém nguyén cla phudng
trinh 2x8 — 2x%y + y2 = 64.

Bai 2. Tim nghiém nguyén cua phuong
trinh x2%y2 - x2 - 8y? = 2xy.

Bai 3. Cho phuang trinh

x2 - 2mxy? + m(y® - 1) =0
(m la tham s6, m € N*),

Chimg minh r&ng phuong trinh cé. nghiém
nguyén(x ; y)théaman x>0 ;y > 1 khiva
chi khi m 14 mét 8 chinh phuang.

VN




Téng quat hoa
mot bai toan la mot
cdng viéc khong dé
dang. Sau day, t6i xin gidi thiéu v8i ban doc
mot cach téng quat tir bai toan cla tac gia
Phan Thi MUi dang & TTT2 s6 58 nhu sau.

Bai toan. Cho cac s6 thuc khéng am
a,bvacthdamana+b+c=1. Timgiatri
I6n nhat ciia biéu thirc

P = a(b? + ¢?) + b(c? + a?) + c(a® + b?).

L&i giai.

TacéP=a(b? +c? +a?) + b(c? + a2 + b?) +
+c(@@+b?+cd-at-pP-ci=
=(a2+b2+cz)(a+b+c)—a3-b3—03=
=aZ+b%+c?-af-b3-cd(via+b+c=1)
=a%(1 - a) + b%(1 - b) + c3(1 - c).

Ap dung bat ding thitc Cé-si cho hai s6,

2 2
tacd P< a[w] +b|:w_):| +
2 2

+c2(1-c)=a—z—b+c2(1—c)=

\2
=—1-—3+c2(1—c)=—1-—c c—lJ sl.
4 4 4 2) "4

P dat gia tri I6n nhat bang % khi va chi

khi trong ba s6 a, b va ¢ cé hai s6 bang %

sé con lai bang 0.

V6i cach giai nay, ta mé rong bai toan voi

bénh sé nhu sau :
Bai toan 1.

Cho cac sé thuc khéng am a, b, c va d
thbaman a +b + ¢ + d = 1. Tim gia tri 16n

CAO NGOC TOAN
(GV. THPT Tam Giang, Phong Dién, Thita Thién - Hué)
OO0 000000000000 OOOOOOOGNOSNOEOSEOSEOSOSOSOSES

nhat ca biéu thirc
P=a(b2+cz+d2)+b(cz+d2+a2)+
+c(d?+a?+ b2) + d(a2 +b?+ c?).
L&i gidi.
Giai tuong tu bai toan trén, ta dugc
P=a%1-a)+b%1-b)+c3(1-c)+d%(1-d)

2 2
Saliﬁ“_—a_)jl +b|:w_).:l +c2(1_c)
2 2

+ d(1-d) =1-c['c-lJ2 —d[d—ljz <1
4 2 2) "4
P dat gia tri Ic’xr} nhat bang % khi va chi
khi trong bén s6 a, b, ¢ va d ¢6 hai sé bang
%, hai s& con lai béng 0.

Tir hudng giai trén ta c6 bai toan tdng
quat nhu sau.

Bai toan 2. Cho n sé thuc khong am a,,
a, ..,a thoaména,+a,+..+a =1

Tim gia tri I8n nhat ctia biéu thirc
P= a1(a§ +a§ +...+aﬁ)+

+ a2(a§+a§ +...+aﬁ +a12)+...+

+ an(a12 +a§ +...+aﬁ_1).

VN



TOAN TRO CHOI, BAT BIEN

ThS. NGUYEN SON HA (GV. Khéi THPT chuyén DHSP Ha Noi)

Trong chuong trinh toan THCS thi toan
trd choi 1a mét ndi dung khé. Thuc té,
trong mot s6 bai toan tro choi, tai moi thai
diém ta thuc hién thao tac (khi tinh huéng
thay d8i) thi vAn c6 nhimg dai Iugng
khong déi (bat bién). Ta phai tim ra dai
lugng bat bién dé giai quyét yéu cau cla
bai toan khi tinh hudng thay ddi. Ta goi d6
la D7 bt bién, tng van bién.

A. Mt sb vi dy

Vi dy 1. Trén mot cai bang, ngudi ta
viét 2008 d&u (+) va 2009 dau (-). Gia sir
méi 1an ta thuc hién thao tac : hai dau bét
ki trong bang bi xba di va dugc viét thay
bdi mét ddu (+) néu ching gidng nhau
ho#c thay badng mét dau (-) néu chang
khac nhau. Sau khi thuc hién 4016 lan
nhu vay, ddu nao sé con lai trén bang.

L&i gidi. Ban d4u, s8 d4du cb trén bang
la 2008 + 2009 = 4017. Mdi I4n thuc hién
thao tac thi s6 dau trén bang gidm di mot.
Do d6 sau 4016 thao tac thi trén bang con
lai ding mot dau.

Céch 1. Sau mdi l4n xda, s cac dau (-)
trong bang dudc gilt nguyén hoac gidm di
2. Vithé, tinh ch8n 1& cta s& dau (-) trén
bang khéng thay déi. Ban dau, s dau trir
la s8 1& nén cudi cung ddu con lai trén
bang la d4u (-).

Céch 2. Thay mdi ddu (+) bdi s6 1, thay
mdi d&u (-) bdi s& —1. Khi d6 mdi I&n thuc
hién thao tac c6 thé mé ta dudi dang khac
nhu sau : hai s8 bét ki trong bang dugc

x6a di va thay bang tich clia chung. Vi vay
tai moi thai diém thuc hién thao tac thi tich
tat ca cac s& trén bang khéng thay déi.
Ban dau, tich cac sé trén bang la -1 nén
cudi cting tich cac sd trén bang ciing 1a -1.

Vay dau con lai trén bang 1a ddu (-).

Céch 3. Thay mbi ddu (+) bdi sé 0, thay
mé&i d4u (-) bdi s6 1. Khi d6, t8ng hai s6
bi x4a di cting tinh chan 1& vdi s6 dudc viét
thay ching nén téng cac sé trén bang
khéng thay déi tinh chin 1&. Vitdng cac s8
lac dau bang 2009, Ia s& 1& nén sé con lai
cudi cling 1a sé I1é. Do d6 dau con lai trén
bang 1a dau (-).

Chu y. Trong cach 1, dai lugng bat bién
la tinh chén 1& cla s6 dau (-) trén bang.
Trong cach 2, dai lugng bat bién Ia tich tat
ca cac sd trén bang. Trong céach 3, dai
lugng bat bién 14 tinh ch&n 1& clia t8ng cac
sé trén bang.

Vi du 2. Trong day 199985..., mdi chir
s6 dimg sau, b3t dau tu chir s6 th&t nam
béng chir s& hang don vi clia tdng bén chir
s8 dimg ngay trudc nd. Hoi trong day nay
c6 chifa cac day 1234 va 5687 khong ?

L&i gidi. Ta thay mdi chir s§ clia day da
cho béng s8 0 néu n6 la chn va béng s6
1 n&u no 1a 1&. Khi d6, ta nhan dugc day
s§ 111101111011110 ... , trong dé c( sau
bén chit s6 1 c6 mét chir sé 0 va clr sau
mét chir s6 0 c6 bén chir s§ 1. Cac day
1234 va 5687 (ng vdi cac day bdn chir s6
1471010 va 1001 nén khong thé c6 mat




trong day s6 da cho

Chu y. Viéc mo ta tinh hudng rat quan
trong vi né giup ta dé phat hién dai lugng
bat bién.

Vi du 3. Mt cai nén nha dang hinh chit
nhat dugc lat kin bang nhimg vién gach
men kich thudc 2.2 va 1.4. Khi stra nén
nha, ngudi ta phai dd tat ca cac vién gach
men da lat, nhung khéng may bi v8 mat
mot vien gach kich thudc 2-2. Ngudi ta d3
thay vién bi v@ nay bdi mét vién co kich
thudc 1-4. Chimg minh réng bay gid nén
nha khdng thé lat kin dugc bdi cac vién
gach &y.

L&i gidi. Ta chia nén nha thanh cac 6
kich thudc 1-1 réi t6 den cac 6 ding &
doéng Ié va cot 1é. Ta thdy mébi vién gach
1.4 chita m6t sd chén cac 6 den, con cac
vién gach 2-2 chlra ding mét 6 den. Luc
dau tat ca gach lat kin nén nha nén sé
{ vién gach 2.2 ¢6 cing tinh chén 1& vdi s6
cac 6 den. Vi vay, néu sé cac vién gach
2.2 b6t di mot don vi, tire 1a tinh chan 1€ bi
thay d8i, khac tinh chn 1& vdi s6 cac &
den ban dau.

Vay nén nha khéng dugc lat kin.

B. Bai tip tham khao

Bai 1. C6 2009 tach uéng tra dat trén
mdt ban. Luc dau tat ca cac tach déu
dugc dit nglra 1én. Gia st méi lan ngudi ta
lam cho 208 tach trong ching lat ngugc
lai. HAi sau mot sé 1an nhu vay, ¢ thé lam
cho t&t ca céac tach déu up xuéng dugc
khdng ? Tra 16i cau hdi nay trong trudng
hgp chi c6 2008 tach,

Bai 2. (Dé thi vao Idp 10 THPT chuyén
BPHSP Ha N6i, 2004-2005)

C6 2005 déng xu, mbi ddng xu ¢b hai
mat, mot mat mau xanh va mét mat mau
dd. Ban dau ta xép cac dang xu dé lén
mat ban sao cho cac mat mau xanh-nglta

-1én trén. Ta thuc hién trd chdi nhu sau :

méi lan ta déi mat clia bén déng xu tly y.
Hoi ¢ thé nhan dugc két qua ma tat ca
cac déng xu déu c6 mit dé nglra 1én trén
dugc khéng ?

Bai 3. (Pé thi vao Iép 10 THPT chuyén
DHKHTN Ha N6i, 1996-1997)

Chia mdt hinh tron thanh 14 hinh quat
b&ng nhau. Trong méi hinh quat d4t mét
vién bi (xem hinh v&). M&i 1an thuc hién
thao tac, ta I8y hai hinh quat bat ki ¢ bi
va chuyén tir méi hinh quat dé6 mét vién bi
sang hinh quat lién k& nhung theo hai
chiéu ngugc nhau (vi du, néu vién bi & mot
hinh quat nay dugc chuyén theo chiéu kim
déng hoé thi vién bi & hinh quat kia dugc
chuyén theo ngugc chiéu kim déng hé).
Héi sau mot s& hitu han budc thuc hién
thao tac trén, ta c6 thé chuyén dugc tat ca
cac vién bi vao mét hinh quat dugc khéng ?




Trude hét, xin dude nhic lai Ii thuyét.

1. PBinh nghia

a) Pa thirc bién x bac n (n = 0) 1a mét biéu
thitc c6 dang P(x) = a X" +a_ x"1+ .. +
+a,X + a, trong d6 a,, a, ... , a, la cac
hang s6 cho trude, a, = 0 va a, dudc goi 1
hé s6 bac cao nhat cta da thic P(x).

Pa thirc 0 1a da thic khong cé bac.

byNéua eZ Vie{0;1;2 ; n} thi
P(x) dugc goi la da thitc ¢6 hé s6 nguyén.

Ki hiéu Z[x] 1a tap hgp tat c& cac da thirc
¢ hé sé nguyén.

2. Tinh chat

Cho da thiic P(x) =a X" +a,_ X"+ ..+
+a,X + a5 € Z[x] (n>0).

a)N&u x,, X,, ..., X, (0 > 0) la cac nghiém

nguyén phan biét clia P(x) thi
P(x) = (x = X, ¥1(x = x,)2 ... (x = x }*Q(x),
VO ky, Ky, ..., k€ N*va Q(x) € Z[X].

byNéua,b e Z,a=b thi
(P(a) - P(b)) : (a - b).

Sau day la mét s6 Ong dung.

Bai toan 1. Ching minh rang néu da
thirc P(x) e Z[x] nhan gia tri 1& khi x = 0 va
x = 1 thi P(x) khéng ¢é nghiém nguyén.

Lai gidi. Gia st P(x) c6 nghiém nguyén
x = ¢. Khi d6 ton tai da thirc Q(x) € Z[x] thda
man P(x) = (x - c)Q(x).

Ta cé P(0) = —c-Q(0) va P(1)= (1 - c)Q(1).

Vi -c'va 1 - ¢ 1a hai s6 nguyén lién tiép

nén cé6 mét sé chan. Do d6 P(0) va P(1) ~

Iﬂl]T 5 Tinw CHAT U UG DynG
CUR BA THUC CO HE SO nGUvEN

ThS. HOANG BUC NGUYEN (GV. Khéi THPT chuyén BDHSP Ha Né6i)
TTT2 s6 58 dang bai viét cha nha gido Vi Van Diing vé (ng
dung cla viéc tim nghiém hitu ti clia da thirc ¢6 hé s& nguyén dé
phan tich da thirc thanh nhan t&. Bai viét nay xin dugc gidi thiéu
ti€p mot sd tinh €hat va (img dung cla da thlc cé hé sé nguyén.

khong thé cling 1a s6 18, vé li, suy ra dpem.

Nhan xét. Ta c6 bai toan téng quat sau.

Bai toan 2, Cho da thic P(x) ¢ Z[x].
Chimg minh réng néu cac s6 P(0), P(1), ...,
P(m - 1) déu khong chia hét chom (m € N
cho truéc, m = 2)'thi P(x) khéng c¢é nghiém
nguyén. ' (Put Nam, 1940)

Bai toan 3. Cho da thirc P(x) € Z[x]. Biét
rang P(x) nhan gia tri bAng 7 vdi bén gié tri
nguyén khac nhau cla x. Chimng minh rang
P(x) =14,V x € Z.

L&i giai. Gia st P(a) = P(b) = P(c) = P(d) = 7
trong dd a, b, ¢ va d |a bén s6 nguyén doi
mot khac nhau. Ta ¢é

P(x) = (x — a)(x ~ b)(x — ¢)(x - d)Q(x) + 7,
voi Q(x) € Z[x].

Gia st ton tai x, € Z ma P(x,) = 14. Suy
ra (Xo — a)(Xg ~ b)(xg — c)(Xg — d)Q(Xy) =

Tic la 7 duge phan tich thanh tich cla it
nhat 4 s6 nguyén déi mot khac nhau, vo i,
suy ra dpcm.

Bai toan 4. Cho da thic P(x) € Z[x} cb
13 nghiém nguyén khac nhau. Chimg minh
rang néu n e Z khong la nghiém cla P(x)
thi [P(n)| 2 7(6!)2. (Hy Lap, 1997)

Ldi giai. Goi x,, X,, ... , X45 12 13 nghiém
nguyén khac nhau cla P(x).

Tacd P(x) = (X = X,)(X = X,) ..
voi Q(x) € Z[x]. Suy ra .

P(n) = (n = x;)(n = X,)...(" = Xx,;5)Q(n).

Vin - X, N =X, ..., N = X512 13 s6

x- x13)Q(x),




-

nguyén phan biét khac 0 va Q(n) € Z,
Q(n) = 0 nén
IP()] 2 [1(-1)2(=2) ... 6(-6).7| = 7(6")2.
Bai toan 5. Ching minh rang khéng tén
tai da thic P(x) € Z[x] théa man
P(2007) = 2008 ; P(2009) = 2007.
L&i giai. Gia sl ton tai da thitc P(x) théa
man yéu cau bai toan.
Ta c6 (P(2007) - P(2009)) : (2007 - 2009)
hay (2008 - 2007) : 2 : v6 li, ta c6 dpcm.
Bai toan 6. Cho da thic P(x) € Z[x] !
a va b 1a hai s6 nguyén va nguyén t6 clng
nhau. Chimg minh réng néu P(a) : b va
P(b) : a thi P(a + b) : ab.
L&i giai. Vi (P(a + b) -
nén (P(a + b) - P(a)) :
P(a+b) :b.
Tugng tu P(a + b) : a. Vi a va b nguyén
t6 cung nhau nén P(a + b) : ab.
Nhan xét. Ta cé bai toan tuong tu sau.
Bai toan 7. Cho da thic P(x) € Z[x].
- Chitng minh rang khéng tén tai 3 s6 nguyén
phan biét a, b va ¢ sao cho P(a) =b, P(b)=c
va P(c) = a. (USA MO, 1974)
Bai toan 8. Xac dinh xem cac s a, b
dugdc cho nhu sau 1a s hitu ti hay vé ti ?

P(a)) i(a +b-a)
b. Ma P(a) : b nén

a)a= ¥2 + Ya.
b) b =39 +4y5 +39-4.5.
Ldlglal a)Via= ¥2 + ¥4 nen

a®=6+6(32 +34)=6+6a
Suyraa®-6a-6=0.
Do d6 a la nghiém clia da thic
P(x) = x3 - 6x - 6.

Ta thdy néu X, 1a nghiém hitu ti clia P(x)
thi x, e {1 ; +2 ; £3 ; +6}. Bang phép thir
truc tiép ta thdy cac s6 nay déu khong phai
la nghiém cla P(x).

Do d6 a la sd vo ti.

b) Tuong tu b la nghiém clGa da thdc
Q(x) = x3 - 3x — 18 = (x - 3)(x? + 3x + 6).

Suyrab =3 nénb lasé hit ti.

Bai toan 9. Cho da thitc P(x) e Z[x] bac

‘m. Goi n la tdng s6 cac nghiém nguyén

phan biét cia hai phuong trinh P(x) = 1 (1)
va P(x) = -1 (2).

Chimg minh ring n < m + 2. (IMO 1974)

Ldi gidi. Dé thay s6 nghiém (néu c6) clia
méi phuong trinh (1) ho#c (2) déu khéng
vugt qua m va khi (1), {(2) cung c¢6 nghiém
thi chung khéng cé nghiém chung.

+ NEu (1) hoac (2) khéng cbé nghiém
nguyén thin < m, ta c6 dpcm.

+ Néu (1) va (2) déu cbé nghiém nguyén
thi goi r, s th(r tu la nghiém nguyén bat ki
clia (1) va (2). Taco (P(r) - P(s)) : {r - s)
hay 2 : (r - s). (3)

Ki hiéu r* 1a nghiém nguyén nhd nhat
trong tat ca cac nghiém nguyén cla (1) va
(2). Khéng mat tng quat, gia sir r* a
nghiém cla (1). Tir.(3) suy ra (2) chi c6 thé
c6 hai nghiémlar + 1var + 2.

Suyran<m+ 2, tacd dpem.

Nhan xét. Ta c6 bai toan tuong tu sau.

Bai toan 10. Cho da thiic P(x) € Z[x] c6
bac 1a 1991. Xét da thitc Q(x) = P?(x) - 9
Chitng minh réng s6 nghiém nguyén ciia da
thire P(x) khong vuot qua 1995.

(Du tuyén IMO, 1991)

Cudi cling t6i xin gidi thiéu mot s6 bai
tap dé cac ban tu giai.

Bai 1. Cho da thic P(x) € Z[x] ; X4y X5 VA X5
th( tu la nghiém nguyén clia cac phuong
trinh P(x) =1, P(x) = 2 va P(x) = 3. Chimg
minh rang X4 Xy va X5 la nghiém duy nhat
clia méi phuang trinh trén.

Bai 2. Chodathlc P(x) € Z[x] ;a,b € Z
thbamana<bvaP(@a)=P(b)=1;¢c,deZ
thda man ¢ < d va P(c) = P(d) = -1. Gia s{
a < c¢. Chimg minh rang a, b, ¢ va d la bén
s6 nguyén lién tiép.

Bai 3. Cho cac da thirc P(x), Q(x) € Z[x]
thda man (P(x3) + xQ(3)) | (x? + x + 1).

Goi d = (P(2009), Q(2009)).

Chitng minh r&ng d : 2008.

Bai 4. Nghiém nhd nhéat cla da thic
P(x) = x" - 2x8 + 2x5 - x* - 5x3 - 6x% - 6x + 1
la sG vo ti hay hitu ti ?




Vi du 1. Chiing minh ring trong tap hop

cac s6 nguyén t6 .# khong cb s6 nguyén té
I6n nhat.

Loi gidi. Vi2 € #nén 2= . Gid sl p,|
la s6 nguyén té 16n nhat trong .#. Goi p la
tich cha n sd nguyén t6 da biét, tic la
P =P{PyP3.--Py-

batA=p + 1thiA>p nénAla mét hop
sd. Suy ra A ¢6 it nhat mét udc sé nguyén
‘t6d,véid<p..Suyrap:dnén1
i, ta c6 dpcm.

i d, vb

Vi du 2. Cho 2™ - 1 [a mét s6 nguyén 6.
Chtrng minh rdng m la mét s6 nguyén té.

L&i giai. Gia st m |a hgp s6 thim = p-q
(p.ge Nvap,g>1).

Vi2m—_1=2Pa_1=((2P)9-1): (2P-1)
ma1<2P-1<2M_1nén2™-1lamat
hop s6, v6 li. Vay m {a mét s6 nguyén to.

Vi du 3. Chitng minh rang phuong trinh
sau khong cé nghiém nguyén

15x% - 7y2 = 9. (1)

L&i giai. Gia s (1) c6 nghiém nguyén.

D& thay y : 3.

Daty =3z (z e Z) thi 5x° - 212° =3

Suyrax:3.

D3t x = 3t (t e Z) thi 152 - 722 = 1:

Hay 5(t2 - 2%) = 22 + 1. (2)

Vi z2 chia 5 du 0, 1 hoic 4 nén 222 + 1

MOT CACH CHONG MINH
BEiNG PHUONG PHAP PHAN CHUNG

TA MINH HIEU (GV. THCS Yén Lac, Yén Lac, Vinh Phuc)

Mét trong s6 nhitng cach dé chimg minh mét bai toan bing
phuong phap phan chimg la ta gid st két luan cla bai toan sai roi
lap luan dé& c6 mot két luan trai vdi gia thiét ctia bai toan, tir d6 khing
dinh dudc két luan dung clia bai toan d6. Sau day 1a mét sé vi du.

chia 5 du 1, 3 hosc 4. Do d6 222 + 1 khéng
chia hét cho 5.
Vay (2) vo nghi€ém nén (1) vé nghiém.
Vi du 4. Chimg minh ring néu abc Ia
mot s6 nguyén t6 thi b2 -
la mét s6 chinh phuong.
L&i giai. Gia sit b2 — 4ac = k2 (k € Z*).
Ta c6 4a-abc = 400a2 + 40ab + 4ac
= 400a? + 40ab + b? — (b? - 4ac)
= (20a + b)? - k2
= 4a-abc = (20a + b + k)(20a + b - k). (1)
Dé&thdy b>k >0, suyra
20a+b+k>20a+b-k>4a.
Ma (20a + b + k)(20a + b - k) :
tir (1) suy ra abc 1a hop s6, vé Ii.
Vay b? - 4ac khéng phai 1a sé chinh
phuong.
e Bai tap tu luyén

4ac khong phai

4a nén

Bai 1. Chimg minh rang néu a, b vac 1a
d6 dai cac canh clia mét tam giac théa man
diéu kién a2 + b2 >5c2thic<avac <b.

Bai 2. Chimg minh réng néu 2" + 1 1a
mot s6 nguyén t6 thi n [a mét Iay thira cla 2.

Bai 3. Ching minh rdng n® + 3n + 5
khéng chia hét cho 121, ¥V n € N.

Bai 4. Cho d la udc s6 chung Idn nhat
clia a va b. Chitng minh rang tén tai cac sé
nguyén m, n sao cho am + bn =d.




B4t dang thitc Schur 1a mot bat déng thitc
chat ché va dep mat cé nhiéu (ng dung dé
giai toan. Bai viét nay xin gidi thiéu mot s6
cach dé chitng minh bat déng thirc nay.

Bat déng thirc Schur. Vdi cac sé thuc
khéong am a, b va c ta co

a(a-b)a-c)+b(b-c)b-a)+
+c(c-a)c-b)=0. ™

Chimg minh. Do vai trd clla a, b va ¢
nhu nhau nén gid stta>b >c.

Céach 1. Patx=a-b;y=b-c(x,y=0)
thib=y+c,a=x+y+c.

Khi d6 (*) trd thanh
(x+y+ex(x+y)-(y+clyx+c(x+yy=0
X+ xy +y3) + x3(x + 2y) = 0 : ludn
dung do x, y va c |a cac s6 khdong am.

Déng thirc xdy ra khiva chikhia=b =c
ho#c trong ba sé a, b, ¢ cé mét s6 bang 0,
hai s con lai bang nhau.

Cach 2.

+ Néu a = b ho#c b = c thi (*) hién nhién
diang.

+ Xét trudng hop a > b > ¢. Chia hai vé

CAO VAN DUNG
(SV. K50A1S, Khoa Su pham, BDHQG Ha Ni)
0000000000000 00000000000000000

cla (*) cho (a - b)(b — c)(a - c¢) > 0, ta dugc
a b c
- +
b-c a-c a-b
B4t dang thirc nay dung vi
a>b>0 a b
= >
{a—c>b—c>0 b-c
Cach 3. Ta co c(c — a)(c - b)
Xét a(a - b)(a-c)+b(b-c)
=(a-b)a%-ac-b%+bc)=
=(@a-b)¥a+b-c)20.
Suy ra dpcm.
Cach 4. Dat vé trai cla (*)laf(a; b ;c).

Ta cé f(a;b;c)—f[aer ; a+b ;c]
2 2

[a+b—5—c](a b) >0.

a+b a+b ]
, yC -
2

> 0.

a-c
>0
b-

c)( )=

Suyraf(a;b;c)zf[

Vay dé chiing minh (*) ta chi can chimg
minh f(x ; x; ¢) >0, véi x > 0. Tlc Ia ching
minh c(x - ¢)2 > 0 : hién nhién, ta c6 dpcm.




DINH LI PY-TA-GO
NGO QUEN MA LA

PGS. TS. LE QUOC HAN (Khoa Toén, BH Vinh)

1. Vai nét vé lich sir

Pinh |i Py-ta-go dudc loai ngudi biét
dén rat sém. Trén nhiing blc vé trong cac
kim tu thap & Ai Cap (xay dung khoang
3000 nam trudc cdng nguyén) cho thay
ngudi Ai Cap c6 dai da biét rang néu mot
tam giac cé doé dai ba canh la 3, 4, 5 thi
gbc d6i dién véi canh bang 5 la géc
vudng. Vi vay, tam giac ¢ sd do ba canh
la 3, 4, 5 dugc goi la tam giac Ai Céap
(chu y ring 32 + 42 = 5%). Trén cac bang
.dat sét dao dugc & Ba-bi-lon (khodng
1000 nam trudc cong nguyén) coé liét ké
rat nhiéu bo ba s6 nguyén duang la s6 do
ba canh clla mét tam giac vudéng nhu
(3;4;5)(5;12; 13), ... Nhin chung,
ngudi Ai Cap va ngudi sdng 8 luu vuc
Ludng ha cb dai hay s dung dinh i
Py-ta-go ddo, trong khi d6 ngudi Trung
Hoa ¢ dai (khodng 500 n&m trudc cong
nguyén) lai thuong st dung dinh Ii Py-ta-go
thuan dé tinh chiéu cao clia mét cai cay,
dudng chéo clla mot dam dat hinh chir
nhat ... Theo truyén théng, ngudi ta cho
réng nha toan hoc Hy Lap ¢é dai Py-ta-go
(khodng 580 - 500 trudc cong nguyén) la
ngudi dau tién da ching minh dugc dinh i :
“Trong mét tam gidc vudng, binh phuong
canh huyén b&ng téng binh phuong hai
canh goc vudng” mét cach chit ché (béng
suy luan légic), tir d6 suy ra su ton tai cla
cac s6 vé . Dé tudng nhd ¢cong lao to 16n
cla 6ng d6i vdi toan hoc, ngudi doi sau da
goi dinh li trén la dinh i Py-ta-go.

Sau Py-ta-go, c6 rat nhiéu ngudi tim
cach chimg minh dinh Ii d6 bang nhimg
phuong phap khac. Theo thdng ké chua
day da thi tinh dén nay c6 khoang 370
cach chimg minh dinh Ii Py-ta-go khac
nhau, hau hét déu dua vao phuong phap
ghép hinh d& quy vé tinh dién tich cac
hinh hinh hoc quen thuéc, hoac dua vao
tam giac déng dang dé suy ra cac hé thirc
can thiét. Hinh vé dudi cho ta mét cach
chimg minh dinh Ii Py-ta-go kha don gian :

a® = (b+c)? —4~%bc hay a? = b2 + ¢2.

b c
_J 78 l: L

b3

0o, s n
2. Tir dinh li Py-ta-go dén phuong
trinh Py-ta-go
Tu dinh Ii Py-ta-go nay sinh bai toan
kha tu nhién sau. .
Bai toan 1. Tim tat ca bo ba s6 nguyén
duong X, y, z thda man phuong trinh




x2 +y? =22 (1)

Haon nita, trong tat ca cac bd ba nguyén
duong &y, tim bd ba (x ; y ; z) sao cho z
nhé nhat c6 thé.

Né&u thay diéu kién (x ; y ; z) |a bd ba
cac s6 nguyén thi phuang trinh (1) [a mot
trong nhimg phuong trinh Di-6-phang bac
hai dudc loai ngudi quan tam nghién ciru
sdm nhat.

Ta goi (1) la phuang trinh Py-ta-go. ~*

Dé giai (1), truéc hét ta hay quan tam
dén bai toan sau.

Bai todn 1a. Tim tat ca cac bo ba sé
nguyén khong dong thdi bang 0 théa man
phuang trinh x2 + y2 = 22,

Dé gidi bai toan 1a, ta can dén két qua
cla bai toan sau.

Bai todn 1b. Tim bd ba s6 nguyén
duong x, v, z thda man phuong trinh

Xy = z2. (2)

L&i giai. Gia sir d la udc chung 18n nhat
clla x va z, d = (x, z). Khi @6 ton tai cac s6
nguyén dudng a, b théa man diéu kién
x=da,z=dbva(a, b)=1. -

Thay vao (2) ta c6 day = d?b2. Tur d6
ay = db? nén a | db2 Vi (a, b) = 1 nén
(a, b%) = 1. Do dé a | d, suy ra d = at

(te Z*). ThEthix =ta2 z=tabvay = tb%

Dao lai, néu (x ; y ; z) = (ta? ; tb? ; tab)
véia, b, te Z" (a, b)=1thix vy, zthda
man (2). Vay tap hop tat cad cac nghiém
nguyén duong cla phuong trinh (2) la
{(ta? ; th? ; tab) | t, a, b € Z*, (a, b) = 1}.

Bay gid, ta xét bai toan 1a. D& thdy néu
d = (x, y) thi d cling la udc cla z. Do d6
trudc hét ta xét truong hop (x, y) = 1.

Khi @6 vi x2 + y2 =z2 va (x, y) = 1 nén
tinh chdn 1& cha x, y phai khac nhau (vi

néu x, y cling 18 thi x? + y? = 2 (mod 4) nén &

z2 = 2 (mod 4) la didu khong thé xay ra). °

Gia slr x chén, y 1&. Dat x = 2X (X € Z)

thi 22 — y2 = (2X) nén %xz%zxz.

Viy, z cling I& nén theo két qua bai

toan 1b ta co
Z7Y _ta2, 27Y _ th? va X = tab.
2 2

Do d6 z = t(a + b?), y = t(a? - b?),
x=2tab. Vi(x,y)=1nént=1.

Nhu vay néu (x ; y ; z) la bo ba s6
nguyén duong thda man (1) véi (x, y) = 1,
x chin thi x = 2ab, y = a% — b?, z = a + b?
trongdéa, be Z*, (a,b)=1vaa>b.

Cap s6 (a ; b) nhd nhat c6 thé chon la
(@:b)=(2:1)vakhidox=4,y=3z=5

Trong trudng hop téng quat, nghiém
nguyén khong dong thdi bang 0 cla
phuong trinh x2 + y2 = z2 (bai toan 1a) la
X = 2mab, y = m(a? - b?), z = m(a? + b?)
hoic x = m(a® - b2, y = 2mab,
z=m(@2+b)vdime Z m=0;a,b e Z*,
(@, b)=1.

Trong trudng hop diéu kién cta x, y, z
la cac s6 nguyén duong (bai toan 1) thi phai
b8 sung thém diéu kién m >0 va a > b.

(Ki sau ddng tiép)

a=b'+¢’




Trong sach giao
khoa Toan 8, ngoai
dinh nghia da giac
déu, sach chi gidi thiéu mét s6 tinh chat don
gian ctia da giac déu. Thuc ra da giac déu
¢6 kha nhiéu tinh chat dac sac. Bai viét nay
sé gidi thieu mét s6 hang sd dep trong da
giac déu. ‘

DE cac ban tién theo dbi, toi sé phat biéu
céac tinh chat clia tam giac déu. Ban doc ¢
thé phat biéu cac két qua tuong tu cho cac
da giac déu cé sé canh n > 4.

A. Tinh chat cda tam giac déu

1. Tinh chat 1 (cac hdng s& mot va hai)

Cho tam giac déu ABC, M 1a mét diém tuy
y trong tam giac. Goi P, Q, R thit tu 13 hinh
chiéu vuéng géc clia M 1én cac canh BC,
CA,AB. Tacd

a) MP + MQ + MR =k, (k, = h la dudng
cao tam giac) ; ) 1

b) BP + CQ + AR =k, (k, bang > chu vi
tam giac).

A

B P C
2. Tinh chat 2 (cac h&ng so ba va bdn)
Cho tam giac déu ABC ndi ti€p dudng
tron (O ; R), M 1a mét diém tuy y thude (O ; R).

CAC HANG S0 DEP
TRONG DA GIAC DEU

VO QUAC LUONG (GV. THCS Chu Vian An, Ha Né6i)

Ta c6
a) MAZ + MB2 + MC? = k, (ky = 6R?) ;
b) MA? + MB* + MC* =k, (k, = 18R%).

A

3. Tinh chat 3 (cac h3ng s nam va sau)

Cho tam giac déu ABC néi tiép dudng
tron (O ; R), d 13 mot dudng théng tuy y di
qua tdm O. Goi A’, B', C' thir tv 1a hinh chiéu
vuéng goc cia A, B, Cl1én d. Ta ¢

a) AA2 + BBZ + CC2 = kg [k5 = %Rz] ;

b) OA2 + OB2+ OC2 =k, ;

c) AA + BB + CC" = kg [ks = §R4J ;

d) OA* + OB + 0C* = k.

| g—
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¢ Nhan xét. Bing kién thirc  bac THCS
chiing ta déu cé thé chiing minh dudc cac tinh
chat trén. Bay gid tac gia sé md rong hang s6
th(r nhat sang cac da giac khong déu.

B. Pa giac hing s

Trong tinh chéat 1a, ta thay

Sasc = Samc + Scma * Save

= —:—-h=g(MP+MQ+MR)
<MP+MQ+MR=h ‘

trong d6 a, h thr tu la canh va dudng cao
cla tam giac déu BAC.

Lai gidi bai toan khong khé, nhung mét
ban khoan dén vdi chung ta 13 : liéu c6 da
giac nao co6 tinh chat tuong tu nhu vay
khéng ? Dé cé thé nghién citu bai toan téng
quat ta dua ra dinh nghia sau.

Binh nghia. Da gidc I6i A,A,... A, (n 2 3)
goi la mét da giac hdng s6 néu nhu tdng
cac khoang cach tr mét diém M d mién
trong clia da giac tdi cac canh cla nd la
mét hang s6, khéng phu thudc vao vi tri
diém M.

Van dé dit ra la ta phai chi ra ddu hiéu
dé nhan biét mét da giac cho trudc cé phai
| da giac hdng s6 hay khéng ?

Phan tich cach ching minh 3 trén ta thay
céch gidi d6 cé thé ap dung dé chimg minh
cho nhiing da giac c6 tat ca cac canh bing
nhau. Néi cach khac da giac co tat ca cac
canh béng nhau (duong nhién ca da giac
déu) 1a da giac hdng s6. Dén day ta cé thé
dua ra gia thuyét : phai chang cac da giac
hédng s6'1a nhimg da giac c6 tat ca cac canh
béng nhau ho3c tat ca cac géc béng nhau ?
Thé& nhung hinh binh hanh la mét tir giac
hang sd (cac ban co6 thé dé dang kiém tra
© lai) nhung khi nd khong phai 1a hinh thoi
ho#c hinh chif nhat thi khong thda man diéu
kién nao trong ¢a hai diéu kién do. Vay van
dé co ban la & ché nao ?

Téac gia dé nghi cac ban hay chimg minh
cac két qua sau dé thay ré dudc dau hiéu
cd ban.

Pinh li 1. Néu hai da giac cbé cac canh
tuang g song song thi ching cing la da
giac hdng sé hoac khong.

Pinh i 2. N&u hai da giac c6 cac goc
tuang (mg bang nhau thi chung ciing 1a da
giac hdng sé hoac khong.

Pinh Ii 3. Diéu kién can va du dé mot da
glac 1a da giac héng sé1a c6 ba diém khéng
thdng hang & mién trong da giac ma tdng
cac khoang cach tir méi diém tdi cac canh
clia da giac la bang nhau.

Binh i 3 phdn anh mdi lién hé sau sic
gilra toan bd cac diém thudc mién trong clia
da giac vdi 3 diém khong thang hang cho
trudc co tinh chat dac biét trong da giac,
déng thdi cho ta mét phuong phap kiém tra
xem mét da giac cho trudc co phdi la da
giac hang sé hay khéng.

Dén day, cac ban cé thé tiép tuc tim thém
cac hang s6 khac cla da giac déu, ciing
nhu md réng cac hang sé clia da giac déu
cho cac da giac khéng déu. Chuc cac ban
thanh cong trong hoc tap, tim 1di va sang
tao trong toan hoc.




Bl xdnG Loalt

NGUYEN ANH DOUNG (Ha N&i)

@f HE PHUCNG TRInK

Hé phuong trinh (PT) hai &n x, y dudc gm la hé PT d6i xing
loai 1 néu nhu khi ta d8i chd x cho y 8 mdi PT cla hé thi déu
thu dugc PT tuong duong véi né. Trong chuong trinh toan phé
théng, ta thudng g&p nhiéu bai toan lién quan dén hé PT déi ximg
loai 1.

Bai viét nay sé gilp cac ban hé thdng
cac dang toan thudng gap lién quan dén hé
PT déi ximg loai 1.

Nhéc lai dinh If Vi-ét o :

t6ng va tich ctia hai an ; dit tdng va tich do6
tuong ing bing S, P (DK : S2 - 4P > 0) ; tim
S, P ; suy ra nghiém cta hé.

2, Giai PT bing cach quy vé hé PT

Né’uSz—4P20vé{X+y=8thix.ylé 1 ) 3
Xy = Vidu 2. Gidi PT —+ =2,
nghiém ciia PT bac hai (8n t) 2 - St + P = 0. : X J5_x2 2

1. Giai hé PT L&i giai. DK : x 20 ;5 - x%> 0.
VX+3+,y+3 = 3
Vidy1.GaihePT 1 1 Baty=V5-x* (BK:0<y<5).
X'y © Ta dudc hé
L&i giai. Diéu kién (BK) : x> -3,y > -3, 1.1.3
x=0,y=0. X y 2

(x+y)? -2xy = 5.

—+—== {2(x+y)=3xy
=N
Hé PT da cho c6 thé bién déi thanh 5

{X+Y+2 Xy +3x+3y+9 =10 Pat S=x+y;P=xy. Suyra
X+Yy =2xy. 28 =3P
DatS=x+y;P=xy. Taco {82—2P=5.
{S+2\/P+3S+9=1o
S=2P,

X2+y2 =

(1)
)
(1)

2) Tu(N)coP= 33§ Thay vao (2) va bién déi,

Thay (2) vao (1) ta dugc 2 5
ta dugc 38“ -4S-15=0=Se {3;——}.
JP+9 = 3

Binh phuong hai vé& va rat gon, ta tim
dugc P=1.Suyra S =2,

=1 =1
Dodé{xy o {X X =1 X=2
X+y=2 y=1. = hoac{ =
Vay nghiém ctia hé 1a (x; y) = (1: 1). y=2 y=1
Lu'u y. _Ca'ch ‘glal.tbl.!dllg d‘ur:ng vai De fT eTH2 S= 5 ~P= _E Do d6
doi ximg loai 1 1a : bién doéi hé lam xuét hién - 3 9

xX+y=3

o TH1. S=3:>P=2:>{
xy = 2.

Ta cé nghiém {

| P —



5 -5-65
x+y=—5 x=T
=
xyz—m _—5+\/§§
9 y=—%
Vay PT c6 banghiémlax=1,x=2va
-5-65

X =
6

Luu y. Néu gidi bai toan trén bang cach
bién ddi, ta s& dugc mot PT bac bon va gidi |
tuong déi phic tap.

3. Hé PT ¢6 chira tham sd

Vi du 3. Cho (x ; y) la nghiém ciia hé PT
(v6i m 1a tham so)

X+y=m (1
{xz +y? =2m. 2)

Tim gia tri 16n nhat, nhd nhéat cla biéu
thic A = xy.

L&i gidi. Ta c6 (2) < (X+y)2 - 2xy = 2m.
m? - 2m

7
Ta cd (x+ y)2 > 4xy & m? > 2(m2 ~2m)

- Suyra xy =

om?-4m <0< 0 <m <4 (day cing 13
DK dé hé PT da cho c6 nghiém).
Viosm<4nén-1sm-1<3

=0<m-12<9e -1<m?-2m<8
<:>—15A54.
2

Ta dugc minA = —% khim=1;

max A= 4 khim = 4.

Cac ban tu tim nghiém (x ; y) cla hé PT
trong méi trudng hop trén.

Luu y. Ta thuong g&p bai toan :

Cho (x ; y) la nghiém clla mét hé PT vdi
tham s6 m. Tim gia tri 16n nhat, nho nhat
. cla bidu thirc A = f(x, y).

Cach giai :
- Tim m dé hé PT da cho c6 nghiém.
- Tinh biéu thirc A theo m, gia str A= g(m).

. - Tim gia tri 16n nhat, nhd nhat clia A= g(m)
vdi DK ma ta tim ra & trén.

4, Chimg minh bt ding thirc

Vidu 4. Gid sit (x ; y ; z) théa man diéu kién
Xy+yz+2zx =1
x2 + y2 +22=2.

Chimg minh rang —% <x,y,2< %

L&i giai. Hé diéu kién trén tuong duang vdi
Xy +z(x+y)=1
{(x+y)2 —2xy+2%2 =2.
PatS=x+y;P=xy(PK:S2-4P20).
Ta dugc hé
P+2S=1 (1)
{82—2P+22 =2. (2)
Tu(1)suyraP=1-2zS.
Thay vao (2) va bién ddi, ta dugc
S=-z+2

(S+2° =4
S=-z-2.

eTH1.S=—=2z+2=P=22-22+1.

Tac6S2-4P>0 < 322-42<0

oOszsi.
3

oTH2.S=-—2z-2=P=22+2z+1.

Tac6S2-4P >0

o (~2-22 422 +2z+1)20

c>322+4250<:>—%szso.

Hap két qua hai trudng hdp, ta duoc
4 4
-—<z<—,
3 3
Vi vai tro clia x, y, z trong hé PT la nhu

nhau nén —% <X, 9,z< % ta cé dpcm.

Luu y. Ta thuong gap bai toan :
Gia st (x ; ¥ ; z) thda man diéu kién
{f(x, y,2)=0
g(x,y,2)=0
(Xem tié€p trang 20)




 THE ORIGINS OF TRIGONOMETRY

(Xem tirsé 63)

TRUONG CONG THANH (suu tdm)

Trigonometry has its roots in geometry
and in the practical application of surveying.
Surveying is the technique of locatimg
points on or near the surface of the earth.
The Egyptians are credited with being the
first to do surveying. The annual flooding of
the Nile and its constant destruction of
property markers led the Egyptians to the
principles of serveying. The first recorded
measurement to determine the size of the
earth were also made when Eratosthenes
measured a meridian arc in 230 B.C. Eratosthenes

HE PHUONG TRINH ... s v

Chimg minh mGi s6 x, y, z théa man mot bat  thda man xy(x + y) = x2 + y2 - xy.

dang thirc cho trudc. Tim gia tri 16n nhat ctia biéu thic
Cach giai : Coi z |a tham s6 va tim BK Ae 1 N 1
cua z dé hé PT da cho c6 nghiém déi véi 8n T3 3

A |
s6 x, y. T d6 suy ra bdt dang thic phai Bai 3. Cho (x ; y) la nghiém ciia hé PT
chitng minh dé6i véi z. (véi m 13 tham s6)
Viéc ching minh bat dang thirc déi vdi x X4y =m
hoéc y ciing lam tuong tu. {

Cac ban c¢6 thé tu tim thém cac dang x?+y? =m.
toan c6 lién quan dén hé PT loai nay. Bay Tim gia tri 16n nhét, nhé nhat cla biéu
cling la viéc lam rat thu vi va bd ich. thic A= x3+y3.
Bai 4. Gia st (x ; y ; z) thoa man diéu kién
Bai tap lam thém. X+y+z=2
Béi1.GiéihéPTJlX2+y2+X+y=8 {x2+y2+22=2.
xy(x+y) =12. Tim gia tri I6n nhat, nhd nhat cla mbi s6

Bai 2. Cho x, y |a hai s thay d6i, khac 0 x.'y, z.




kha dac biét.

Bai toan 1. Gia s cac s8 thuc duong

a, b va c thda man
@2 +b2+c?2>2@+b*+ch. (1)

Chimng minh réng ton tai mét tam giac co6
do dai ba canh la a, b va c.

Ldi giai. Bién d6i (1) trd thanh
(@+b+c)b+c—-a)c+a-b)a+b-c)>0.

Via,b,cduongnéna+b+c>0.

Do vai trd binh d&ng cla a, b, c nén ta c6
thé giasita>b>c.Khidoc+a-b>0va
a+b-c>0.Suyrab+c-a>0.

Vayb+c>a;c+a>b;a+b>c, suy
ra dpcm.

Trong vd ghi cla t6i, ngay bén dudi lai co
bai toan md rong sau.

Bai toan 2. Gia sl cac s6 thyc duong
a, b, c va d thda man

(@2 +b%+c2+ d2)2 > 3(at + b4+ ¢4+ d4).

Chitng minh rang ton tai cac tam giac co
d6 dai ba canh la ba s6é bét ki trong bdn s6
a,b,cvad.

To6i cling da rat thanh cong khi tim dugc 10
gidi clia bai toan nay ngay sau d6. Mot suy
nghi I6e 1én trong toi, liéu co tOn tai bai toan
tdng quat cho cac bai toan nay hay khong ?
Va théat bat ngd, né da xuét hién !

Bai toan 3. Cho cac s6 thuc duong a,,
a,, ..., a, (n 2 3) théa man

(a12 +a§ +..+a%)? >(n —1)(a§t +... +aﬁ).

Chimg minh rang ton tai cac tam giac co
do dai ba canh la ba s6 bat ki trong n s6 a,,

TRAN VIET DUNG
(HS. 11A,, THPT chuyén Thai Binh)
[ B N N N N N N NNNNNNEENENNNNNNNNENENNNENN

Hé nay, sau khi on lai bai ci, téi vo tinh phat hién mét bai toan

a,, ..., a,.

L&i giai. Vi n = 3, bai toan ding theo két
qua bai toan 1.

Ta chimng minh bai toan khi n > 4.

Dau tién ta ching minh ton tai moét tam
giac c6 do dai ba canh la a,, a,, a;.

That vay, dat 2b% = a12 + a% + a?;.

Ap dung bat d&ng thirc Bu-nhi-a-c8p-xki,

ta dugc (a? +a% +...+a%)?

=(1-b%2+1.b% +1-a3 +1-a2 +...+1-a2)% <
<(n-1)(2b* +a} +ad +... +al).

Két hop véi gia thiét
@% +a3 +...+a2)? >(n-N)(af +a3 +... +a})
ta suy ra af +ag +ag <2b*

© 2(a§‘ +ag +ag) <(a12 +a% +a%)2.

Do két qua bai toan 1va {a,; a, ; a,} la
mot bd ba s bat ki nén ta suy ra dpcm.




P& véi  moi
nguoi lam toan thi
‘ viéc gidi dugc mot
bai toan khé da 1a kha tha vi roi. Con néu
nhu ta cé thé tim dugc nhiéu 16i gidi khac
nhau cda bai toan dé thi sé thu vi hon. Ta
hay xem bai toan sau day.

Béitoén Choa,b>0vaa-+b=2 bat
A= Ching minh rang A > 2.

f f

J Nhan xét. 1) Ta c6 bat dang thic
(BDT) sau.
BDT Cé-si : Vdi cac s6 thuc khong am x,

y,ztacod
x4-y22J7; (M

x+y+2>33xyz. (2)

Dang thirc xay ra & (1) khi va chi khix = y.

Déng thiic xay ra d (2) khi va chikhix =y = z.

2) T gia thiét va ap dung cac BDT trén
ta ¢6 cac két qua sau day :

2
abs[&”b] =1;
2

/a

+vb < 2(@+b) =

(a+b)?
2
Ta sé st dung cac két qua trén dé chimg
minh A > 2.
Ldi gidi. Gidstta>b. Khiddba=>1=b.
1 1

Lt
2 Ja b

aZ+b? > =2.

a-1
Cach 1.C6 A=——+
Jo

NHIEU CACH GIAI THU VI
CHO MOT BAI TOAN

TA HOANG THONG (GV. Trung tam Thang Long, TP. H6 Chi Minh)

_at,tca 1 1 _@-ta-b),
b a Ja b Jab
i i> 1 1 722 ta co
NN JVab

dpcm.

Dang thic xay ra khi va chikhia=b = 1.
Nhan xét. Ta c6 thé ching minh A > 2
theo moét s6 hudng bién déi khac nhu sau.

ava+byb
M=
_(a+vb)a-Vab+b) _
T
_(a+vb)(@+b+ (Ja- b))
2J/ab )
,Wasb)arb) 1

" 2J/ab Ja b
.A:(i+ \(2—\/5).
b)

(a—-1)(a a® -b° +ava - bx/—
a+f b+\/_
(a- 1(\/_ \/_(2\/5+\/_+2\/_+2
a+f b+\/_

o A~ a}b aj_b Ja-b -

e A=

o A= +2.

e A= +2.

[f f] (a4 b)

Céch 2. Ap dung BDT Cé-si cho hai s6
duong ta cé

a
~ tsavb>2a; —+b\/5>2b
Jb "Ja

| —



Suyra A>4-+ab(Ja+b)>2.

Nhan xét. Ap dung BDT Cé-si ta ciing c6

2a 2b 2(@%+b®+a+b)
e A> + = >
. b+1 a+1 (a+MN(b+1)
>_8 .8 _,
3+ab 4

o2n-(L \/,+abJ [I \/,+ab]

- 2ab > 3a + 3b - 2ab > 4.

02A—-2—+( b+ 1)+ ==+ (ab? +1) -

Jb

-2ab-22>

o[ Fr0 ool

>4a+4b-4=4.
2

2
o A2 :%+b—+2\/£=

2b
Ja

. (a+b)® - 3ab(a +b) +2ah -

ab
:8—-6ab+2\/a—:
ab

:[l+\/ab+\/ab]+l—62
ab ab
>3+7-6=4=A>2.

2
o A2 :a—+b—+2ng
b a

2 _ - _
+[b—+\/gb+\/ab}~~2\/ab >
a
>3a+3b-2ab=6-2ab>4=> A>2.
a

Céch 3. Via > b nén =52 va
b Ja
Ja > b.

~Suyra [T‘T] Ja-B)>
a3

Lafa bvb
b Ja

—>a+b

a\/5+b+a 67%22(a+b)

T Ja
Qf[

2(a+b)

$3) o33

[\f f]\/_ ++/b) > 2(a+b)

4

>A>——>

G

Dé két thuc bai viét nay, xin gii thiéu bon
bai toan sau dé cac ban tu giai. Day ciing la
nhiing bai toan c6 nhiéu cach giai khac nhau.

Bai 1. Cho a, b, ¢ > 0. Chimg minh rang

a+b+c 2 3%¥abc.

Bai 2. Choa, b,c>0vaa+ b+c=0.
Chimg minh rang a + b > 16abc.

Bai 3. Cho a, b > 1. Chiing minh rang
~1+bva-1<ab.

Bai 4. Choa, b, c >0 vaabc=1. Chimg
minh rang

vt
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 MQTCACH BT An PH
BE CHUNG MInk BAT BANG THUC

LE XUAN BAI (GV. THPT chuyén Vinh Phuc)

O mot s6 bai toan, viéc dat an phu sé giup ta dua bai toan ban
dau vé mét bai toan don gian hon, dé giai hon. Sau day 1a mét s6
bai toan ching myinh bat ddng thirc (BDT) bang cach dat an phu.

Bai toan 1. Cho x, y, z > 0 théa méan Bai toan 2. Cho x, y, z > 0 thda man
Xy + Yz + zx + 2xyz = 1. Ching minh rang X +Yy +Z+ 1 =4xyz.
, . o 1
l+l+—1-24(x+y+z). (1) Chimg minh rang 1+l+—-23. (2)
X y z Xy z
L 1 1 1 Lgi giai. Tu gia thiét suy ra
Loi giai. bt a=—;b=—;c=—.
gL B ATyt (2%) + (2y) + (22) + 2 = (20)(2y)(22).
Tu gia thiét suy raa + b + ¢ + 2 = abc. Theo lap luan cla bai toan 1 thi ton tai cac
Dodé(@+ b+ N+ b+ 1Hc+1)+ s6 thuc duong a, b, cthdamana +b+ ¢ = 1
+{c+Na+ =@+ Nb+1)(c+1) Vi x = b+c ;y:,c+a N a +b'
1 1 N 1 1 2a 2b 2c

" T a b c 3
a+1 b+1 c+1 Khi d6 (2) < 4 + >=

1 1 1 bic c+a a+b 2
Patm= in= p= .
' at1’ b+1’" c+1 @b 1.9
Khiddm,n,p>0;m+n+p=1va b+rc c+a a+b) 2
xodl__m _ m Sy = n_.,._P_ Ap dung BDT Cé-si cho ba s6 duong ta ¢c6
a 1-m nep T opaml MEN e b cicras 3 H@asb)bro)ca);
Tacé (1) i PP PIA, 111 —
p m n + + 233 .
a+b b+c c+a (a+b)(b+c)c+a)
m n p
24[ + + ] 1 1 1
nN+p p+m m+n Suy ra 2(a+b+c) + + 29,
v 4 ) T a+b b+c c+a
Pén day, ta st dung BD ta c6 dpem.
l+12 4 , VA,B>0 désuyra DAng thic xay ra khiva chikhix =y =z=1.
A B A+B Bai toan 3. Cho x, y, z > 0 théa man
mm,4m n ng 4n PPy o xy+y'z+zx.+xy‘vz:4.
n p N+p p M p+m m n m+n Ching minh rang
T d6 cong theo vé& clia ba BOT trén ta X+Y+Z2XY+YyzZ+2X (3)
c6 dpcm. Lgi giai. Tu gia thiét suy ra
Pang thic xay ra khi va chi khi XY, Yz, z2X ,XxX¥z 4
Ky g 22 22 22 222
yEiEy : * Theo lap luan cta bai toan 1 thi tén tai cac




s6 thuc duong a, b, cthdamana+b+c=1

R 2a 2b 2c
va x = (Y= 1Z= }
b+c c+a a+b
Tacé (4) a_, b S >
b+c c+a a+b
2ab 2bc 2ca

> + +

(b+c)c+a) (c+a)a+b) (a+b)b+c)
<> a(c+a)(a+b) +bla+b)b+c)+
+c{(b+ c)(c +a)=
> 2ab(a + b) + 2bc(b +c) + 2ca(c +a) 2
<>a(a-b)a-c)+bb -c)b-a)+
+c(c-a)(ic-b)=>0. (3)

Do vai tro binh dang cla a, b va c nén c6
thé gidi st a > b > c. Khi d6
(3)<=(@a-b@+b-c)+clc-a)c-b)>0:
ding, ta cé dpcm.

Déng thic xay ra khi va chikhix =y =z=1.

Bai tap tu luyén.

Bai1.Chox,y,z> 0.
(2a+b + ¢c)?
—_—
2a® + (b +c)?
. (2b+a+c)? . (2c + a +b)? <8

2b% +(@+c)®  2¢? +(a+b)?

Bai 2. Cho x, y, z > 0 thda man
XyZ = X +y + Z + 2. Ching minh rang

xyz(x - 1)y - 1)(z - 1) <8.

Bai 3. Cho x, y, z > 0 thdéa man

XyZ = X + y + Z + 2. Chiing minh rang

2(M+\/E a—\/z;)gx+y}246.

Chimng minh rang

i bam dhase g, b ndy
Thi giai todn qua thy

Lé Cao Thang, 9A, THCS Phan Chu
Trinh, Séng Cau, Pha Yén ; Dau Hai
Pang, 8H, THCS Lé Quy P6n, Cau
Gidy, Ha Néi ; Nguyén Van Théng, 88,
THCS Ly Nhat Quang, D6 Luong,
Nghé An ; Phung Manh Linh, 9A,,
THCS Tran Bang Ninh, TP. Nam Dinh,
Nam Dinh ; Nguyén Ngoc Linh, 9H :
Dang Duy Linh, 9E, THCS Van Lang,
Viét Tri, Phi Tho ; Nguyén Thi Ngan,
7A, THCS Trung Loc, Can Léc ; Lé
Tudn Ddng, 9B, THCS Hoang Xuan
Han, Dlc Tho, Ha Tinh ; Nguyén Thé
Béo, 8A,, THCS Yén Lac, Yén Lac,
Vinh Phic ; Bui Quang Khuong, 8C,
THCS Thuy Ninh, Thai Thuy, Thai
Binh.

: NOI LAl CHO RO

: e TTT2 s6 52 trong bai viét Diéu do:
I that tuyét vai (trang 18) dang I8 gidi :
¢ mot bai toan do Julbert - Mac Donnell :
: sang tac. Do 1a 16i gidi clia bai toan 247 :
trong cubn sach Néng cao va phét§
tri€n Toan 8 (tai ban nam 2006), NXB :

: Giao duc, clia nha gido Vi Hdu Binh !
: chtr khong phai ctia ban Tué.
! @ D8 thach dau (Tran du thir ndm muoi :
: tam) dang trén TTT2 s6 66 xin s(a lai :
: gidthiétla Sy o= Sgup= Seun = 1 &
: o TTT2 sG 66 trang 25 cot trai dong A
thay dau “=" bdi “<".
Thanh that xin 16i cac tac gia va doc gia.
TTT:



| TU MOT BAI TOAN
CUC TRI PON GIAN

TRINH NGOC TUAN
(GV. THCS C&m Théang, C4m Xuyén, Ha Tinh)

Tu moét bai toan don gian ban dau, ta cé Cong theo vé hai bat déng thitc trén ta
thé mé réng theo nhiéu huéng khac nhau. 3,03 1
Sau day la mét vi du. duge A=x"+y (X+Y)_5‘Z
Bai toan 1. Cho x, y la cac s6 thuc khéng
am thay d8i thda man x + y = 1.
Tim gia tri nhé nhét cla biéu thic
A=x3+y5

Nhan xét. Ta cb thé mé rdng bai toan 1
theo mét s6 hudng sau day.

Bai todn 2. Chq truGc a 1a mét sé thuc

1 1 duong ; x, y 1a cac s6 thuc khdng am thay

Nhan xét. Khi x=y = 2 thi A= 7 khi 48 thda man x + y=a.

xy =0 thiA=1. Tir d6 dy doan Asé dat gia 1™ 9ié trinho nhéit cdia biéu thitc

o 1 B’=x3+y3.
trinho nhatkhi x =y = = L&i gidi. Tuong tu nhu cach 1 clia bai
L&i giai. Cach 1. Vi (x —y)2 2 0 nén toan 1 ta chiing minh dudgc :
(x + )2>4x S X <1 @xy<£'8>13-
Y2 4xy @ xy <o <iB2
Do d6A=x3+y3=(x+y)3 - 3xy(x +y) = 3
P SbEITEINEN T 1y 618 06 By =2 tai x =y =2
=1-3xy 21-—=—. 4
4 4 Bai toan 3. Cho s6 ty nhién n > 1 ; x,,
Acle x= y= 1 X, ... , X, 12 cac s6 thuc khong am thay ddi
4 1 2 thda man x, + x, + ... + x, = 1.
VayA. i, = v Tim gia tri nhd nhat cla biéu thic
Céch 2. V6i k 1a mét s6 thuc khdng am C=x} +x3+..+x3.

béit ki, ta c6 Lasi giai. Vai k, x Ia cac s6 thuc khong am

2
1 2
[X—EJ (X+k)>°‘i’{"2*x+ ](X+k)>° bé’tki,tacé[x—l] (x+k)>0
n
1 1
3 2
k—1)x° +| ——k [x+—k>0.
& Xt ke=1x {4 JX+4 @[x2—£x+—17}(x+k)20
N n

3 1
Chonk=1tasuyra x>>=x——. -
4 4 =3 +[k—2J 2+{—1——ﬂ(-Jx+L2>O

3 1 n n2 n n
Tuong tu 32— -—.
g wy Iy 1

(Xem tiép trang 7)
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Vi 78* ¢6 hai chi s6 tan cung la 56 va
782009 - (784)502.78 nan ta chi cdn tim hai
chir s6 tan ciing clia 5692.78.

Véi s6 tu nhién n > 1, ta c6

56" — 56 = 56(56" ~ 1 — 1)
=56-55(56" "2+ 56" "3+ ... +1)
= 3080(6(y - 2) + 1) = 3080(6y — 11)

(véi y c6 cung chit s6 tan cung véi n).

Ta c6 (56" - 56) : 100
& 3080(By — 11) : 100
& 8By -11):10 = (By - 11) | 5
eoy-1N:5e((n-1):5.

Suy ra 56°°1 ¢6 hai chi s6 tan cung Ia
56.

Ma 562.78 ¢6 hai chif s& tan clng la 08
nén hai chir s6 tan ciing cta 782009 v3
19782009 |3 8.

Bai tap tu luyén.

Bai 1. Tim hai chif s6 tan cling clla cac

sd sau.

a) 1372100, b) 1892009,

c) 3331945, d) 3041975,

Bai 2. Tim ba chit s tan cung clia cac
s0 sau.

a) 11271997, b) 20193112,

c) 29332531, d) 23163101,

(Tiép theo trang 2)

3.3 2
2=x-=

ta suy ra x 3
n n

Chon k =g
n

. 3 2
Do dé x? 2 —X1——.
n n

Viét cac bat dang thic tuong tu cho x,,
X, ..., X, V& cdng theo vé& clia n bét déng
thic ta dudc

Cz%(x1 + Xy +...+xn)—£=—.

Nhan xét. Bang cach gidi tuong tu bai

toan 3, ta c6 thé giai bai toan sau.

Bai toan 4. Cho trudc a l1a mot s6 thuc
duong ; n 1a mét s6 tuy nhién, n > 1 ; x,,
Xy, - » X, 1& cac s8 thuc khéng am thay
ddi thda man x, + X, + ... + X =a.

Tim gia tri nhd nhat cla biéu thirc

D=x?+xg+...+xﬁ.

Nhan xét. TUr cac bai toan trén, ta cb
bai toan tng quéat sau.

Bai toan 5. Cho trudc a la mét s6 thuc
duong ; m, n, tla cac s6 tynhién; m,n>1;
m>t>0; X, Xy, ..., X, 1 cac s6 thuc
khéng am thay déi théa man

Xexb+.+xi=a

Tim gia tri nhd nhat ca biéu thirc
E=x{"+x7 +... +X].

TU MOT BAI TOAN ...



(NG DUNG CA M{T HE THC LUgNG
TRONG TAM GIAC VUGG

THAI NHAT PHUONG
(GV. THCS Nguyén Van Trbi, Cam Nghia, Cam Ranh, Khanh Hoa)

Mdt hé thitc lugng trong tam giac vuéng Suy ra AE = BD.
it dugc dé cap dén trong cac bai tap, do la ViAE // BD va AC L BD nén AE L AC.

1 _L+l2, trong d6 b, ¢ Ia hai canh p 3
C

n b2
goéc vudng, con h la dudng cao ing vdi
canh huyén cia tam giac vuéng do. H
Sau day 1a mét sé bai toan don gian co
s(r dung hé thirc trén.
Bai toan 1. Tinh dién tich S cla hinh

chif nhat ABCD biétAD = 9 cm va khodng g D G
cach tir A dén BD la 7,2 cm. 1 1 1 1 1

La&i giai. Dung AH L BD (H € BD). Suyra — =——+—5= + ,

AD? AC? AE? AC? BD?
A B ,
ta c6 dpcm.
Bai toan 3. Cho tam giac ABC can tai
A cb cac dudng cao AH, BK.
Chimg minh réng > 12= 1 5
BK2 BC? 4AH
H L&i giai. K& HI L AC (i € AC).
A
D C
1
Ta cb = - . Suyra
AB2 AH? AD?
ago_ AD-AH 972 _12 (cm) .
VAD2 _AHZ |92 —7,22

Suy ra S = AB-AD = 12.9 = 108 (cm?). !

Bai toan 2. Cho hinh thang vudng
ABCD (cac géc A, D vudng) c6 AC L BD. B H c

1 1 Vi BK L AC nén HI // BK.

Chimg minh rang

Ma H Ia trung diém BC (vi AABC can tai A)

ADZ ACZ BD? 2
nén | la trung diém CK.

L&i giai. Dung dudng thdng qua A'song 1 1 1
song véi BD cét CD tai E. Tach —=—s+—s
Tir giac ABDE c6 hai c&ip canh d6i song HI  HA® HC

song nén la hinh binh hanh. ] (Xem tiép trang 15)




Problem EA48. (Proposed by Ngo Anh Tuyet, Hanoi Education
Publishing House)

There are n balls in a box, and the balls are numbered 1, 2, 3,

., n respectively. One of the balls is removed from the box, and

it turns out that the sum of the numbers on the remaining balls in

the box is 5048. If the number of the balls removed from the box

is m, find the value of m.

S
E
7 B
:
:
z
i
-

Solution E46. Take
one fruit from the
“Apples and Oranges” crate.

If it is an apple then that crate is the
“Apples” crate since all the crates are
labelled incorrectly. This means the crate
marked “Apples” must be “Oranges” and
the crate marked “Oranges” must be
“Apples and Oranges”.

Similarly in the case when the taken fruit
is an orange.

Nhan xét. Nhin chung, tat ca cac ban gt
bai déu dua ra cach lam dang dé c6 thé dat
tén chinh xac cho ting thung. Tuy nhién
trong 1ap luan thi con nhiéu bai chua chat

ché&. M6t s ban con viét sai ngit phap tiéng
Anh. Chang han, c6 ban viét cau “If it's an
orange is similar”.

T4t ca cac ban déu da rat c6 gang, dac
biét la cac ban sau : Ngé Thi Thanh Nga,
8B, THCS Tu Son, Tu Son, Bic Ninh ;
Nguyén Thi Kim Thoa, 18/167 Nguyén
Thugng Mén, P. Binh Han, TP. Hai Duong,
Hai Duong ; Ha An Huy, 6H, THCS Van
Lang, TP. Viét Tri, Pha Tho ; Tran Thj Bich
Ngoc, 8G, THCS Phan Pinh Phung, TP.
Dong Ha, Quang Tri ; Cao Vi Quynh Anh,
9B, THCS Vinh Tu’ong, Vinh Tudng, Vinh
Phic.

NGO ANH TUYET

& — + 42,suyradpcm

BK HA2 BC

Bai toan 4. Cho trudc cac doan thang
a, b, c. Dung doan thdng x théa man

i1
X a2 b 2
L&i gidi. Cach dung
- Dung AABC vuéng tai A ¢6 AB = a,
AC =b. A

B , H D C
- Dung dudng cao AH clia AABC.

HI]G I]IJIIG 111 S

- Dung D trén tia HC sao cho HD =c.

- Dung dudng cao HK cla AHAD.

Ta dugc HK = x 14 doan thdng can dung.
Chimg minh

1 1 1

Ta cb =
HKZ HA? HD?
L s N B N
AB2 AC2 HD? a2 b? ¢?’
ta c6 dpcm.

Bai tap tu luyén.

Bai 1. Cho AABC vuéng tai A c6 dudng
cao AH. GidstAH=24cm;BH=1,8cm.

Tinh dudng cao HK ctia AAHC.

Bai 2. Cho hinh thoi ABCD cbé canh la
a. Goi R,, R, Ian lugt la ban kinh dudng
tron ngoai ti€p cac tam giac ABC va ABD.

. Chimg minh rang l+l =-€'2—.

R1 R2 a




Tim nhiéu chit s6 tan cung ctia mét s
tu nhién 1a bai toan khé védi nhiéu ban. Bai
viét nay sé trinh bay sd lugc cach gidi clia
dang toan nay bang phuong phap hdi quy
(Ban doc cb thé tham khao thém vé dang
toan nay trén TTT2 s6 15, 17 va 18 vdi bai
viét Tim chir s6 tén cung cla tac gia
Nguyén Van Tang).

Nhan xét. + N&u a c6 chir sé tan cung

‘140, 1,5, 6 thi a" ciing cé chir s6 tan cung
tuonginglao,1,5,6, vV ne N*,

+ Néu n € N* thi ohit s6 tan cung cla
240 420 gin a6,

+ Néu n € N* thi chif s6 tan cling cla
34n 740 920 13 1,

Bai toan 1. Tim hai chit s6 tan cla
19812009,

L&i gidi. Hai chit s6 tan cung cla
19812009 |3 haj chit s§ tan cing cla
812009

L4y n € N*, ta xét
81— 1=(81"-81"" N+ (81"~ 1-81"-2) 4
+..+(81-1)
=80(81"~ 1+ 81"~ 24 1+ 1)=80x
(v@i x, n ¢c6 cling chit s& tan cling).

Tac6(81"-1):100=8x:10=x:5
onts, )

Suy ra 812905 ¢6 hai chit s8 tan ciing Ia
01. ’

[im nhieu chi s6 *Gn\'a]ng
héing phuons ohép oi

HOANG TRONG HAO

Ma 812009 — g12005.g14 3 814 ¢4 hai
chit s6 tan clung 1a 21 nén 812009 v3
19812009 ¢4 hai chif 6 tan ciing 1a 21.

Nhan xét. Bang cach giai tuong tu, ta
cb két qua sau : Hai chir s6 tan cung cia
215, 415, 615, 1110, 3110, 7170, 9170 v
512 j3 01.

Bai toan 2. Tim ba chit sé tan cla
19812009,

L&i giai. Ba chif s6 tan cling clia 19812009
2 ba chif s8 tan cling clia 9812009,

Ba chif sG tan cung clia 981° [a 901.

Ma 9812009 - (9815)401.9814 nén ba
chit 8 tan cling cta 981200913 ba chit s8
tan cling ctia 901407.9814,

Bang cach lam tuong tu bai toan 1,
ta tim dudc 901490 ¢6 ba chit s6 tan cling
la 001.

Ma 901401 = 901400.901 ; 9814, 901-321
c6 ba chir s6 tan cung tuong (ng la 321,
221 nén 9812009 v3 19812008 ¢4 ha chir
sO tan cung la 221,

Bai toan 3. Tim hai chit s6 tan cla
19782009,

L&i gidi. Hai chit s§ tan cung cla
19782009 |3 hai chit s§ tan cung cla
782009. .

Vi méi s6 tu nhién k > 0 thi chi¥ s& tan
clnig clia 78% = (78M% 13 6.




Vi 78% c6 hai chit s6 tan cling 1a 56 va
782009 — (784)502.78 nan ta chi can tim hai
chit s6 tan cuing cta 56%02.78.

Véi s6 tu nhién n > 1, ta cb

56" — 56 = 56(56" ~ 1 - 1)
=56-55(56" "2+ 56" "3+ . +1)
= 3080(6(y — 2) + 1) = 3080(6y — 11)

(véi y cb cung chit s6 tan cung vdi n).

Ta c6 (56" - 56) : 100
& 3080(6y — 11) : 100
& 86y -11) 10 (By - 11):5
eoy-1:5(-1):5.

Suy ra 56°%1 ¢6 hai chir s& tan ciing 1a
56.

Ma 562.78 ¢6 hai chir s6 tan cling 1a 08
nén hai chir sé tan cung cla 782009 3y
19782009 |3 08.

Bai tap tu luyén.

- Bai 1. Tim hai ch{f sé tan cung clia cac
s6 sau.

a) 1372100, b) 1892009,

c) 3331945, d) 3041975,

Bai 2. Tim ba ch s6 tan cung cla cac
sO sau.

a) 11271997,

c) 29332531,

b) 20193112,
d) 23163101,

(Tiép theo trang 2)

Chon k =g ta suyra x3 zix—i.
n n n

Do d6 x? 2-—32—x1 —%.
n n

Viét cac bat dng thitc tuong ty cho x,,
X, ..., X, va cong theo vé& cla n bét ding
thic ta dugc
Czi(x1 +Xo + ... +xn)~£=l.
n2 2

n n2

1 1
C=—0Xx=Xy=...=Xy=—.
n2 1 2 n n
. 1
VayCmin=—2.
. n

Nhan xét. Bang cach gidi tuong tu bai

0000000000000 0000000000000 00000000000000000000000000000000000000000000000008000

TU MOT BAI TOAN ...

toan 3, ta c6 thé giai bai toan sau.

Bai toan 4. Cho trudc a 1a mét sé thuc
duaong ; n 1a mdt s6 tu nhién, n > 1 ; x,,
Xy, -, X, 1@ cac s6 thyc khong am thay
ddi thda man x, + X, + ... + X, = a.

Tim gié tri nhé nhét cha biéu thitc

D=x?+x%+...+xﬁ.

Nhan xét. TUr cac bai toan trén, ta c6
bai toan tdng quat sau.

Bai toan 5. Cho trudc a 1a mot s6 thuc
duong ; m, n, t1a cac sé tynhién; m,n>1;
m>t>0;x, X, ..., X, la cac s8 thuc
khéng am thay ddi théa man

x$+xb+ L +xl =a
Tim gia tri nhd nhat clia bidu thic
E=x{"+x3 +...+x).



Phu IIIIVIIII
Doc - Viet

C6 nhiing bai toan
ma khi méi gap, ta

tudng chang rat khoé:
Nhung thuc ra, chung xuét phat tir nhiing
bai toan rat co ban.

Céc vi du trong bai viét nay thudc loai
Toén chuyén déng, ching dudc giai véi kién
thire I6p 6 bang phuong phap xét tf s6 cla
hai dai lugng, mét phuong phap thudng
dung khi gidi toan chuyén dong.

BAI TOAN CO BAN TiM HAI SO KHI
BIET HIEU (TONG) VA Ti sO

Chéng han tim hai s5 c6 hiéu b&ng 0,5
va ti s6 clia ching bang 3 : 2.

L&i gidi that don gian :

SG| ———

SHIR —

S8 1bang : 0,5-3=1,5.

S8 1l béng : 0,52 = 1.

BAI TOAN 1. BIET HIEU THOI GIAN VA
Ti s6 THOI GIAN

M6t ngudi di tir A dén B vdi van tc 40
km/h. Ngudi th( hai ciing di tir A dén B véi
van téc 60 km/h. Biét ring dé di quang
dudng AB, ngudi thr nhat can nhiéu thdi
gian hon ngudi thi hai la 30 phut. Tinh théi
gian mdi ngudi di tir A dén B va quang
dudng AB.

Huong dén : Cung di mdt quang dudng
AB thi thdi gian di ti 1& nghich v&i van t6c di

t1 Vo 60 3

o5~

fnén —=—=2=—=-,

t2 V4 40 2 .
Biét ti s& thai gian (1a 3 : 2) va hiéu thai
gian (14 0,5 gid), ta tim dugc t, = 1,5 gig ;
t, = 1gid ; AB = 60-1 = 60 (km).

GIAI TOAN CHUYEN BONG
BANG PHUTNG PHAP KET Ti SO

VO HOU BINH (Ha No6i)

NANG CAO BAI TOAN 1

Dang 1. Thay diéu kién hiéu thoi gian
béng diéu kién tuong duong

Bai toan 1.1. Nhu bai toan 1. Thay diéu
kién “dé di quang duding AB, ngudi thit nhat
can nhiéu thdi gian hon ngudi thir hai la 30
phat” bang diéu kién : “ngudi th( hai réi A
sau ngudi th&r nhat [a 20 phut va dén B
truc ngudi th(r nhét 14 10 phat”.

Bai toan 1.2. Mot ngudi di tir A dén B.
Ngudi dé tinh rang néu di véi van téc 40
km/h thi dén B sau gid hen la 20 phut, con
néu di vGi van tdc 60 km/h thi dén B trudc
gid hen la 10 phut. Tinh quang dudng AB.

Dap s : 60 km.

Bai toan 1.3. Ba ngudi clng khdi hanh
moét lac tir A d& dén B, van téc ngudi thit
nhét [a 40 km/h, van t6c ngudi thlr hai 1a
60 km/h. Ngudi thif ba dén B truéc ngudi
thr nhét (a4 18 phut va sau ngudi th(r hai la
12 phit. Tinh quang dudng AB va van t6c
nguoi thir ba.

Dap s6 : 60 km va 50 km/h.

Dang 2. Dién dat diéu kién ti s6'thoi gian
(théng qua ti s6 vén téc) dudi dang khédc

Bai toan 1.4. Hai ngudi cling di tir A vé
mét phia, ngudi thi nhat khdi hanh lic 7 gig,
ngudi thar hai khdi hanh idc 7 gid 30 phut.
Hdi hai ngudi gap nhau lic mdy gid, biét
rang quang dudng ngudi th( nhat di trong
30 phit bang quang duding ngudi thit hai di
trong 20 phut ?

Hudng dén : Goi B 1a dia diém hai ngudi
g&p nhau. Ti s8 thdi gian di quang dudng AB

. . ooz v x 30 3
cua hai ngudi van bang 20 hay 2

Talaict, - t,=0,5(gid). TUdo t, = 1 gid.




Hai ngudi gap nhau lic :
7 gid 30 phat + 1 gid = 8 gid 30 phut.

Luu y. a) Giai thich ti mi L. 3 nhusau :
t, 2

Goi v, va v, la van téc cia ngudi | va
nguoi Il. Quang dudng ngudi | di trong 30
phut béng quang dudng ngudi Il di trong 20
phat. Trén cung quang dudng dé, van téc ti
1& nghich véi thasi gian nén Y2 =30 _3

V4 20 2 .

Goi t, va t, la thdi gian ngudi | va ngudi
Il di tir A dén B. Trén cling quang dudng AB,
van t6c ti 1&é nghich véi thdi gian nén
t1 _ Vo _2
o vy 2

b) Trong bai todn 1.4, ta khong tinh dugc
quang dudng AB.

Dang 3. Su thay doi vén téc dién ra
trén m¢t phan cua quang dudng (chu
. khéng dién ra trén cd quing dudng)

Bai toan 1.5. M6t ngudi di tir C dén B vai

van tdc 40 km/h. Bi dugc % quang dudng,

ngudi dé dimg lai chita xe trong 30 phat nén
dé dén B dang hen, ngudi dé di tiép trén
quéng dudng con lai véi van téc 60 km/h.
Tinh quang dudng CB.

Hubng dén : Goi A la dia diém thay ddi
van téc.

Ta tinh dugc AB = 60 km, CB = 120 km.

C A B

1 ] 1
I 1 1

Bai toan 1.6. M6t 6 t6 di tir B dén C vdi

van t8c 40 km/h. Luc vé, sau khi di dugc %

quang dudng véi van téc cil, 6 té dimg lai
chita trong 30 phut. Mudn thdi gian vé bang
thai gian di, 6 t6 phai di ti€p trén quang
dudng con lai véi van t8c 60 km/h. Tinh
quang dudng BC.

Huéng dén : Goi A 1a dia diém thay ddi

. van t8c luc vé.

Ta tinh dugc AB = 60 km, BC = 90 km.
B A C

I Il Il ]
1 T T 1

Dang 4. Sy thay déi vén téc dién ra
trén hai quang dudng khéng bang nhau

Trudc hét, ta dién dat bai toan 1 dudi
dang sau : M4t ngudi di tir A d&n B véi van
t8c 40 km/h, sau d6 di tiép tir B dén C vdi
van t6c 60 km/h. Biét quang dudng BC
bang quang dudng AB, thdi gian di AB
nhiéu hon thdi gian di BC 1a 30 phat. Tinh
thdi gian di AB, thdi gian di BC va quang
dudng AB, BC.

Dap s6: 1,5 gid ; 1 gid ;
60 km ; 60 km.
A B C

I } |
r T 1

Nhan xét : Bay gid, néu ngudi d6 di tiép doan
CD trong 10 phut (van véi van téc 60 km/h) thi

CD= 60-% =10 (km). Ta ¢6 bai toan sau :

Bai toan 1.7. M6t ngudi di tir A dén B véi
van t6c 40 km/h, rdi di ti€p tir B dén D véi
van t6c 60 km/h. Quang duong BD dai hon
quang duong AB la 10 km. Thdi gian di AB
nhiéu hon thai gian di BD 14 20 phat. Tinh
quang dudng AB, BD.

Huéng dan : Goi C la diém trén quang
dudng BD sao cho AB = BC thi CD =10 km.

Thdi gian ngudi d6 di CD la :

10 1, .,
— =— (gi®) =10 (phut).
506 (gio) (phit)

Thdi gian di AB nhiéu hon théi gian di BC
la : 20 + 10 = 30 (phuat).
A B CD

Goi thdi gian di AB Ia t,, thdi gian di BC
la t, (gid). Ta tinh dugc t, = 1,5 gig ; t, = 1
gid ; AB = BC = 60 km ; BD = 70 km.

(Ki sau déng tiép)

| p—




Danh cho cac nha

toan hoc nho

THU GON TONG

Th.S. TRAN ANH DUNG (THPT chuyén Luong Thé Vinh, Béng Nai)

Trong qué trinh hoc, ta gap mét sé bai
toan tinh mét tdng hitu han. Dé gidi dang
toan nay, ta thudng phai st dung mét sé
hang d&ng thitc hodc phép nhan vdi biéu
thitc lién hop. Khi d6, tdng hitu han sé dugc
thu gon. Sau day la cac vi du minh hoa.

Bai toan 1. Tinh téng
1 1

S=1J§+2ﬁ+2J§+3J§+
o+ 1 )
2005+/2006 + 2006~/2005
L&i gidi. Ta thdy s6 hang tdng quat cla
1
nvn+1 +(n+1)\/ﬁ’
tu nhién va 0 < n < 2006.
Nhan véi biéu thic lién hop clia mau s,
ta dugc s hang t8ng quat béng
(n+1)\/ﬁ—n n+1 1 1

vdinlasé

téng c6 dang

n(n+1) dn dnet
Suy ra
S D IR I
1 ¥2 2 7 2005 <2006
1
=1- .
J2006

Bai toéin 2. Tinh tng A = 14—+ +
' 12 22

1 1 1 1
+ 1+-—§+—2+...+ 1+ >+ .
22 3 20052 20062

L&i gidi. V&i mbi s6 tu nhién n > 0 ta c6

2 2 2,.2

1+_1?+ 1 ~ _n (n+1)2+(n+1) +n
n“ (n+1) n(n+1)2

_(n2+n)2+2(h2+n)+1_(n2+n+1

n2(n+1)2 n2(n+1)2 '

11 n +n+1
Suy ra 1+—2—+ =—
n“ (n+1) n“+n

=1+ 1 =1+1 1
n(n+1)

)2

n n+t
Do 86 A = 2005 +1~—— = 20052293,
2006 2006
Bai toan 3. Chitng minh rang
1 1 1

+ +..+ >24
V1443 B4T V9997 +9999
Loi giai. Goi vé trai clia bat dang thirc
trén 1a M. Dat
1 1 1

N= + +o 4+ .
J3+45 JT+40 /9999 + 10001

V6i méi s6 tf nhién n ta ¢

1 _\/2n+3—\/2n+1
V2n+1+4Y2n+3 -2 '
SuyraM+N = V10001 -1 S 100 -1 =9§_
2 2 2
M+N 99

MaM>Nnén M> >T>24,tac6

dpcm.

| —
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BAI TOAN HINH HOC
€O NHIEU TRUONG HOP

NGUYEN THANH TUNG

(GV. THCS Hoang Xuén Han, Buc Tho, Ha Tinh)

Viéc gidi mot bai toan hinh hoc thudng phai dufa vao céc hinh vé

cu thé. N6i chung, ta cé thé xét mét hinh vé t6ng quéat dé lam co sé

Iap luén khi gidi toan. Tuy nhién, c6 mét s6 bai toan hinh hoc cén

xét nhiéu truong hgp khac nhau, méi trudng hop ¢é nhimg hinh vé
va két qua tuong umg. Sau day la mét s6 vi dy.

Bai toan 1. Cho AABC c¢6 cac dudng &G
phan giacBDva CE citnhautailvalD=IE. & 180° -B-C =

Tim mai lién hé gidra B va C. TH2. € > A. Khi d6 H, K tuong tmg thuc
L&i giai. K& IH L AB, IK L AC. céc doan thing BE, CD.
Khi H = E thi K = D. Ta chimg minh dugc Ta éhfrng minh éuoo

AABC déu. Suy ra B = C = 60°. R
Xét trudng hgp H = E, K= D. IEH=IDK & A +E =A+

Ta c6 H n&m giita B va E < HIB <EIB

& B+C =120

I\)IUJ’
NIO)

=B=C

N | )

~ R TH3. A > B. Khi d6 H, K tuong img thudc
BB C A CBC cac doan thing AE, AD.
2 Tuong tu ta dugc B=C.
K&t luan. Vay B = C hozic B+ C =120°.
. Bai toan 2. Cho AABC c¢6 truc tam H va
Gia sl B > C. Ta xét cac trudng hgp sau. HA = BC. Tinh géc A.

R ~ ~ L p Y a? .. T lt 7 . 0 .
TH1. B> A > C. Khi d6 H, K tuong ting Gi giai. Ta xét cac truong hop sau

o A<B.
Tuong tu H n&m gitaAva E < A > B.

A o}
thudc céac doan thang BE, AD. TH1. A>90%
H
A
K
D
E
H
E
B Cc A
Vi | 14 tam dudng tron noi ti€p AABC nén b
IH=IK.MAa IE=1ID (gt)Anén AIHE = AIKD B D C
SIEH=IDk o A+C=-B.¢ Ta c6 AEAH = AECB = EA = EC.
2 2 . . Do d6 AAEC vudng can tai E.

N



Suy ra A = 90° + ACE =135°. Vi cac tam giac ABB’' va ACC’ can tuong
{mg tai B va C nén
ABC =B _300,acm =&
2 2

TH2. A =90°. Khi d6 H =A.

Tic la AH < BC: loai.

TH3. A <90°. Dén day ta xét hai trudng L
hdp la tam giac ABC nhon hoc cé mét géc Suy ra B'AC’ =180° -30° -20° =130°.

=20°,

khong nhon. TH2. Cac diém B’, C’ ndm trén canh BC.
A Tuong ty nhu trén ta c6
— o — B
Apc =180 -B_ 60°;
2
L o O _ -~ o
E Ace =189 =C _ 700, AC = 50°.
H 2
A
B D C
A
E
DR C B C < B C
/ B TH3. B’ thuéc tia d6i chia tia BC, C’ thudc
H canh BC.

£ ARC = 30° ACC = 70°-
Ta c6 AEAH = AEBC = EA = EB. Tuong tu ta c6 AB'C' =30"; AC'C =70%;

Do d6 AABE vuéng can tai E. ACB’' =110°; B'AC’ = 40°.
Suy ra A = 45°, TH4. B’ thudéc canh BC, C’ thudc tia doi
cla tia CB.

K&t luan. Vay A =135° hosc A =45°. . . .
Bai toan 3. Cho AABC. Trén dudng thdng Tuong tu ta c6 AC'B’=20°; AB'B = 60°;
BC I8y cac diém B’ va C' sao cho BB'=AB ARG’ =120°: B'AC’ = 40°.
va CC’' =AC. Biét A =80°, B =60°. Tinh s§

docdcgbocla MBC. Bai 1. Cho AABC vuéng tai A, trung
L&i gidi. Ta c6 C =180° -A-B =40°. tuy&n AM, dudng cao AH. Qua H vé dudng
Suyra C<B<A. Hay AB <AC < BC. thdng song song véi AB cit AM & N. Chiing

Bai tap tu luyén.

Ta xét cac trudng hop sau. minh rang BN vuéng géc véi AM.
THA1. Cac diém B’, C’ thr tu thudc tia @i Bai 2. Tam giac ABC c6 g6c B, C nhon.
clia cac tia BC va CB. Cac trung tryc cia AB va AC cét nhau 8 O
A va cit BC theo thir tu § E, F. Chimg minh

rang AO la phan giac cla gbc EAF.
Bai 3. Cho AABC déu ndi tiép dudng tron

] » (0). M 12 mot didm bat ki trén (O). Tim mdi
B’ B C " . C lién heé giita MA, MB va MC.

NG



Hé pliong trinh
ioi xiing loai 2

ThS. NGUYEN ANH DUNG (Ha Noi)

Hé phuong trinh (PT) hai 8n x, y dugc goi la hé PT d6i ximg loai 2 néu nhu hé c6 hai
PT va khi ta d8i ché cta x cho y thi hai PT trong hé cling d6i ché cho nhau.

Cing nhu hé PT d6i ximg loai 1 (Bai viét trén TTT2 s6 66), trong chuong trinh toan
phé théng, ta thudng gap nhiéu bai toan vé hé PT déi ximg loai 2.

Bai viét nay giup cac ban hé théng phuong phap va mét s6 dang toan thudng gap

vé hé PT d6i ximg loai 2.

1. Phuong phap thuong dung khi
giai hé PT déi ximg loai 2
x?-3y+2=0 (1)
y? -3x+2=0. (2)

L&i giai. Trir theo vé& clia (1) cho (2) ta
du‘qoxz—y2+3(x—y) =0
& x-y)x+y+3)=0.

TH1. x=y. Thay vao (1) ta dugc

X2 -3x+2=0oxe {1 ; 2},

TH2.x+y+3=0.Thayy=—x-3 vao
(1) va rat gon ta dugc x2+3x+11=0:vd
nghiém (vi A = 32 - 44 = - 35 < Q).

Vay hé cé hainghiémla (1; 1) va(2; 2).
X+4.y+3=3 (1)
y+Vx+3=3.(2)
L&i giai. Diéu kién x > -3; y > -3.

Ta thdy x = y = -3 khong la nghiém.
Xét (x;y) #(-3;-3).
Trir theo vé& ctia (1) cho (2) ta dugc

X-y+y+3-vx+3=0

& X-y+

Vi du 1. Giai hé PT

Vidu 2. Giai hé PT {

y—X =0
JYy+3+vx+3

& (x-y)| 1= ———— | =0.
\/y+3+\/x+3 .

TH1. x = y. Thay vao (1) ta dugc
X+Vx+3 =3 Vx+3=3-x
Diéu kién x < 3.
Binh phuong hai vé& va rat gon ta dugc
x=1=y=1
x =6 loai.
TH2. Jy+3 +Vx+3 =1.
Vi Jy+320nénvx+3<1e x<-2.
Thay 'y +3 =1-+/x+3 vao (1) ta dugc
X+1-Vx+3 =3 Vx+3 =x-2.
Vi x < -2 nén PT nay v6 nghiém.
Vay hé c6 mét nghiém la (1 ; 1).
Nhan xét. Véi diéu kién x, y < 3, ta dua
hé PT da cho vé dang
= — 2 2— - =
{y+3 (3-x) @{x 6x-y+6=0

x2—7x+6=0=>[

x+3=(3—y)2 ' y2—6y—x+6=0.

Dén day ta giai tiép nhu vi du 1.

2 3
X+—==
Vidy3.Giaihe PT{ 7 ;
y+===,
X y .-
L&i giai. Diéu kién x, y # 0.
- Khi d6 hé da cho tuong duong véi




x?y+2x =3y (1)
y2x+2y =3x. (2)

Trir theo vé& clia (1) cho (2) ta dugc
X2y — y?x + 5x - 5y = 0
& (x-y)xy +5)=0.
TH1. x = y. Thay vao (1) ta dugc
xX3-x=0oxe {1;-1}(vix =0).

TH2. xy = -5. Thay vao (1) ta dugc
-5x+2x=3yoy=-x.

Ma xy=-5nén x2=5 & x = +5.

Vay hé da cho c6 bdn nghiém la

(1;1);(1;-1); (/5 ;-5); (-5 ; 5).

2. Khai thac dic diém riéng clia ddu
bai

Yax+5=y+1 (1)
3y +5=x+1. (2)

Vi du 4. Gidi hé PT

L&i giai. Trir theo vé& clia (1) cho (2) ta .

suyra ¥3x+5+x =33y +5+y. (3)
| Néux>ythi VT(3) > VP(3) : loai.

N&u x < y thi VT(3) < VP(3) : loai.

Do dé x=y.

Thay vao (1) ta dugc Y3x+5 =x+1
o3x+5=(x+1)° e x3+3x2-4=0
oXx-Nx+22=0sxe {1;-2).

Vay hé cb hai nghiém la

(1;1)va(-2;-2).

Nhan xét. Néu hé PT c6 dang

{f(x) =g(y)

f(y) = 9(x)
ham s6 clng ting hodc cling gidm trén
tap xac dinh thi béng cach tuong tu, ta
ching minh dugc x =y.

Vi du 5. Gigi hé PT

3x%y-y?-2=0 (1)
3y?x-x%-2=0. (2)

Lai gidi. Tir (1) suy ra 3x%y =y2 + 2 > 0.
Max2>0nény>O0.
Tuong ¥ x > 0.

trong do f(x) va g(x) la cac

Trir theo vé& clia (1) cho (2) ta dugc

3xy(x = y) + (x? = y?) = 0
o X-y)3xy+x+y)=0
e x=y(vix,y>0).

Thay vao (1) ta duge 3x3 - x2 -2 =0
& X-1NBEx+2x+2)=0&x=1(viPT
3x2+2x+2=0vonghiémdoA'=-5<0).

Vay hé c6 mot nghiém a (1 ; 1).

Nhan xét. Néu khong nhan thay x,y > 0
thi ta phai giai thém trudng hop khéng don
gian la 3xy + x +y = 0.

3. Giai PT bing cach quy vé giai hé
PT d&i ximg loai 2

Vi du 6. Giai PT (x2 - 3)2-x-3=0.

Ldi gidi. Daty = x2 - 3.
y2 -x-3=0
x> Zy-3=0.

Dén day ta gidi hé trén nhu vi du 1, ta

113
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Suyra {

dugc xe {1 =2

Vi dy 7. Gidi PT x% -2 = /x +2.

L&i giai. Diéu kién x > -2.
Daty=+/x+2 (v8iy=>0).

x? - y-2=0

y? -x-2=0.

Dén day ta gidi hé trén nhu vi du 1, ta dudc

,.21-+5
€ y D) .

Suy ra {

Bai tap tu luyén
Bai 1. Giai hé PT

4x% = +§

) 2x+35-y =8 0 =y
2y+3/5-x =8. 42 =x+2.
X

Bai 2. Gidi PT
a)(5-x22-x-5=0.

- b) X2 —4=x+4.




Tll Y TWHI] HAY
DEN BAI TOAN BEP

DINH TIEN DUNG
(Tam Duong, Vinh Phuc)

Mot bét ding thirc co th€ mang trong no nhimg vé dep clia toan hoc. Cang vay, mot
y tudng dugc si dung trong viéc ching minh mét bat dang thire co thé giup ta kham
pha mét phuong phéap hay dé chimg minh nhiéu bat déng thire khac.

Ta hay bat dau tr y tudng ching minh
cla bai toan 4(49) thi giai toan qua thu
trén TTT2 (ban doc xem Idi giai trén sO
51): “Cho a, b, ¢ 1a cac s6 thuc duong théa
man a + b + ¢ = 1. Ching minh rang
a+bc+b+ca+c+ab

b+c c¢c+a a+b

>2"

Y tudng cla |gi gidi bai toan nay trén
TTT la: Trong qua trinh chimg minh mdt
bat déng thirc, ta sé& dua vao gia thiét cla
bai toan roi thay mét s6 bang mét biéu
thc thich hop dé viéc chimg minh dudc
dé dang hon.

Ta hay van dung y tudng nay vao viéc
ching minh mét s6 bat ddng thic. Sau
day 1a mét s6 vi du.

Bai toan 1. Cho cac so thuc a, b, ¢ >0
thda man ab + bc + ca= 1. Chimg minh rang

3a’b? +1 3b%c? +1 3c2a® +1
¢ +1 a2 +1 b2 +1
L&i gidi. Ta chimg minh
3a%b? +1

c? +1

M= >3.

> 3ab. (1)
Thét vay, ta c6

(1) & 3a°b? + (ab + bc + ca)? 2

> 3ab(c? + ab + bc + ca)

& (ab+bc+ca)’23abc(c+b+a)’

& (ab — be)? + (bc - ca)? + (ca - ab)2 >0:

dang.

3b2c? +1
Tuong tu ——C > 3bc; (2
aZ +1
3‘?’—2""*_ > 3ca. (3)
bc +1

Cdng theo vé& ctia (1), (2) va (3) ta dugc
M 2 3(ab + bc + ca) = 3 (dpcm).
Déng thirc xay ra khi va chi khi
ab=bc=ca=l@a=b=c=£3—.
3 3
Bai toan 2. Chocacsd thuca, b, c>0
théa man a + b + ¢ = 3. Chimg minh réng
3+a% 3+b% 3+c?
= + +
b+c c+a a+b
Ldi gidi. Vdi cac s6 thuc x, y, z bat ki ta co
(x-y+{y-2°+z-x220
& X2 +y? + 22 2 Xy +yZ +2X
& (X +Y +2) 2 3(Xy + Yz + ZX).
Do d6

6.

3+a’ =%(a+b+c)2+a2 >

>ab +bc+ca+a’=(a+b)a+oc).
3+a’ >(a+b)(a+c)
b+c  b+c

2
Tuong tu 3+b > (b+c)(b+a);
c+a c+a

Suy ra

3+c? S (c+a)c+b)
a+b  a+b




Kt qua TRAN BAU THIT SAU MUTI TU (2 ss72

Vi d la mét udc sé chung cllaa, b,cnén  gpe : g3,

dla ubc s6 cla a+ b +c. Hay 243 : d. Suy raa®c + b?a + 2 +ab + bc + ca | d®.

- 35 nén tén tai s6 tu nhié . ,
Vi 243 = 3° nén ton tai s6 tU nhiénn <5 Ma a2c, b2a, ¢2b déu chia hét cho d3 nén

2
ded=3?. ' . ) i ab + bc + ca : d3. Suy ra ab + bc + ca > d*.
Ta chimg minh bang phan chimng. M3t khac, véi cac s6 thuc a, b, ¢ bat ki ta
Giasird>27.Khid63">27.Suyran24. ¢4 (a-b)2+(b-c)2+(c-a)20.
Tic la d > 81. Ma a, b, cla cac s6 nguyén :

. Hay a + b2 + ¢c2 > ab + bc + ca.
duong chia hét chod nén a, b, c> 81. y

Suyraa+b+c> 243, Suy rla (a+ b‘+ c)22 > 3(2b + bc + ca).
Maa+b+c=243néna=b=c=81. Do d6 (a + b + ¢)° 2 3d".

. a+1 b+l c+1 82 Ttte 12 3'° > 3d°. Hay d < 27 (dpem).
Khi do6 + + =——1 khéng Bang cach nay, ta chi ra dudc néu d = 27

b c a 27
phai 1a mot s6 nguyén, trai gia thiét.

Vay d £ 27, ta c6 dpcm.

Nhan xét. 1) C6 rat nhiéu vo si da tham
gia thi dau tran nay. Hau hét cac ban déu
giai dang. Tuy nhién, hdu hét cac ban da
gidi theo céch sau.

thi phdicéa=b=c=81:vd li. Tic la ta da
chiing minh dugc bat déng thitc manh hon
dé bailad <27. Nghialad<9.

2) Vo si dang quang trong tran ddu nay
la Nguyén Dang Minh, 8C, trudng Ha Noi -
Amsterdam, Ba Binh, Ha Noi.

3) Céac ban hay thir tim tat cd cac s6
S 5 nguyén duong a, b, ¢ thda man gid thiét cla

2 2 2 o . .. a+1l b+1 c+1
a‘c+b“a+c‘b+ab+bc+ca bai toan 1a + + €
= € Z. b c a
abc Chung ta sé quay lai bai toan nay vao dip
Dod6a’c+b%a+c?b+ab+bc+caiabc. thich hop.

T gia thiét suy ra a+1+b+1+c+1 =

Z.

Vi d 1a mét udc s6 chung clia a, b, ¢ nén HOANG ANH KIET

Suyra N> (a+b)a+c) N (b+c)b+a) . Viét Dai bat d&ng thirc tuong tu rdi cong
b+c c+a theovetasuyraN=z2a+b+c¢c)=6

N (c+a)(c+b) (dpcm).

a+b Déng thirc xay ra khi va chi khi
Ap dung bt d&ng thirc Co-si ta co a=b=c=1.
(a+b)(a+c) N (b+c)b+a) > 2(a+b). Hi vong cac ban van dung tét y tudng
b+c c+a i “trén dé giai dugc nhiéu bai toan khac.




Doc - Vet

BAI TOAN 2. BIET TONG QUANG
PUOGNG VA Ti SO QUANG PUONG

Hai 6 t6 cung khdi hanh mét lic, xe thit
nhét di tir A dén B, xe th(f hai di tr B dén A.
Quang dudng AB dai 150 km, van t6c xe

thit nh4t bang % van tdc xe thi hai. Tinh

quang dudng mbi xe di dugc tur ldc khdi
hanh dén lac gap nhau.

Huéng dén: Cung di mét thai gian thi
quang dudng di dugc ti 1& thuan véi van t6c
: S1 V4 3
nén =L =—1==,

So Vo 2

Biét ti s6 quang duang (1a 3 : 2) va
tdng quang dudng (la 150 km), ta tinh
dugc s, = 90 km, s, = 60 km.

NANG CAO BAI TOAN 2

Dang 1. Thay téng quang dudng béng
hiéu quang dudng

Bai toan 2.1. Hai 6 t6 cung khdi hanh
mét lic, xe thr nhat di tir A dén B, xe thit hai

di tir B d&n A. Van t6c xe thf nhat béng %

van tac xe th( hai. Tinh quang dudng mbi xe
di dugc tir lac khdi hanh dén IGc g&p nhau
biét quang dudng xe thr nhat di dugc dai hon
quang dudng xe th{ hai di dugc la 30 km.
Huténg dén: Cung di mét thai gian thi
quang dudng ti 1é thuan véi van téc nén
s_v_3
So B Vo - 2
Ta lai ¢6 s, — s, = 30 (km). Tir d6 tinh

GIAI TOAN CHUYEN BONG
BANG PHUONG PHAP KET Ti S0

VO HOU BINH (Ha Noi)
(Tiép theo s6'72)

dugc s, = 90 km, s, = 60 km.

Dang 2. Thay diéu kién ti s6 vén téc
béng diéu kién tuong duong

Bai toan 2.2. Hai 6 to6 cung khdi hanh
mét lic, xe th(r nhat di tir A dén B hét 2 gid,
xe thit hai di tir B dén A hét 3 gi6. Dén noi
g3p nhau, quang dudng xe thit nhat da di
dai hon quang dudng xe thir hai da di 12
30 km. Tinh quang dudng méi xe da di tu
lac khdi hanh dén-lic gap nhau.

Huong dén:

A

I { } ] L ]
r il T T L 1

Cung di quang dudng AB thi van téc ti &

nghich véi thas gian nén YL =2 3
Vo t1 2

Cung di mét thoi gian (tir lic khdi hanh
dén luc gap nhau tai C) thi quang dudng ti
AC v _3
BC Vo 2 '

Ta lai ¢c6 AC — BC = 30 (km) nén tinh
dugc AC = 90 km, BC = 60 km.

Ié thuan véi van téc nén —

BAI TOAN 3. BIET HIEU VAN TOC VA
Ti s6 VAN TOC

M6t ca n6 xubi khic song tir A dén B hét
6 gid va ngudc khic séng dé hét 9 gis. Biét
van téc xudi 16n hon van téc nguodc la
6 km/h. Tinh van t6c xubi, van tc ngu’00 va
chiéu dai khuc séng.

Huong dén: Cung di khac séng AB, van
t6c ti 1& nghich véi thdi gian nén

|



vy th 9 3
Vg ty 6 2

Biét ti s6 van téc (1a 3 : 2) va hiéu van téc
(Ia 6 km/h), ta tinh dugc v, = 18 km/h, v_ =
12 km/h va AB = 18.6 = 108 (km).

NANG CAO BAI TOAN 3

Dang 1. Thay diéu kién hiéu vén téc
béng diéu kién tuong duong

Nhan xét. Ta biét rang v, - v bang hai
lan van téc dong nudc. Ta c6 bai toan sau.

Bai toan 3.1. Nhu bai toan 3. Thay diéu
kién “van toc¢ xudi 16n hon van téc ngudc la
6 km/h” bang diéu kién “van téc dong nudc
& 3 km/h”.

Dang 2. Khéng cho védn téc dong
nudc. Yéu cédu tim ti s6 cua vén téc dong
nudc va vén téc xudi, tir do tim ti sé cua
thoi gian vét tréi theo dong nudc voi thoi
gian xuoi.

Bai toan 3.2. M6t ca nd xubi khic sdng
tir A dén B hét 6 gid va ngudc khuc song dé
hét 9 git. H3i mot chiéc phao trbi theo dong
nudc tir A dén B trong bao 1au?

Hudng dén: Ta co Xl=t—"=g=§.

Vn tX

Coi van t6c xudi l1a 6 phan thi van téc
ngudc la 4 phan va van téc dong nudc 1a

(6 — 4) : 2 =1 (phan).

Suy ra thdi gian mot chiéc phao trdi theo
dong nudc tir A dén B Ia 6-6 = 36 (gid).

KET LUAN. R& rang néu tach riéng cac
bai toan 1.7, 2.2, 3.2 thi d6 1a nhimng bai
toan kho, déi khi ta khong biét bat dau tur
dau. Nhung néu xét Ki thi chung da dugc
bién di tir nhimg bai toan rat co ban.

Trong céac bai toan chuyén déng, ta nén
chu y dén ti s6 cla cac dai lugng:

- Cung di moét thai gian thi quang dudng
di dugc ti 18 thuan vdi van toc (bai toan 2 va
cac bai toan nang cao tur bai toan 2).

- Cung di mét quang dudng thi thdi gian
di ti 1& nghich véi van t6c (bai toan 1, bai
toan 3 va cac bai toan nang cao tur cac bai
toan d6). '

Nh& cac cht y trén ma ta xac dinh dugc
ti s8 hai thdi gian (bai toan 1), ti s& hai
quang dudng (bai toan 2), ti s6 hai van téc
(bai toan 3) va dua cac bai toan nang cao
vé bai toan nén méng: Tim hai s6 khi biét
t8ng (hiéu) va ti s6.

Viéc ndm vimg céc dang toan co ban va
biét dua cac bai toan chua quen thudc vé
dang quen thuéc [d mot phdm chat ma
ngudi lam toan can rén luyén.




Trong tu hoc nhiéu khi giup tim dén nhing dleu thii - vi
trong toan hoc. Bai viét nay xin dugc trao déi cung ban
‘doc vé mét bai toan ma trong viéc ty hoc toan téi da tim
dén nhung bai toan moi, bai toan tong quat.




Cho a, b, ¢ la d9 dai ba canh cua mot tam giéc.
) . . c b a
Ching minh rang : + + >3
a+b-c a-b+c -at+b+tc
(D¢ kiém tra doi tuyén toan 9, quan Tan Binh, TP Ho
Chi Minh 2000-2001)

Huonmg dan : Dit-a+b+c=x,a-b+c=ya+b-c=z2

+z X+2 X+ .
Y b= ; o= Y Dods
2 2 2

¢ b a X+ X+z +z
+ = y+ +y =

Tacé a=

+
a+b-c a-b+c -a+b+c 2z 2y 2x
=L AR P A +[§+£W Zl(2+2+2):3
2[ly x Zy z x)| 2

Suy nghi ... va suy nght gitip 16i tim va giai dugc bdi todn 4,
bai todn tong qudt cva bai todn 1 va bai todn 3.

Bai toan 4
Cho a, b, ¢ 1a do dai ba canh clia mot tam gidc.. Chimg minh ring :

n n o0

+ + >a" ' +b" ! 4 ™!
a+b-¢ a-b+c -a+b+c
v6i moin € N.
Huong ddn :
Voin =0 tacé bai todn 1 va voin = 1 ta cé bai todn 3.
Xt n221ac6(a”” ~b"*)(a-b)20=>a"" + b 22" ’b+ab™? (1)

Tuong tw b" ' +c" ' 2b" 'e+bc" *(2); ¢ +a" ' >a" c+ac™? (3)
Mt khdc, dp dung bdi ddng thitc Cési cho hai s6 dwong ta cé

a" n
————+(-a+b+c)a"? 2 2\/—(—21 +b+c)a™?
-at+b+c -a+b+c

a“
= ———+a"’b+a"c23a" (g
-at+b+c
Chimg minh twong ty ta ciing co
n o
c

———+ab" 2+ b" % 2 3b™Y(5):!
a-b+c —-a+b+c

Tw(l),(2).(3),(4),(5) va (6) ta c6
Cl\ + bﬂ + an

+ac™™ +bc"? 23" (6)

>an—1+bn—l+cnv1
a+b-c¢c a-b+c -a+b+c¢

"'

Bai todn 1. chac chan con nhicu diéu thd vi nira néu chdng ta 1iép

tuc Khai thac tim 10i. Xin chd cde ban phdt hicn Gicép.



B0 TR THONG MINH

[Q la tr vift tat cuc
Intelligence Quotient, c6 nghi
thong minh™

Méi ngudi ¢6 mot mie do thong minh
khac nhau. Ban A chi nghe thay giang qua
mot luot 13 hiéu ngay. todn khé dén may
cling lam duogc. Ta van bdo ban ay rat thong
minh. Nguoc lai, ban B nghe thay giang di
giang lai van khong hiéu, bai tap lam mai
khong duge, ban ay kém thong minh.

Po IQ bing cach niao ?

Pé do mic do thong minh clta mbi
ngudi, cdc nha khoa hoc nghi ra nhilng bo
dé 1Q. C6 nhitg bo gm 20 bii, ¢6 bo 30
bai. L.am ddng nhiéu thi duge nhiéu diém.
I.Am nhanh cling duge nhiéu diém. SO diém
thé hién mic do thong minh clia mdi ngudi
bang s6, goi la chi 6 thong minh. Chi s6
thong minh cang cao. cang théong minh.
Chi s6 thong minh 1Q trung binh 12100.
Cac ban ¢6 IQ tir 85 dén 114 duoc coi la

. Rembran . }. Halan .
Copecnic, .| -Balan..
. Mobza . Ao
Kovalepskaja, | . :Nga
PR ciie . Phép
Gatité Y
Pascan
Lepnit

Sau diy 13 IQ cua médt 56 nhan vat ndi tiéng

1Q tir 135 dén 144 - rat gidi, “siéu”
1Q tir 145 dén 154 : tai nang 161 lac
IQ tir 155 dén 164 : thién tai
1Q tir 165 dén 179 : thién tai hi€ém co
1Q tir 180 dén 200 : thién tai siéu viét
1Q trén 200 : trén doi khong ai ¢6 thé
sanh dugc. IQ khong thé do duoc
Nguoi ta da thir do 1Q cho hoc sinh céc
bac khac nhau. Trong khi o cc 1p dudi. 1Q
cia hoc sinh thuong ¢ mic trung binh
(IQ = 85 ~ 114), thi.@ cudi bac phd thong
trung hoc hoc sinh thuong dat mac trén
trung binh (IQ = 115 ~ 124). Mdt s6 nude
do chi s6 1Q cua cdc “ong ¢ ” (ngudi ¢6
bang cur nhan) thiy IQ thudong dat & mic
“i61” (IQ = 125 ~ 134). Gido su, tién si
thuomg ¢ mifc cao hon; cOn nhitng ngudi dat

giai Noben thuong ¢ mice [Q = 155 ~ 164.
Lo

165 .
165
170
175
180"
185
195




Giai bai ton
(dng ¢aek (dy mbuong ik

. NGND €n
(S Gido duc va Dao tao Bac Giang)

O cac kY thi cudi cap trung hoc co sd, cac ban
hay gap mot bai todn “c6 i van™ ma cic ban
¢6 thé “dai s6 héa™ dé giai quyét.

Muén gidi duge bai todn loai nay, cdc ban
can nam duoc :

+ Chon an cdn tim 1a dai luong chua biét
ndo ? (c6 thé dat hai 4n !)

+ T yéu ciu cua bai toan thiét lap phuong
trinh (hoac hé phuong trinh néu c¢6 nhiéu
phuong trinh !).

+ Giai phuong trinh (hodc giai hé phuong
trinh).

+ P61 véi cac bai todn thue 1€ ¢dn luu v su
¢O nghia c¢6 gid tri nghiém tim dugc.

Thi du 1 : Hai nguoi di xe dap xuat phat
cung mot lic di tr A dén B. Van t6¢ cta ho hon
kém nhau 3 km/h nén ho dén B sdm mudn hon
nhau 30 phit. Tinh van t6¢c mdi ngudi, biét
rang quing dudong AB dai 30 km.

Giai : Goi x (km/h) 1a van t6¢ cha nguoi di
cham thi van t6c¢ ngudi kia 1a x+3 (km/h), va
x> 0.

Thoi gian timg ngudi di tir A dén B lan luot

1a 0 (h) va 30
: X Xx+3
Do d6 ta ¢é phuong trinh:

(h)




3030 30
X x43 60

hay x*+ 3x - 180 = 0 & x, = 12,
X, =-15. Vix > 0 nén x; =12 (km/h) chap
nhén duoc.

Do d6 van t6c¢ cia timg ngudi 1a 12 km/h
va 15 km/,

Thi du 2 : Mot thira ruéng hinh chir
nhat ¢6 chu vi 250 m. Tinh dién tich cua
thira ruong, biét rang néu chiéu dai tang
thém 15 m va chiéu rong giam di 15 m thi
dién tich gidm di 450 m”.

Gidi : Goi chiéu dai thita ruong la
X (m) va chiéu rong thira ruéng 1a y (m)
thix >y > 0. Khidé:

2(x+y)=20 < x+y =125 nH

Dién tich thita ruong hién tai 1a xy.

Dién tich thira ruong néu thay déi cdc
chiéu dai, chiéu rong nhu bdi toin Ia
(x + 15) (v - 15).

Do do6 ta ¢6 phuong trinh thit hai:

Xy - (x+13)(y-15) =450

Don gian va rit gon, ta dugc:

X-y=15

Do d6 ta ¢6 hé phuong trinh hai 4n:

Ix+y=125

x-y=13

Gidi hé ta duge x = 70 va y = 55 thoa
man di€u kién x > y > 0.

Vay dién tich thita rudng la

xy =70 x 55 = 3850 (m?)

Thi du 3 : Hai ngudi 1am chung mot
eong viée thi hét 1 gio 12 phit. Ho lam véi
nhau dugc 30 phidt thi mot nguoi phdi di
lam mot viéc khac, ngudi con lai phai lam
thém 45 phut nita thi xong 75% cong viéc.
Hoéi moéi ngudi 1lam mot minh thi hét bao
nhiéu thoi gian?

Giai: Tacé 1h 12°=

wni

h

Goi X, y lan luot 12 thoi gian ma ngudi
tht nhat (ngudi chi lam 30°) va nguoi tha
hai lam mot m61nh dé xong toan bo cong

viéc thi X, y > S (don vi cua x,y l1a h)
Mot gid ngudi thit nhat 1am dugc " cong

viée, ngudi thir hai lam dugc ; cong viéc,




nén hai nguoi lam chung 1h thi duge
Lt 5 o
— 4+ —== c¢Ong viéc (1)
x y 6
1

; .

cong viéc. Nguoi thir hai lam Iron;:

Nguoi thit nhat thue 1am

“o -
]
Nl"‘

NP I I S
0" +45=75= n h nén lam 4y 4y
cOng viée, Khi dé. ho hoan thanh 75% c¢on

1 5 3
viée nén ——+—l=— 2)
x4y 4
_1._1_133 (]
x y 6
Gidi hé phuong trinh 1 5 3
—+—=—- (2
2x 4y 4
18 9
Tadwgex= = 1 y= 7 thoa mﬁn dié
6 7 4
kiénx,y> % (Céthé’daju =X; ——Y)
z X y

Vay thoi gian ma moi ngudi [am mot min
dé xong cong viéc 1a :

—_—
x<

- Ngudi thit nhat can :

- Ngudi thir nhdt can : h

ko

Céc ban hay ty luyén bang céach gl'
thém cac bai todn:



IlANH CHO CAC NHA IOAN HOG NHO

TS. N en Minh Ha
(DHSP Ha Noi)

1. Bit dau tit mot bic thu ‘n

Nam 1840, nha t04n hoc nguoi m— Chi can kién thie hinh hoe 16p 8,
Phép D.Ch.L, Leimus (1780 - 1863) céc ban c6 thé ty ching minh dicu
gri cho nha hinh hoc néi tiéng nay. . ) )
ngudi Thuy Dién J. Steiner (1769 - ~Ap dung cong thic (*) ta ching
1863) mot bai todn hay véi yeu cAu  mmmmmmm  ™inh bai toan 1:
dua ra mot céch ching minh thuan Ta c6: BE = CF
tdy hinh hoc :

¢ - I nr b Y . ¢
“Cho tam gidc ABC c¢6 céc d Qcall-[c+a] }_dbtl_[aﬂa

duong phan giac trong BE, CF bing

nhau. Ching minh rang tam gidc | b ¥ ¢ Y
ABC can” (Bi todn 1) Sc|l-| =1 =1

Dé pidi quyét bai todn nay, J
Steiner da chimg minh bd dé :

“Trong tam gidc ABC, v6i BC=a;
CA =b; AB = ¢ ; dudng phan gidc
trong AD cua tam gidc duge tinh béi
cong thie (*)

& (b-)+be| ——-— |-
(c+a) (a+b)

b’ —c’)‘az(b-c)+2a(bl-cl)
& (b-c)+bc. - - =0
(c+a) (a+b)

(bz +hetct)-a’ +2ab+c) |
& (b-¢). 1+bc. - - =0
‘ (c+a) (a+b)

< (b-¢c)=0 < b=c. (dpcm).

Bai toan Steiner




2. Khat khao vuon tdi cai dep

Céach chimg minh trén cta J. Steiner
ding nhung ... chua dep vi chua thue su
“thudn tdy hinh hoc”. Boi thé, sau khi
phép ching minh trén dugc cong ba, rat
nhiéu ngudi di lao vao dé ¢d cong tim
ki€m mot phép ching minh méi, hay
hon cho bai toan 1. Hon 150 nam troi
qua ... nhiéu phép chimg minh mdi da
noi tiép nhau ra doi. Trong cdc chimg
minh dé, nguoi ta dic biét quan tam i
hai phép chitng minh sau :

1. Phép chimg minh cia R. W. Hegy

Nam 1983, phép chitng minh nay
duge cong bo trén tap chi “The mathe-
matical gazette” cua Anh, chi can dung
kién thuc hinh hoc 16p 7.

Néu B> C thi ta dung hinh binh
hanh BEDF nhu hinh (*). Ki hiéu cdc
g6c nhu trén hinh V€, ta thay :

Né’ul?&>(§:>]§2 >CA2 :>ISl >62(1)

Mat khdc, vi BE = ClF nén DF = CF

=D, +D,>C+C

Tu (1) va Q) suyra = D, <C,

=> EC<ED=EC<FB

Xét cac tam gidc BCE va CBE ta
thay : BC chung, BE = CF, BF > CF nén
C,>B =C>B . Mau thuan.

Néu B < C, hoan toan tuong ty ciing
dan dén mau thuén.

Chimg 16 : B=C = AABC can dinh
A (dpcm).

2. Phép chimg minh cia G. Julbert
va D. Mac Donnell

Nam 1963, phép chitng minh dugc
cong bd trén tap chi “American
Mathematical Monthey” cia My. Phép
‘chimg minh nay gidi quyét bai toin
khac ma bai todn 1 chi 12 hé qua cta né.
D6 la bai toan :

“Cho tam gidc ABC c6 cac dudng-

phan gidc trong BE, CF. Chimg minh rang :
Néu B2 C thi BE < CF” (Bai todn 2).

Nao ! Céc nha todn hoc nho hay giai quyét
bai todn 2 dé thir sitc minh va gii gdp ve
TTT2 nhé !

Vdn dé chua dimg lai dau ... Cdc ban thw
tran 1ro xem c6 dé xudt duoc diéu gi moi
khéng ? Hen gdp lai cdc ban o so'tap chi sau.




Gido duc 2000)
Huong dén

Bai toan 1 : Cho tir giac ABCD. Goi M,
P Ian lugt 1a trung diém hai dudng chéo AB,
DC. N, Q Ian Iugt 1a trung diém cac canh
BC, DA. Chig minh rang tir giac MNPQ I
hinh binh hanh.

Hinh 3

Bai toan 2 : Cho tam giac ABD, C la
diém n&m trong tam giac ABD. Goi M, N, P,
Q Ian lugt 1 trung diém cac doan thang AB,
BC, CD, DA. Chimg minh rang t& giac
MNPQ la hinh binh hanh.

Hinh 2

MN la dudng trung binh clla tam
giac ABC = MN //AC va MN = ;
QP [a dudng trung binh cla tam
giac ADC = QP // AC va QP = ; '

Do d6 MN //QP vaMN = QP = Tl
giac MNPQ Ia hinh binh hanh.

@ Cau hdi duge dat ra : Liéu tr giac ABCD khéng 10i thi tir gidc
MNPQ cb la hinh binh hanh khéng ?

Dé thay hoan toan tuong tu trén ta chimg minh dudc tir giac
« MNPQ 13 hinh binh hanh. Ta c6é hai bai todn méi.

000 0000006000000 00000006000000000Q0000000000000000000

MOT PHONG CACH HOC TOAN

.NGUYEN PUC TAN (TP H6 Chi Minh)

Khai thac bai toan trong sach giao khoa nhiéu khi dem dén cho
chung ta nhimng diéu li tha va sau sic. T6i tin rang day la mét phong
¢ cach hoc toan t6t, gop phan tim ki€ém cai méi trong toan hoc.

Xin dudc cung ban doc trao d8i vé bai toansau: o ottttte :
‘ Bai toan A : Cho tirgiac ABCD. Goi M, N, P, Q theo thirty 1a cac'

trung diém clia cac canh AB, BC, CD, DA. Chimg minh réng tir giace .
MNPQ Ia hinh binh hanh. (Bai 6, trang 24 SGK Hinh hoc 8, NXB'

AC

AC

TU bai todn A nhan ra réng néu trén cac
canh BC c6 diém E, trén canh AD c6 diém
F (E = N, F # Q) ma ti giac MEPF Ia hinh
binh hanh thi ciing c6 tir giac ENFQ la hinh
binh hanh, do vay giup ta giai dugc bai toan
hay va kho sau :

Bai toan 3 : Cho tlr giac ABCD c6 M, P
|an lugt 1a trung diém cla cac canh AB, CD.
E va F 1an luot 1a cac diém thudc cac canh
BC va DA (EB = EC, FA # FD) sao cho tir
giac MEPF Ia hinh binh hanh.

Chimg minh réing BC // AD.

Bai toan A giup ta giai dugc bai toan sau :

Bai toan 4 : Cho ngil giac ABCDE, goi
M, N, P, Q I4n lugt I3 trung diém cla cac
canh AB, BC, DE, AE. H Ia trung diém cla
NQ, K 1a trung diém ctia MP. Chimg minh
réng KH // DC.

Va néu |, J Ian lugt la trung diém cac
dudng chéo AC, BD, bai toan A va bai toan 1



gitp ta dén véi bai toan Giec gon : ,

Bai toan 5 : Chimg minh riang doan
théng ndi trung diém hai dudng chéo va cac
doan th&ng néi trung diém cac canh déi clia
ttr giac 16i gap nhau tai mét diém.

Hon nira, ta cing nhan ra rang & bai
toan A con cé :

AC 1 BD < MN 1L MQ < MNPQ Ia hinh
chit nhat.

AC = BD <& MN = MQ < MNPQ |la hinh
thoi.

Giup ta dén vdi bai toan 6. ‘

Bai toan 6 : Goi M, N, P, Q la cac trung
didm cac canh cla t& giac ABCD. Hai
dudng chéo AC va BD phai théa maén
nhing diéu kién nao dé M, N, P, Q 1a 4 dinh
cla:

a) Hinh chir nhat ? ; b) Hinh thoi ? ;
¢) Hinh vuéng ?

(Bai 13, trang 37 SGK Hinh hoc 8, NXB
Gigo duc 2000)

Cau ¢ bai toan 6 giup ta c6 18 giai bai
toan Hay va Khoé sau :

Bai toan 7 : Cho tam giac OBC. Vé phia
ngoai tam giac dung cac hinh vuéng OBIA,
OCKD. Goi M, P lan Iugt 1a tdm clia cac
hinh vudng OBIA, OCKD. Va N, Q lan lugt
la trung diém cia cac doan thdng BC, AD.
Chimg minh r&ng t&r giac MNPQ la hinh
vudng.

V& hinh bai toan 7, nhan ra rdng M, N,
P, Q lan lugt 14 trung diém cac canh AB, BC,

Hinh 4

CD, DA cua tir giac ABCD.
Do vay “chia khéa vang” clia bai toan 1a
chitng minh AC = BD, AC L BD diéu nay cb

dugc tir AOAC = AOBD (c - g - ¢).

Va nhu vay tur hinh 2 ciing cho ta bai
toan mdéi.

Bai toan 8 : Cho tur giac ABCD, goi M,
N, P, Q lan lugt 1a trung diém cia cac doan
thing AB, AC, CD, BD. T( giac ABCD phai
thoa man nhimg diéu kién nao dé M, N, P,
Q la bén dinh cla :

a) Hinh chr nhat ? ; b) Hinh thoi ? ;
c¢) Hinh vuéng ?

Tuong tu tir hinh 3 ciling dén vdi ta bai
toan 9.

Bai toan 9 : Cho tam giac ABC, C la
diém nam trong tam giac ABD. Goi M, N, P,
Q lan luot 1a trung diém cha cac doan thing
AB, BC, CD, DA.

Cac diém A, B, C, D phai théa man
nhitng diéu kién-nao dé M, N, P, Q Ia bén
dinh cla :

a) Hinh chit nhat ? ; b) Hinh thoi ? ;
¢) Hinh vuéng ?

Va nhu vay fir cac baitoan :A:1:;2:6;
8 ; 9 c6 dudc bai toan téng quat sau chang ?

Bai toan 10 : Cho bén diém A, B, C, D
trong d6 khong c6 ba diém nao thdng hang.
Goi M, N, P, Q Ian luot 1a trung diém cla
cac doan thang AB, BC, CD, DA.

Cac diém A, B, C, D phai théa man
nhitng diéu kién nao dé M, N, P, Q 1a bén
dinh cla :

a) Hinh chit nhat ? ; b) Hinh thoi ? ;
¢) Hinh vuéng ?

Lai nhan ra rang :

1 1

SMNP = _Z'SMNPQ'SMNPQ = _2'SABCD‘

Do vay Syw =%SAE,CD , dén vdi bai

toan Hay va Khé sau :
Bai toan 11 : Cho tir gidc ABCD. Goi M,
N, P Ian lugt 1a trung diém cla cac canh AB,

BD, CD. Chimg minh rang S,,.» =%cho-

Bai toan A chic chin con nhiéu diéu

. hap dan va tha vi, néu ta tiép tuc suy nght

va tim toi.



C6 nhiéu bai toan hinh hoc tudng nhu

khong lién quan dén dién tich, nhung néu ta
st dung dién tich thi lai d& dang tim ra Ji
gidi clia bai toan.

Bai toan 1 : Tam giac ABC c6AC =2 AB.
Tia phan giac cla géc A cét BC 3 D. Chimg
minh rang DC = 2 DB.

Phan tich bai toan (h.1)

Pé so A
sanh DC
va DB, ¢b
thé SO K
sanh dién
tich  hai
tam giac I
ADC va B D C
ADB ¢b Hinh 1
chung

dudng cao ke tir A. Ta so sanh dugc dién
tich hai tam giac nay vi ching cé cac dudng
cao ké tir D bang nhau, va AC = 2 AB theo
dé bai cho.

Giai : Ké DI L AB, DK L AC. Xét AADC
va AADB : cac dudng cao DI = DK, cac day
AC = 2 AB nén SADC =2 SADB'

VAn xét hai tam gidc trén cé chung
dudng cao ké tod A dén BC, do
Sanc = 2 Sapg Nén DC = 2 DB,

Giai tuong tu nhu trén, ta chimg minh
dudc bai toan téng quat :

Néu AD la phan gidc clia AABC thi

DB _AB
DC AC

Bai toan 2 : Cho hinh thang ABCD
(AB // CD), cac dudng chéo ct nhau tai O.
Qua O ké dudng thdng song song vdi hai

16 DI ek

trong chuing minh hinh hoc

NGND. VU HJU BINH

tai E va F. Chimg minh rdng OE = OF.
Giai :
A B

N E F M

o

o
Q

Hinh 2
Cdch 1 : (h.2) K& AH, BK, CM, DN
vudng géc vdi EF, DAt AH = BK = h,, CM =
DN = h,.
Tacbh:
1 1
—2-OE.h1 +EOE-h2 = Soea + Soep = Somp (1)

1 1
_Z-OF.h1 +EOF'h2 =Sors +Sorp = Sogc (2)

Ta lai c6 :

SADC = Ssoc = SADC - SODC = SBDC - Sor)c

:>‘SOAD = Sousc (3)



%OE.(h, +hy)= %OF.(h, +h,)

Do d6 OE = OF.

Cdch 2 : (h.3) Ki hiéu nhu trén hinh vé.
Ta ¢ Sppe = Sgpe -

A B
M
E F
2 Y 4 .
D Hinh 3 ¢

Cung trir di S5 duge ;

S1+S82=83+8,(1)

Gid sif OE > OF thi S, > S;va S, > S,
nén S, + S, > S5 + §, trai vdi (1).

Gid st OE < OF thi S, < S;va S, < S,
nén S, + S; < S35 + Sy, trai vai (1).

Vay OE = OF.

Bai toan 3 : Cho hinh binh hanh ABCD.
C4c diém M, N theo thir ty thudc cac canh
AB, BC sao cho AN = CM. Goi K la giao
diém clia AN va CM. Chimg minh ring KD
la tia phan giac clla géc AKC.

Gidi : (h.4) K& DH 1 KA, DI L KC.

A M B

Hinh 4

Tach:

DH . AN = 2 Spoy (1)
DI. CM = 2 Scpy (2)

Ta lai ¢6 S,o =%SABCD (tam giac va

hinh binh hanh c6 chung day AD, dudng

cao tuong (ng bang nhau), S, = %Smco
nén Sapn = Scpm (3)

Tir (1), (2), (3) suyraDH . AN = DI . CM.

Do AN = CM nén DH = DI. Do d6 Ki 1a
tia phan giac clia goc AKC.

Nhu vay khi xét quan hé giira d6 dai cac
doan thing, ta nén xét quan hé giita dién
tich cac tam giac ma canh la cac doan
th&ng dy. Biéu d6 nhiéu khi gitp ching ta di
dén I6i gidi cha bai toan.

Ban hay s dung dién tich dé giai cac
bai toan sau :

1. Cho tam giac ABC can tai A. Goi M la
mét diém bat ki thudc canh day BC. Goi
MH, MK theo tht tir 1a cac dudng vudng géc
ké tir M dén AB, AC. Goi BI la duong cao
clia tam gidc ABC. Chimg minh rang
" MH + MK =BI.

Hudng dén : Hay cha y dén

Sams * SAMC"_‘ Sasc-

2. Chimg minh ring tdng cac khoang
cach tir mét diém M bat ki trong tam giac
déu ABC dén ba canh cla tam giac khéng
phu thudc vi tri clia M.

Hudng dén : Hay chd y dén

Smec * Swac * Swas = Sasec-

3. Cho tam giac ABC can tai A. Diém M
thudc tia d6i clia tia BC. Chimg minh réng
hiéu cac khoang cach tir diém M dén dudng
thing AC va AB bing dudng cao (ing v6i
canh bén clia tam giac ABC.

Hudng dén : Hay cha y dén

Swmac - Smas = Sasc:

4. Cho hinh thang ABCD (AB // CD,
AB < CD). Cac dudng thdng AD va BC cit
nhau tai O. Goi F |a trung diém clia CD, E
Ia giao diém clia OF va AB. Chung minh
réng AE = EB.

Huong dén : Dung phuong phap phan
chimg.



Ai cling biét tinh chat clia dudng phan
giac trong clia tam giac, thé hién qua bai
toan sau.

Bai toan 1 : Cho tam giac ABC, phan
giac AD. Chimg minh réng

DB _AB
DC AC
Bai toan sau 1a sy méd rong clia bai toan 1.

Bai toan 2 : Cho tam giac ABC. Cac diém
M, N thudc doan BC va thda man diéu kién
BAM = CAM . Chimg minh riing :

MB . MC _[AB]Z
NB . NC AC)’

C6é mot bai toan khac lién quan dén
duong phan giac trong cila tam giac va luén
di clng véi bai toan 1 nhu hai anh em sinh
déi.

Bai toan 3 : Cho tam giac ABC, phan
giac AD. Chimg minh rang :

AD?=AB .AC -DB.DC.

Téi da biét cac bai toan 1, 2, 3 tir thud hoc
I6p 8 va ciing tir lGc d6 téi da ludn nghi réng
bai toan 2 ciing phai cé6 ngudi anh em sinh
d6i cia n6. Nhung cai ngudi anh em 8y clia
bai toan 2 thi téi van khéng hinh dung dugc
mat mi né ra sao. C nhu vay sau hon mét
nam quan tam va tim ki€m toi da tim thay
né, ngudi anh em sinh dai “than thiét" cla
bai toan 2.

Bai to4n 4 : Cho tam giac ABC, hai diém
M, N thudc doan BC va théa man diéu kién

ABM = ACN. Chimg minh riing :
AM.AN=AB.AC - vBM.BN.CM.CN

101 4 T I LT A €1 §0IG M

LUONG THE VINH
(Ldp 10A1, Kh6i PTCTT, DHSPHN)

Tach: B/C73=§‘AT°=CTAE=CTPT)

AM AN

= PQ /| BC = ~— = —— (dinh Ii Ta-Iét)
MP NQ

AM NQ
D— . —=1 A
MP AN
Ta dé dang
chimg minh mdt
s6 cip tam giac
dong dang va g C
dan dén mot sé -
ddng thic nhu P Q
sau
AAMC > ABMP = AM . MP =BM . CM (2)
AANB ¢» ACNQ = AN.NQ=BN.CN (3)
AAMB > AACQ =AM . AQ=AB .AC (4)
Tudbésuyra:

(1)

AM NQ 4 heo 1)
MP ' AN
AM? NQ?
= . =1
AM . MP AN NQ
2 2
S~ M NQ 4 heo2, 3)
BMCM BNCN

=AM .NQ=+vBM.BN.CM.CN

AM . AN =AM . AQ -AM . NQ
=AB.AC-+BM.BN.CM.CN (theo 4, 5)

Vay ta chiing minh xong bai toan.

M4 rodng bai toan : Cho M, N thudc tia déi
ciia tia BC sao cho BAM+CAN =180°.
Khi dé6
AM.AN=+BM.BN.CM.CN-AB.AC

(L&i gidi bai toan nay gan tuong tu nhu bai
toan dau tién). :

Cac bai toan 1, 2, 3, 4 c6 rét nhiéu ing
dung trong viéc gidi bai toan khac. Tuy
nhién do khudn khé c6 han clia bai bao xin

« 7 aa

(%)




TU MOT BAI TOAN TiNH TONG

Chung ta cling bat dau tir bai toan tinh
tdng rat quen thudc sau :

Bai toan A :
Tinh téng :
1 1 1 1
= e e o e
12 23 4344 44.45
L&i gidi :
2-1 3-2 44-43 45-44
= + ot +
1.2 2.3 43.44 44.45
11 1 1 1 1 1 1
S ——— ——
12 2 3 43 44 44 45
L .
1 45 45
Vi1.2=2;2.3=6;..;43.44=1892;
44 . 45 = 1980 ta c¢6 bai toan khé hon chut
xiu.
Bai 1 : Tinh téng :
11 1 1 1
—t et — o —— o ——
2 6 12 1892 1980
Va tat nhién ta cing nghi dén bai toan
nguoc.
Bai 2 : Tim x € N biét :
1 1 1 44
——t .t =—
12 23 x(x+1) 45
Hon nilta ta ¢6 :
1 1 1 1. 1 1
| —— ) — ——
22 1273 23 452  44.45

ta c6 bai toan
Bai 3 : Chitng minh rang :

i l+ +_1_<1
2?3 45

. 1 1 1
Ma 0<2—2+-37+'“+W .

Do vay, cho ta bai toan “TUONG NHU
KHO" )
Bai 4 : Chimg té ring tdng :

L khéng phai Ia

: 1 w
—t—t.. t— SO

+
2% 32 45?

TA THAP (TP H6 Chi Minh)
nguyén.

Chung ta cling nhan ra rang néu a, ; a, ;
... ; @4 |2 cac s6 tu nhién 16n hon 1 va khac
nhau thi

_.1_ + _1_ + + L < _1_ l + + _1_

a12 a22 a442 - 22 32 452

Gip ta dén véi bai toan HAY va KHO sau

Bai 5 : Tim cac s tu nhién khac nhau

a4,ay,; @3, ... ; 843 ; Q44 Sa0 cho
1 + 1 +o.t 1 +——‘l =1
2 2 2 2~
a Ay Ay

Ta con ¢b cac bai toan “gan gii” véi bai
toan 5 nhu sau :

Bai 6: Cho44 sGtunhiéna;;a,;...;a
théa man

Chimg minh réng, trong 44 s& nay, ton tai
hai s6 b&ng nhau.

Bai7:Timcacsdtunhiéna,;a,;a;;...;
Ay ;a;sthtamana; <a,<az;<..<ay<
aus va

1 1 1 1 1 44

+ +ot + + =—
43 3

8,8, a,4, 8,3, 45
Cac ban con phat hién dugc diéu gi tha vi
nita réi chang ?




'S v

Bai toan tim gia tri [on nhat (GTLN) va
gia tri nhd nhat (GTNN) clia mat ham sé
hoac mét bigu thifc |a dang tean céac ban
thuéng gap trong cac ki thi, khong chi &
béc THCS ma sau nay cac ban van gap o
béc THPT. T4t nhién & mdi bac hoc, bai
toan dugc dat ra vdi cac mic do khac
nhau. O bai viét nay xin butic dau trao ddi
vOi cac ban mot chut kinh nghiém s
dung bat dang thitc d& giai quyét loai toan
nay.

Kién thitc cd ban cén biét dé s dung
la:
®Véia b>0thi 2225 Jab() va ding

thifc xay ra khi va chi khi a = b. Day chinh
la bét dang thirc Cosi trong truong hap 2
sd. Cac ban co thé suy tir bat dang thic

hién nhién ding - (va -vb) 20.

@ \di moi a, b thia] + [b] 2|a +b] (**) va
ding thirc xay ra khi va chi khi ab = 0.
Cac ban chi ¢én binh phugng hai v& dé co
b&t déng thifc tuong duong va hién nhién
ding.

®\Vdicacsba, b, c dllyytach

(a® +b?)(c? + d’} 2 (ac+bd)’ (") va
déng thitc xay ra khi va chi khi ad = bc.
Bay chinh 1a bat dang thdc Bunhiacépski

ddi vi hai cap s6. Cac ban cé thé suy
ngay ra bat dang thifc nay difa vao hang

1 y:xz+1+

= DUNG BAT PANG THUC
TIM GIA TRI LON NHAT VA GIA TRI NHO NHAT

PHUNG KIM DUNG {Trudng Ha Noi - Amsterdam)

(a® +b%)(c” +d").= (ac +bd)’ +(ad-be)’
®Choa=0; f(x)=ax’+bx+c
{ ) [ b ]ﬂ dac -b’
=a|x +—x+—J=a o | T
a a 2a 4a

Do do: ; o2
-N&ua> 0 thif(x) > a':‘ véi moi
&

x va dang thic xAy ra khi va chi khi

X = o *

2a
-Néua<0thif(x)s

4ac-b*

vai moi

x va ding thifc xay ra khi va chi khi
b

IF o mmamam §

2a
Bay gid cac ban theo dbi cac thi du :
Thi dy 1:Tim gia tri nhé nhét cla ham
X'+t 42
e
La&i giai ; Thifc hign phép chia tlr thirc
cho mau thifc ta viét dudgc

s6 y

y=x +1+

% +1

Ap dung bét dang thifc (*) ta cb ;

1 .2 Le
=5—22(x +1].x2+1_z

.



Ding thilc xayra = x? +1=
x +1
-::a(x’ +‘1I}jF =l x?+1=1c2x=0
Véy y dat gia tri nhd nhat 1a 2 khi va
chi khi x = 0.
Thidy 2 : Tim gia tri nhd nhét cla ham

s6 y =|x-2003|+|x +2003|

L&i gidi : Ap dung bat déng thic (™) |
vila=x+2003vab=2003-xtaco

= |x -2003| + |x + 2003}
= [2003 - x| + |x + 2003
> |(2003 - x) + (x + 2003)| = 4006

Béng thirc xay ra
> (2003 - x)(x +2003) 2 0

= =2003 = x = 2003
Do d6 y dat gid tri nhd nhat 1a 4006

< -2003 < x < 2003
Chu y : Nhiéu ban lai ép dung véi
a=x+2003 va b =x-2003 thi ... chua
duge gi. Bdi khido taco
y 2 |(x—2003) + (x +2003)| = [2x] = 2|x|
Vi 2|x| khang phai la hang s6 nén di
déng thifc cd xay ra thi ciing khéng két
luan dutge gi vé gia tri nho nhat cla v.
Thi dy 3 : Tim gia trj 16n nhat cla ham
s8y = - 2001 x? + 2002 x - 2003.
Laii gidi : Nhut phén kién thitc da trinh
bay ¢ trén, ta viét

y =-2001| x? "3'53% _22%%%

- - 3001] . 200002

e 2
3?;?02 véi moi x.

: 1001
Pang thifc xdy ra < x = =57 "enY
i 3006002
dat gia tri nho nhat la - ——==.
el Sl 2001

Chu y : Khi gap da thife nhiéu 8n, cac
ban co thé tam coi da thifc 1& mot an véi
mét &n néao d6 va thite hién cach bién déi
tuong tu cling s& giai quyét dudc bai toan.

Thi du 4 : Tim gia tri nhd nhéat clia bidu
thilcP=x2 4y -xy - x+y+1

Léi gidi ; Ta viét

P=x’—x{y+1)+(y +y +1}

ooy

r.:n::E va Y= -% .

Tir 66 ta 6 gié iri nhd nhat cia P 13
2
3 ° Ghiry : Nhiéu ban cb *séng kién®
vidt p-e%{ix* +2y° ~2xy - 2%+ 2y +2)

=l|:[x-yf+{x-1}!+{y+‘t}:]aﬂ véi

moi X, y.
: Tuv_.r nhién bt ddng thie trén khﬁng thé



bd thénh ddng thie. Ta khong duge gi,
ngoai vige bist dude glé tri nhd nhat cla P,
néti 46n tal s& |4 mot 56 . duong (). Céc
ban chd thiy bat dkng thifs trén khéing trd
thanh d&ng thilc ma voi vang "lidu finh"
k&t fudn : P khdng cb gia tri nhod nhat (7).

Thi dy 5 : Tim gia trj lon nhét va nhd
nht cla ham s8 v = VX + /2 -x

L& gidi : Tap xac dinh clia ham s6 &
Dex<l .

Tacs y' =2+2,/x(2-x) 22 véimoi
x thubc tap xac dinh. Vi y=0 nén tir
ye22s8uyra y2/2

Ding thic xdy ra > x = 0 hosic x = 2.
Do dé GTNN cllay 1a 2 . .
Ap dung bdl ding thic (***) véi

a=sb=t1;e=Vxd=y2-x tac:

Zf-f;: +m‘}a < [1’ +Pifx+(2-x)]=4
—y<2 Dingthicxdyra
k=X x=1
Dodo GTiNclayia 2. :

Mic db khé hon, céc ban co thé tham
khao cac bal todn dudi day

Th-‘d:.xﬁ Tim gi tri nho nhit ciia ham
5'5 Y= 4::‘7' *8x.

- Lof g-'&.* Ta cd
y= { —4x* +

n{l“}—izﬂ}}““{! - 2x)
[{x - 2x) ET 42 -4 y6i moix.
B&ngthuaxéym .

4x* )~ 4{:-: -2x)

X -2%-2=0ex=1:V3 . Do 46
gaétnnh&nhﬁtwﬂy!é-# ithwachdkht_

x:ihﬁ ' : :
Th:‘d:r? Tlrngiétnl&nnh&lvﬂnh&
ot cﬁnhamsﬁ ymxvd-x*
L gféf Cin thic c6 nghia

P N Sde.:-i‘x|£2
e 2L gd

Tacé |y| =|>‘t|1f4— x? =Jx_’{d-— x‘}{'ﬁ}

Ap dung béit ding thite (*) véi a = x? va
b=4-x*taco

2+ 7. R Fl
= fx*[d—x’}g-x—(:?-—i—l=2 (2)

T () vA (2 ta  cb
Ms2=-2<y<2
GTLNclayla?2 o x=42
GTNNclayla -2 = x=-—9

Cac ban hay fuf Il.ryén 'rép th&m qua
cac pai toan :

1. Tim gia iﬂﬂht‘: nhdt ciia ham s8
- a yulﬂx 1+]2x +5|
x° - 2%+ 2003
x"

ek =

d y~\i'_x+-u"_"_

e. y=fx- 29&21+[n+2{1|ﬂ3|

2. Tim gié tri |on rhst cds ham &

a. y=ﬁ+m

b.oy= [x+1}v|'

¥ Fz{x+2ﬂﬂ3}§

‘3 Tim gid % nhd nhét clia
P=x’+2y" -2xy + 2(x -2y +1)

4, ﬂmglﬂtﬂlmnhétvanh&nhﬂm
ham s§

L y;x+d1 x*
b oy=3x-14+445-
' 1t 41

{K +1}-

b;.r._

c. y=



Sau khi doc bai viét d tap chi sé 1, chat
la rat nhiéu ban cho rang, nhiing yéu cau
ma D. Ch. L Leimus dat ra cho J. Steiner da
dugdc giai quyét tron ven. Cudc tim kiém nd
Iuc cla biét bao ngudi trong hon mét tram
nam qua cé thé da tdi hdi két thuc. Vang,
chinh téi clng da ting nghi vay. Nhung !
Ciing lai chinh tdi, gdn day, da nhan thay
rang, van dé van chua két thac, bai toan 2
chi 1a hé qua cla bai toan téng quat sau.

IS

chua dimg lai

TS. NGUYEN MINH HA (BHSP Ha Noi)

Bai toan 3 : Cho tam giac ABC, phan
giac AD. | a diém bat ki trén doan AD. BI,
Cl theo thit tu cit AC, AB tai E, F. Biét ring
B < C. Chimg minh ring BE > CF.

Bai toan 3 dudc chirng minh théng qua b3

dé 2 sau.

B6 dé 2 : Cho
tam giac ABC, M Ia
mot  didm  thudc
doan BC. Khi d6 :
AM < max {AB, AC}.

Chtmng minh :

Tacb:

A
/b
B M C
PN (h.4)
M, + M, =180° (h.4)

tﬁ, >90° [AB > AM
=

— =
M, >90° AC > AM

= max{AB,AC} > AM.

B& dé 2 da dugc ching minh.

B6' dé 3 : Cho t(r giac ABCD. Céac dudng
chéo cit nhau tai |. M6t dudng thing di qua
|, cét cac canh AB, CD theo thir tu tai M, N.
Khi d6 : MN < max {AC, BD}.

song. (h.5)
theo th(t tu cit duong thing BC tai E,

Chimg minh : AM B

Qua M, ké cac
dudng  thang
F.Theo bé dé 2, MN < max {ME, MF} = MN
< max {AC, BD}.

e N
song song v8i F D N CE
- Truong hdp 2 : AB, CD khéng song song.

AB, CD song
AC, BD. Ching (h.5)
Khéng mat tinh téng quat, gia sl giao



diém cula
AB, CD’
nam trén
tia d6i cua
cac tia AB,
DC (h.6).
Dung cac F
hinh binh

(h.6)

hanh ACEM, BDFM. Bt K = CD n EF. Dé
thdy K thudc cac doan CD, EF. Qua M,
dung dudng thang song song vdi CD.
Dudng thang nay theo thir tu cat AC, BD tai *
P, Q. Dé thdy, P thudc tia déi cla tia AC, Q
thudéc doan Bl. Tur d6 suy ra :

{IP > 1A {S(IMP) > S(IMA)
-

1Q>1B S(IMQ) < S(IMB)
S(IMP)  S(IMA)

=. >

S(IMQ) S(IMB)

MP MA NC EC
S—>—— > —>—
MQ MB ND FD
NC KC NC KC
—_— = —+1>—+1
ND KD ND KD
:>—CR>9-E:>KD>ND
ND KD

= N e doan KD = N thudc tam giac AEF.

Theo bé dé 3, ta c6 : MN < max {ME, MF}
= MN < max {AC, BD}.

Tém lai, trong ca hai trudng hop, ta géu
c6 : MN < max {AC, BD}.

Trd lai viéc chimg minh bai toan 3.

Trudng hap 1 : B =C. D& thay BE = CF.

Trudng hop 2 : B<C.
Ta c6 AB > AC nén trén
tia d6i.cla tia CA tén
tai diém C’ sao cho

A

AC' = AB. Pat
F=ABnIC.

Dé  thay,

C'F' =BE (1). B

Ap dung bd dé 3
cho t(r giac BC'EF' ta c6 :
CF <max {BE, C'F} (2).
T (1) va (2) suy ra : BE > CF. Bai toan 3

da dugc ching minh.

Trong bai toan 3, néu cho | tring tam
dudng tron ndi ti€p cla tam giac ABC thi ta
lai nhan dudc bai toan 2. Cling nén chu y
rang, trong phép chitng minh bai toan 2 ta
phai dung dén kién thitc cia hinh hoc 9 (t&
giac ndi ti€p) nhung trong phép chitng minh
bai toan 3 ta lai chi can dén kién thitc clia
hinh hoc 8 (dinh i Talét).

Ban doc than mén | K& tir nam 1840, khi
ma D. Ch. L Leimus giii thu cho J. Steiner,
dén nay da qua mét trdm nam muci nam.
TU cach ching minh cha J. Steiner dén
cach chiing minh clla R. W. Hegy, tif bai
toan 1 dén bai toan 3, khat vong vuon téi
cai don gidn nhat, cai tdng quat nhat cla
con ngudi da dan dan dugc thuc hién.
Nhung ¢6 18, qua trinh nay chua dimng lai &
day. Hi vong rang, mdt ngay nao d6, mot
ban doc nao dé clia Toan Tudi thd 2 lai dua
ra mdt phép chimg minh mdi, don gian hon
phép chiing minh clia R. W. Hegy, lai duara
va chitg minh mét bai toan mdi tdng quat
han bai toan 3.

DE két thuc, xin gidi thiéu véi ban doc mét
s6 bai toan gan gii vdi nhitng van dé dat ra
trong bai toan nay.

Bai toan 4 : Cho tam giac ABC c¢é céac
dudng trung tuyén BM, CN. Biét rang

B <C . Ching minh ring :
a) BM > CN.
b) BM + MC 2 CN + NB.
Bai toan 5 : Hay md réng bai toan 4.
Bai toan 6 : Cho tam giac ABC cb6 cac

dudng cao BH, CK. Biét ring B<C .
Chimg minh rang :

a) BH = CK.

b) BH + AC = CK + AB.

Bai toan 7 : Cho tam giac nhon ABC,
dudng cao AD, tryc tam H. Diém M thudc
doan HD. BM, CM theo thit tu c&t AC, AB tai
B', C'. Biétrdng B <C . Chimg minh rang:
BB’ = CC'.

Bai toan 8 : Cho tam giac nhon ABC. Biét
rang dudng cao AH, phan gidc BE, trung
tuyén CM cé dd dai bang nhau. Chimg
minh rang : tam giac ABC déu.



Reén luyén tinh doc lap, sang tao la yéu'
cau dé phat huy pham chét ctia ngusi lao
déng. Vi thé€ cac ban can tap suy luan va
sang tao, phat hién nhimg bai toan mdgi,
nhitg van dé mdi, xuat phat ti nhimg bai
toan da biét.

Xét bai todn 18, trang 38, Hinh hoc 8 :

Cho mot goéc vudbng xOy. Trén tia Ox
ta |ay diém A c6 dinh sao cho OA = a, trén
tia Oy ta Idy diém B di dong. V& trong
xOy hinh vuéng ABCD.

a) Tinh khodng céach tu D téi Ox.

b) Tim tap hdp (quy tich) cac diém D khi
B di ddng.

X

o)
Lugc giai : a) K& DH L Ox. Dj = A,
(phu véi f\;), DA = AB (canh hinh vuéng)

A H

= ADHA = AAOB (canh huyén, géc nhon)
=>DH=A0=a.

b) D cach Ox mét khoang béng a khéng
ddi nén D e d//Ox, cach Ox mét khoang
bang a. ,

Gidi han : Khi B = O thi hinh vuong ABCD

trd thanh hinh vuéng AOC'D' =D
= tap hop D 14 tia d8i cla tia D'C'.
@ Khi D = D’ thi hinh vudng ABCD trd
thanh hinh vuéng AOC’D’. Hinh vudng
nay c6 dién tich nhd nhat va bing a2. Do
d6 c6 thé thay bai toan quy tich bing bai
toan cuc tri. L
Bai toan 1.: Cho géc vudng xOy .
Trén tia Ox lay diém A ¢c6 dinh sao cho
OA= a, trén tia Oy lay diém B di dong. Vé

trong xOy hinh vuéng ABCD. Xac dinh
vi tri cGia dinh D dé hinh vuéng ABCD ¢6
dién tich nhd nhat. Tim gia tri nhd nhat d6
theo a.

@ N&u tir C va D ké cac dudng thing
Ian Iugt song song v6i Ox va Oy thi hinh
tao thanh ciing la hinh vudng ngoai ti€p
hinh vuéng ABCD. Ta c6 bai toan khac.

Bai toan 2 : Cho gbéc vudng xOy. Trén
tia Ox lay
diém A, tren Y
tia Oy ldy Q
diém B (tuy y,
khac Q). Vé
hinh  vuéng
ABCD. Qua
C va D dung
cac dudng
thdng lan lugt O A H X
song song véi Ox va Oy, ching cét nhau
tai P va lan lugt cat Oy tai Q, Ox tai H.

a) Chimg minh t& gidc OHPQ Ia hinh
vuéng. ’

b) Chitng minh tam ddi ximg cda hai
hinh vuéng ABCD va OHPQ tring nhau.

@ Bai toan 2 13 trudng hgp riéng cla bai

C

B

HOC MOT BIET MUGI

VO NGOC PHAN (Trudng Bang Thai Mai, TP Vinh)




toan 8, trang 54, SGK Hinh hoc 8. G|a|
duogc bai 8, titc la bai toan 2 4 trén da
dugc giai quyét.

Bai'toan 8 Séch gigo khoa la :

Cho hai hinh binh hanh, méi canh cta
hinh thit nhat chita mét dinh cta hinh thi
hai. Chimg minh r&ng hai hinh binh hanh
dd cung ¢ mot tam déi ximg.

@ TU bai toan 1, thém gia thiét : H la
chan dudng vudng goc ha tir D xubéng Ox.
Cé thé cho phat hién su lién hé gilta chu
vi tam giac OAB va doé dai canh hinh
vudng ABCD. Tu dé ta c6 : -

Bai toan 3 : Cho gbc vudng xOy .
Trén tia Ox dy diém A ¢ dinh, d/iém B di
dong trén tia Oy. Vé trong xOy hinh
vudng ABCD. Goi H 1a hinh chiéu cia D
trén Ox. Chimg minh réng chu vi tam giac
OAB < 2m, v8i m la do dai doan thang
OH.

Lugce giai :

ADHA = AAOB => OB = AH

=0A+0B=0H=m

Trong AOAB : AB < OA+ OB =m, chu
viAOAB: OA+OB +AB<m+ m=2m.

® Diéu gi s& xay ra néu chu vi AOAB
= 2m ? Ta c6 bai toan ;

Bai toan 4 E
Cho hinh
vubng OHPQ Q
cd canh béng
m. A, B 1an lugt
la cac diém g
trén cac canh
OH, 0Q sao
cho chu i
AOAB = 2m, O A H

Chitg minh APB = 45°, khi A, B di déng.
Lugc giai : Ké PE L PA, véi E nam trén
tia OQ.
Ta c¢b 51 = }5; (cung phu véi APQ )
PQ=PH; :
Q=H=90° = APQE = APHA (g. c. g)

= QE = AH ; PE = PH.
Chu vi AOAB : OA + OB + AB = 2m

...............O........................................‘................

= OH + 0Q =5 OA + OB + AB = (OA + AH)
+ (OB + BQ)
= AB = AH + BQ = QE + BQ = BE

= ABPA = ABPE (c. c. ¢) => BPA = BPE
a@:%@:;@:;gooﬂy

@® Néu APB =45° quay xung quanh P,
nhung luén c&t hai canh OH va OQ cda
hinh vuéng thi chu vi AOAB c¢é 1udn luén
béng 2m khéng ? Ta ¢é bai toan ngudc :

Bai toan 5 : Cho hinh vuéng OHPQ. A,
B la cac diém di dong 1an Iugt trén cac

canh OH, OQ sao cho APB = 45°. Ching
minh chu vi AOAB khéng déi.

® Vi APBA = APBE nén cac dudng
cao PQ va Pl cla_hai tam giac bang
nhau. Thé thi PE bang moét gia tri khéng
ddi. Ta c6 bai toan :

Bai toan 6 : Cho A va B theo th( tu di
dong trén cac canh OH, OQ cda hinh

vudng OHPQ, sao cho APB =45° . Tim
quy tich chan dudng vudng goéc ha tu P
xudng AB.

@® Xét A 13 trung diém cla OH. Hinh
vudng OHPQ c6 xac dinh dugc khéng,
néu biét A va P. Ta c6 bai toan :

Bai toan 7 : Dung hinh vudng, biét mot
dinh A va trung diém clia mét canh khéng
chira A,

TU bai toan 7, ¢é thé dan dén bai toan :

Bai toan 8 : Cho A la trung diém canh
OH ctia hinh vuéng OHPQ. Tia At qua A
va vudng géc véi PA, cat OQ tai B. Chimg
minh PA la tia phan giac BPH .

Dao mét phan gia thiét thanh két luan
va dua két luan thanh gia thiét thi van
dang. Ta cé bai toan “ngugc” :

Bai toan 9 : Cho A 14 trung diém canh
OH cla hinh vuéng OHPQ. Trén canh

0Q 15y diém B sao cho BPA = APH.
Chimg minh AB vuéng géc PA.

Vi tinh than luén dao sau suy nghr thi
céac ban sé thuc hién dugc muc tiéu : Hoc
mot, biét musi.



Js. LE QUOC HAN

(PH Vinh)

\

~

AP VE DUONG PHU

UONG PH

A

MOT PH

Trong qua trinh hoc toan & bac THCS,
c6 18 hdp dan nhat va khé khan nhéat 13
viéc vugt qua cac bai toan hinh hoc, ma
dé gidi ching can phdi vé thém cac
duong phu. Trong bai bao nay, t6i xin néu
mét phuong phap thudng ding dé tim ra
cac duong phu can thiét khi giai toan hinh
hoc : Xét cac vi tri dac biét clia cac yéu té
hinh hoc cé trong bai toan can giai.

Bai toan 1 : Cho gbc xOy. Trén Ox |4y
hai diém A, B va trén Oy lay hai diém C,
D sao cho AB = CD. Goi M va N Ia trung
diém cla AC va BD. Ching minh dudng

th&ng MN song song véi phan giac xOy.

C C, D D
Hinh 1

Suy luan : Vi tri d4c biét nhat cta CD la
khi CD d6i xing vai AB qua Oz, phan
giac x’O\y

Goi C, va D, la cac diém ddi ximg clia
Ava B qua Oz ; E va F la cac giao diém
clia AC, va BD, v@i Oz. Khidé EvaF la
trung diém clia AC, va BD,, va do d6 vi
tri cia MN sé la EF. Vi vay ta chi can

chitng minh MN // EF 1a a0 (xem hinh 1).

That vay, do AB = CD (gt), AB = C.D,
(tinh chat dgi xdimg) nén CD = C,D,
= CC, =DD,;. M&t khdc ME va NF la
dudng trung binh cha cac tam giac ACC,
vaBDD, nen NF 4100, MEZ T cc,

= ME £ NF = 1 gidc MEFN 1 hinh binh
hanh = MN // EF = dpcm.




Bai toan 1 cé nhiéu bién dang” rat tha
vi, sau day la mét vai bién dang cda né,
dé nghi cac ban giai xem nhu nhitng bai
tap nhd ; sau d6 hay d@é xuat nhiing
“bién dang” tuong tu.

Bai toan 2 : Cho tam giac ABC. Trén
AB va CD c¢6 hai diém D va E chuyén
déng sao cho BD = CE. Pudng thing
qua céc trung diém cla BC va DE cét
AB va AC tai | va J. Ching minh AAIJ
can.

Bai toan 3 : Cho tam giac ABC,
AB = AC. AD va AE la phan giac trong
va trung tuyén cla tam giac ABC.
Pudng tron ngoai ti€p tam gidc ADE cét

AB va AC tai M va N. Goi F la trung
diém cGa MN. Ching minh AD // EF.

Trong viéc gidi cac bai toan chlra cac
diém di déng, viéc xét cac vi tri dac biét
cang té ra hitu ich, dac biét 1a cac bai
toan “tim tap hop diém”.

Bai toan 4 : Cho nlta dudng tron
duding kinh AB ¢6 dinh va mét diém C
chuyén déng trén nlta dudng tron doé.
Dung hinh vudng BCDE. Tim tap hop C,
D va tam hinh vuéng.

Ta xét truong hgp hinh vuéng BCDE
“ndm ngoai” nlta dudng tron da cho
(trudng hdp hinh vuéng BCDE nam
trong dudng tron da cho dugc xét tuong
tu, d& nghi cac ban tu 1am 18y xem nhu
bai tap).

Suy luan ; Xét trudng hgp C = B. Khi
d6 hinh vudng BCDE sé thu lai mét diém
B va cac diém |, D, E déu tring véi B,
trong d6 | Ia tdm hinh vudng BCDE. Vay
B 1a mét diém thudc cac tap hop can tim.

Xét trudng hgp C = A. Dung hinh
vuéng BAD,E, khi @6 D =D,, E =E, va

=1, (trung diém AB ). Truc hét, ta tim
tap hgp E. Vi B va E, thubc tap hgp can
tim nén ta nghi ngay dén viéc thir chitng
minh BEE1 khong ddi. Diu nay khong
kho vi ACB = 90° (gbc néi ti&p chin nita

‘duong tron) va ABEE, = ABCA

(c.g.c) = BEE1 =BCA =90° = E ndm
trén nira dudng tron duong kinh BE,
(172D E,
dudng
trén nay
va 1/2
dudng
tron da
cho ndm
d hai I
nt’ra7mét
phdng & .5 B
k hac

nhau véi “bd” Ia dudng thang BE,).

Vi DEB = EEB =-90° nén D n&m trén
EE, (xem hinh-2)

= ADE1 = 90° = ABE1 = D n&m trén
dudng tron dudng kinh AE,, nhung
ABE,D, la hinh vudng nén duang tron
dudng kinh AE, cling la duong tron
duong kinh BD,. Cha y rang B va D, 1a
céc vi tri gidi han cla tap hgp can tim, ta
suy ra tap hop D 1a nira dudng tron
dudng kinh BD, (nlfa dudng tron nay va
diém A & vé hai nita mat phing khac
nhau véi ba 1a duong thang BD,).

Cudi cung, dé tim tap hdp |, ta can chd
y Il 1a dudng trung binh cia ABDD, nén
Il, // DD1=>Blh =90° = tap hop | 1a
nlra duong tron dudng kinh BI, (dudng
tron nay va A & vé hai nita mat phang
khac nhau vdi bd la BD,).

Pé két thac, xin mdi ban gidi bai toan
sau day :

Bai toan 5 : Cho nlta dudng tron (O)
dudng kinh AB ¢8 dinh va 1 diém C
chuyén déng trén nia dudng tron do. Ké
CH 1 AB. Trén doan thang OC lay diém

M sao ché OM = CH. Tim tap hop M.

N




Céac em déu biét rang : Cac bai toan
dung hinh & trudng phé théng chi dudc sl
dung hai dung cu la : compa va thuéc
thing dé dung hinh (theo quy udc tir thi
c6 Hi Lap). Tuy nhién trong cac cudc thi
hoc sinh gidi todn hozc “dé vui hoc tap”
thinh thodng van c6 nhimg bai toan dung
hinh doi héi chi dung bang mét dung cu la
thudc thdng hozac compa. Nhitng bai toan
nay rat tha vi, b ich va doi héi nhiéu su
théng minh sang tao trong viéc van dung
cac kién thitc da hoc. Cac nha toan hoc
cing da nghién cru kha sau s3c cac bai
toan nay.

Nha toan hoc Y : Mackéréni (1750 -
1800) va nha toan hoc Ban Mach : MoRg
(1640 - 1697) chuyén nghién ctu cac bai
todan dung hinh chi bang compa. Dén
1890 nha toan hoc Ao Adler da ching
minh rang : Moi bai toan dung hinh giai
dugc béng compa va thudc thing déu
giai dugc véi mot minh compa théi.

Ngugc lai nha toan hoc Thuy Si lacép
Stay Ne (1796 - 1863) lai chi nghién clru
nhimg bai toan dung hinh bang thudc
thdng. Ong da chimg minh dudc rang :
Moi bai toan dung hinh (hinh hoc phing)
bing compa va thudc thing giai dugc,
déu cb thé dung dudc chi bang mét thudc
thdng néu trén mat phing cho mét dudng
tron va tam cta né. Xin gidi thiéu vai cac
em madt vai bai toan nhu vay.

T
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Bai toan 1 :
Cho duong tron
dudng kinh AOB
va mot diém S
ngoai  dudng
tron. Chi dung
mét thudc thing
hay dung mét
dudng thang di.
qua S va vudng
gbc véi AB.

Giai NGi -
SAcét (O) tai F
(xem hinh 1).

N&i SB cét (O) tai E.

NGi AE cat BF tai H. Budng thdng SH Ia
dudng thang can dung.

Bai toan 2 : Trén mat phang cho 2 diém
A, B. Chi diing compa hdy dung hai diém cé
khodng cach gap dbi do dai AB (cha y 1a cho
2 diém A, B nhung chua c6 dudng thing
cha A va B).

Giai : - Dung
duang tron (B ;
BA) (xem hinh 2)

- Dung
dudng tron (A ; A
AB) cét dudng
tron trén & E.

- Dung dudng
tron (E ; EA) cét
dudng tron (B) 3 F.

- Dung dudng tron (F ; FE) cat dudng tron
(B) 8 C. :

Dé& dang chimg minh dudc cac AAEB ;
AEBF ; AFBC déu . Tir d6 suy ra-A, B, C
thing hang va AC = 2 AB.

Hinh 1

Hinh 2



Bai toan 3 : Cho hai diém A, B. Chi
ding compa hay dung trung diém | cla
doan AB. C

Giai : Xem hinh 3. —F<<<

! \
f v/ \

/ \/ \
L y____12
A I B

Hinh 3

- D&t AB = a. Dung 1 doan dai 2a (bai
toan 2)

- Dung dudng tron (B ; 2a) va dudng
tron (A ; 2a), hai dudng tron nay cat nhau
tai C.

- Dung dudng tron (B ; a) va dudng
tron (C ; a), hai dudng tron nay tiép xdc
nhau tai M, M la trung diém BC.

- Dung dudng tron (A ; a) va duong
tron (C ; a), hai dudng tron nay ti€p xic
nhau tai N, N 1a trung diém AC.

- Dung dudng tron (N ; a) va duong
tron (M ; a), hai dudng tron nay cit nhau
tai giao diém th(r hai |, | 1a trung diém AB.

Phan ching minh rat dé dang, xin
danh cho ban doc. Bay gid mdi cac em
giai thir cac bai toan sau :

Bai 4 : Cho hai diém A, B. Chi dung
compa hay dung diém | thuéc doan AB

va chia AB theo ti sé& ﬁ=keN cho
trudc. 1B

Bai 5 : Cho duang tron tdm O va hai
. diém A, B & ngoai dudng tron. Chi ding
compa hay dung giao diém cla dudng
thing AB vdi dudng tron (O).

Bai 6 : Cho t{ giac ABCD. Chi dung
compa hay kiém tra xem t& giac ABCD
c6 phai ia t giac ndj tiép hay khéng ?

6. JULBERT VA D. MAG DONNELL
DA GIAY BAI TOAN 2 NHU THE NAO ?

Trong muc “Danh cho cac nha toan hoc nhd”
(TTT2 s6 1, 3/2003) da gidi thiéu va dé nghi ban
doc tham gia gidi bai toan sau.

“Cho tam giac ABC c6 cac dudng phéan giac

trong BE, CF. Chitng minh réng : Néu B > C thi
BE < CF” (bai toan 2).

Tda soan da nhan dudc 18i giai bai toan 2 clia
{7 ban. Trir mdt vai ban gidi sai va giai thiéu
chinh xac, cac ban con lai da giai bai toan 2
b&ng mét trong hai phuong an sau day.

Xin giéi thiéu tém tat hai phuong an gidi nay.

Phuong an 1 : Phéng theo phuong phap ma
Stiener da dung dé chimg minh bai toan 1. D6 1a
dung cong thirc tinh d6 dai dudng phan giac
trong clia tam giéac. ’

Phuong an 2 : - A D
Trudc hét, nhg
tinh chat cla
duong phan giac ‘F E
trong cua tam
giac, ching minh
BF < CE (hinh 1).
Sau d6, phong B )
theo cach chimg Hinh 1
minh bai toan 1 cla W. Hegy, dung hinh binh
hanh BEDF va dung céac dinh li so sanh d6 16n
cla géc va do dai clia canh d8i vdi tam giac.

Ban doc than mén ! Nhd hai phuong an trén,
ta s& cO hai 10i gidi dung cho bai toan 2. Tuy
nhién, dang nhung khéng mdi va khong dep. Toi
tin réng, trudc G. Julbert va D. Mac Donnell, da
¢6 rat nhiéu ngudi nghi tGi bai toan 2 va trong
nhimg ngudi nay, ¢b 1& cling da cd rét nhiéu
ngudi gidi bai toan 2 béng cac phuong an trén.
Vay ma, khong ai nhé tén ho ca. N6i dén bai
toan 2, 1a ngudi ta ndi ngay dén idi giai cia G.
Julbert va D. Mac Donnell. Vi sao vay ? Vi i giai
clia hai tac gia nay
mdi va dep, d6 1a
muc dich t6i cao cla
khdong chi nhimng
ngudi lam toan. Xin
gi6i thiéu dé ban doc
cung thudng thirc 16i
gidi dac séc nay.
Q_(e\m tiép trang 21)

B Hinh 2 ¢



NGUYEN KHANH NGUYEN (Truong THCS Héng Bang, Hai Phong)

Trong qua trinh hoc toan, néu chung ta co thoi quen xem xét bai
toan dao thi ciing sé phat hién nhiéu bai toan mdi kha tha vi, tham
chi la rat hay. Hay xét qua vi du sau day :

‘......0.........0.........0..................Q....
M Bai todn thuén : Cho hinh thang ABCD*(AB // CD). Goi M, N lan lugt la trung dlem'
. cla cac canh bén AD, BC. N6i MN (du'dng trung binh) cat hai dudng chéo BD va AC o .

« 3) MP = NQ.

:ta| P va Q tuong (ing. Ta da c6 cac két qua sau : .
1

: 1) MN song song vdi hai day AB, CDva MN = — (AB + CD) :

. .

+2) P, Qlan lugt 1a cac trung diém cla hai dudng chéo BD, AC va PQ= ~ |AB CD| ¢

L]

L]
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Tir d6 ta c6 cac bai toan ddo :

Bai toan ddo 1 : Cho tir giac 16i ABCD.
Goi M va N 1a cac trung diém clia cac canh
AD, BC tuong (mg. Chimg minh réng néu

1
MN = (AB + CD) thi ABCD I2 hinh thang.
B

Cc

Chimg minh : Goi K I3 trung diém cla
dudng chéo BD, ta c6 :

1
MK // AB va MK = AB
1
- NK//CD va NK =CD
: 1
= MK + NK =" = (AB + CD) = MN (g)

= M, K, N thdng hang = AB // MN va
CD // MN = AB // CD (dpcm).

Bai toan ddo 2 : Cho t{ giac 16i ABCD
(AB < CD). Goi P, Q Ia trung diém clia cac
dudng chéo BD va AC tudng (ng. Chimg

s . 1
minh rang néu PQ = 2 (CD - AB) thi ABCD

12 hinh thang.

B

D C

Chumg minh : Goi M 1a trung diém cla
1
AD, ta cd : PM // AB va PM =~ AB

1
QM // CD va QM =-2-CD

::QM-PM=%(CD-AB)=

= M, P, Q thang hang = AB // PQ va
CD // PQ => AB // CD (dpcm).

P



Bai toan dao 3 : Cho t(r giac I16i ABCD.
Goi M va N 14 trung diém cla cac canh AD
va BC tuong img. Gia st MN lan lugt cat
cac dudng chéo BD va AC tai P va Q.
Chitg minh rang néu MP = NQ thiABCD |a
hinh thang. B

Chimg minh : - Tat nhién AC khéng song
song vdi BD (1)

- Goi E, F 14 trung diém cla cac dudng
chéo BD va AC tuong Ung. Gid st P 2 E va
Q # F. Ta ¢c6 ME song song va bang NF (vi

cung song éong va bang -;— AB) = MENF I3

hinh binh hanh = MN cét EF tai trung diém
O clia méi doan hay OM = ON, ma MP =
NQ = PO = OQ = PEQF !a hinh binh hanh
= PE // QF hay BD // AC, trai v@i (1).

Vay E=P, F=Qhay AB //MP, CD // NQ
= AB // MN // CD (dpcm).

Bang cach suy nghi tuong tu nhu vay ta
clng c¢6 bai toan dao sau day ma I0i gidi
danh cho cac ban :

Bai toan dao 4 : Cho tl giac 16i ABCD.
Goi P va Q lan luct 1a trung diém cla hai
dudng chéo BD va AC. Gia s dudng thdng
PQ c4t cac canh AD va BC tai M va N tuong
{mg. Cho biét MP = NQ. Héi ABCD ¢6 la
hinh thang hay khéng ?

Chdc cac ban c6 théi quen xem xét cac
bai toan déo trong qua trinh hoc tap dé phat
hién ra cac bai toan mdi thu vi.

o Xét qud Thﬂ vil 0 GHU (TTT2s6 2).

Hinh nhu 6 chif 1an nay van chua di khé, nén hau hét cac ban gl bai vé déu nhéan ra
ngay dudc & chir cot doc. O cac 6 chit hang ngang co rat nhiéu dap an khac nhau nhy: &
hang thif hai ban c6 th& chon LAO TAM, LAO VAQ, CHO BAN, hay d hang thir mudi ban
ciing c6 thé 1am TI CHUT, TINH MA, TINH SO, TiNH AU ... Sau day 1a cc ban c6 14i gidi

ding da rat may man nhan dugc phan
thudng clia TTT qua b8c tham : Ngé
Manh Tung, s6 12, t8 7, khu C, thi tran
Phic Yén, Mé Linh, Vinh Phuc ;

Nguyén Thi C&m Nhung, 4/8 Ly Nam

Pé, Huong So, TP. Hué ; Bui Phuong
Mai, 9A, THCS Lé Quy Dén, Y Yén,
Nam Dinh ; Maj Diéu Linh, 7G, THCS
DBéng Thai Mai, TP. Vinh, Nghé An ; Bui
Hoang Nam, 8B, THCS huyén Tu Son,
Nguyén Thi Lua, 8A, THCS Yén Phong,
Bac Ninh ; Phung Thanh Thuy, 8C,
. THCS Ha Néi - Amsterdam, Ha N&i ; Lé

Céng Thanh, 8A, THCS thi tran Huong

Khé, Ha Tinh.
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THCS.

Cac ban c6 thé thdy ngay : Néu a, <,
<b, thi (a, - a,) (b, - b,) = 0. Khai
trién vé trai clia bat dang thic nay ta co :

a,b, +ayb, —a,;b, ~a,b, 20
asb, +ayb,.

Néu cong thém a b, + a,b, vao ca hai
vé ta dugc :
2(ajby +ayb,) 2z a, (by +b,) +a, (b, +b,)
> 2(aby + a2b2) 2 (ay +a,) (b, + b2) ™

B4t d&ng thitc (*) chinh Ja bat déng thirc
Tré - bu - sép véi n = 2. Néu thay déi gia
thiét, cho a, <a, va b, > b, thi tat ca cac bat
dang thitc trén ciing ddi chiéu va ta c6 :

2 (a,b, + a,b,) < (a, + a,) (by + by) (**)

Cac bt dang thic (*) va (**) déu trd
thanh dang thirc khi va chi khi a, = a, hoac
b, = b,

Lam theo con duong di t&i (*) hoac (**),
céc ban c6 thé gidi quyét nhiéu bai toan rat
tha vi.

Bai toan 1 : Biét rAng x + y = 2. Chimg
minh x2003 + {2003 ¢ 42004 4 12004

L&i giai : Do vai trd binh dang cla x va
y nén c6 thé gid srx <y. Tw d6 suy ra :
%2003 ¢ ;2003

Do d6 (y2%03 _
= x2004 4 2004 5
Cang thém x2004 + y2004 ya0 hai v& ta co
2 (x2004 4+ y2004y 5 (y4yy (2003 4 12003

= 2 (x2003 4 2003
—y %2004 4 2004 5 42003 4 2003 (Goem).

va b1

= a1b1 + a2b2 >

X2003) (y-x)=0
2003 4 y.x2°°3

2004
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Lé VO VIET KHANG (Ha N6i)

, Cac ban da timg dugc lam quen VOI cac bat déng thae C6 si,
| Bunhiacbpski nhumg khéng it ban con chua biét vé bét déng thirc
Tré - bu - sép. Con dudng di dén bat déng thirc nay that la gian
di, qua gén gdi vdi nhimg kién thire co ban cta céc ban bac

Dé y rang : Bat dang thic vira chiing
minh trd thanh d&ng thitc < x =y =1 ; cac
ban sé& cé Idi gidi clia cac bai toan sau :

Bai toan 2 : Giai hé phuong trinh :

X+y=2
X2003 " y2003 - X2004 +y

Né&u cac ban duan tam téi cac yéu t8
trong tam giac thi van dung cac bat ding
thirc (*) hodc (**) sé dan dén nhiéu bai
toan mdi.

Bai toan 3 : Cho tam giadc ABC c¢6 dién
tich bang 1. AH va BK la cac dudng cao
cla tam giac.

Ching minh : (BC + CA) (AH + BK) > 8.

L&i giai: TacOAHx BC =BK x CA= 2.
Do vai trd binh dang clia BC va CA nén ¢

thé giad sir ring BC < CA = 2.2

= AH > BK. BC CA

Do d6 (CA-BC) (BK - AH) < 0
= CAxBK+BC xAH <BC xBK+ CAxAH

Coéng thém CA x BK + BC x AH vao 2 vé
tacod:
2(CAxBK + BC xAH) < (BC + CA) (AH + BK)
= (BC + CA) (AH + BK) > 8.

Pang thitc xdy ra < BC = CA hoac
BK = AH <> BC = CA < Tam giac ABC ia
tam giac can dinh C.

Bai toan 4 : Cho tam gidc ABC vdi
BC =a, CA= b, AB = ¢ va cac dudng cao
tuong (ng cla cac canh nay cé do dai lan
lugt 1a h,, hy, h,. Chimg minh :

1 1 1
+ +
hy+hy hy+he he+hy

2004

a+tb+c
<
4S8

v@i S |a dién tich tam giac ABC.

VY



LJi giai : Do vai trd binh ding ca cac
canh trong tam giac nén co thé gia s
rainga<bsc

28 28 _2S
—z2—2—oh,
a c

Lam nhu 10i giai bai toan 3 ta co :
(@+b) (h, +h)2>8S

hb th.

1240 ()
ha+hb 8S
1 b+c
Tuong tu ta dugce : < (2)
hb+hc 8s
1 L c+a (3)
heo+h, 88
Cong ting v& cba (1), (2), (3) d&n dén :
1 N ‘1 1 a+b+c(4)
hy+hy, hp+he h +hg 4S8

B4t ding thic (4) ) trd thanh déng thire
& cac bat déng thirc (1), (2), (3) dong thai
trd thanh d3ng thifc < a = b = ¢ < Tam
giac ABC 1a tam giac déu.

Bay gid cac ban th{r gii cac bai tap sau
day:

1) Biét rang x% + y2 = 1. Tim gia tri lan
x* +y*
x5 +y8
2) Cho céac s6 duong x, vy, z thda man
x+ty+z=1. .

Chimg minh :
eyt oytazt ozt axd 51

x3+y3 y3+23 Z3+X3—

3) Cho tam giac ABC c6 d6 dai cac
canh 18n lugt 1a a, b, ¢ va dd dai cac
dudng phan giac trong thudc cac canh

nhat cla F =

nay ldn fugt a1, 1,, . Chiing minh :
aly +blg +blb +clg . cle +aly <a+b+c,
g+ b +1c Ic +1; ‘

4) Hay dy doan va chimg minh bat déng
thirc Tré - bu - sép véi n = 3. Ti¢ d6 hay
sang tao ra cac bai toan. Néu ban thdy
tha vi vdi nhimg kham phéa cha minh & bai
tdp nay, hay gl gap bai viét vé cho
chuyén myc EUREKA cua TTT2.

o Két qud : THUTAITTT 256 2)

NHENG THANH TREO THANG BANG

Nhin xét : + C6 kha nhiéu ban tham gia
gidi bai toan nay, nhung do khdong ndm
ch3c dé bai nén d3 néu ra nhiéu trudng
hgp sai, 1ap lai va thi€u. Loi giai t6t 1a 10i
giai chi ra dugc it nhat 10 hé théng thanh
treo thang bang dung.

+ Nhiing sai 1am va thi€u sot ma cac
ban méc phai :

- D4 dai tay don phai nhd hon hoic bang
5dm.

- Chi ¢6 3 loai qua can 1kg, 2kg, 3kg m6|
qua chi str dung mot 1an va phai d0 ca 3
qua.

- C6 thé dit ca 3 qua can trén mét thanh
treo, tham chi ngay tai vi tri gilra hai canh
tay don.

- Ti 1& d6 dai 2 tay don trén mot thanh
treo trong hai trudng hgp ma bang nhau
thi chi dugc tinh 1a mét cach vi dm ding
trong bai chi tugng trung cho “don vi do
dai” néi chung. Vi duy :

. +—

5

Cac ban dugc thudng ki nay : Lé Huy
Thudng, 9A, THCS Phan Béi Chau , T{
Ky, Hai Phong ; Phan H&i Lé, 8E, THCS
Dang Thai Mai, TP Vinh, Nghé An ;
Nguyén Va Thanh Long, 7/1, THCS Chu
Van An, TP Hueé.

+
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T DON GIAN gén THU V|

TRAN QUAC HOAN (Nhom PXP, 10T, THPT Nguyén Tii, H&i Duong)
Khi giai phuong trinh bac hai, da bao gid ban timg dat cau
hdi, ch&ng han tai sao phuong trinh x2 + 6x - 3 = 0 ¢ nghiém
I3 (-3 +2+/3) thi cling c6 nghiém 13 (-3 —2+/3) 2
Ban d4u téi gidi thich didu ki la nay bang dinh Ii Viét nhung
sau qua trinh suy nghf, tim toi téi mdi phat hién ra nhitng bi 4n
tuyét véi dang sau diéu ki la do6.

Tr}{éc hét ta xét bai toan : ° Khi d6 : a(m-Jﬁ)z +b(m—Jﬁ)+c
Bai toan 1 :

Chimg minh réng : Néu phuong trinh béc
hai ¢6 hé s6 hitu ti, c6 mét nghiém vd ti
la m+\/-r;(m ; N e Q) thi sé ¢6 mot nghiém

=am? +an+bm+c—\/r-;(2am+b)=0

=>m-+h Ia nghiém cha (*), dpcm.

nita la m-+vh . Cach 3: :
Chimg minh : C6 3 céach dé chimg minh Xét g(x) = (x—m-+n)(x—m+n)
bai toan nay. =(x-mPZ-n=x2-2mx +m?-n

Cach 1 : (st dung hé thue Viét)
Xét phudng trinh bac hai ax2 + bx + ¢ =

0 (*) (a = 0) c6 mét nghiém la m+n . Goi
Xy, X, la hai nghiém cda (*) trong d6

X4 =m+\/r-;.

Do x, la nghiém cla (*)

(
Chia da thitc axZ + bx + ¢ cho g(x) ta ¢ :
x2 + bx + ¢ = a(x-m-n)(x-m++n)
+b+2ma)x +(an+c¢ - m2a)

Khi x1=m+\/r-1- =ax?+bx+c=0
=>(b+2ma)(m+«./r—1)+an+c—m2a=0
Do m+vn véti;m,n, ab,ceQ

':>b+2ma an+c-m2a=0
o=>ax2+bx+c a(x-m- J_)(x m++/n)

' =>m-vnla mét nghiém clGa phuong trinh

= ax? +bx1+C =0
<:>a(m+\/ﬁ-)2 +b(m+\/-r;)+c=0
o am? +an+bm+c = ~Jn(2am +b) (1)

a 47 P . 2 -~ ¢ [ ]
n ‘;‘%.t' \fé V: t;‘é.' c:.l’a (1) hiru 1 . Sau khi thtr nghiém mét s8 trudng hgp,
= Ve phal cua (1) hitu ti o t6i d3 t8ng quat bai toan nhu sau :
=2am+b=0 o Baltodn2:

=> ms= _b = -1-(x1 +X2) (hé thirc Viét) : Chimg minh rang : Néu mét phuong trinh
2a 2 e bac n (n 2 2) cb hé s8 hitu ti va mot nghiém

- — _ [ ]
= Xq + Xy T 2M = Xy = 2m - X, =m-+n evotila m+vn (m, n e Q) thi m-+/n ciing

(dpcm). + 1a mdt nghiém clia phudng trinh nay.
Cach 2: e Ching minh : Dén day ¢6 1& ban doc ciing
Khi ching minh nhu & cach 1 va du‘0c o thdy dugc su bét lyc clia cac cach 1 ; 2 (bai
2am+b =0 o toan 1) trong bai toan nay. Tuy nhlen st
—=2am+b=0=am?+an+bm+c + dung cach gidi 3 bai toan 1 ta sé ching
' : minh dugc bai toan 2.

| o ——



Thét vay : Xét phuong trinh P(x) = 0 véi e Baitoan4:

P(x) la da thitc bac n va hé sé hitu ti. ® Chimg minh réng : Mt phuong trinh bac
Xét G(X) = (x~m—n)(x —=m + ) on 9h§n, khéng thé c6 nghiém hitu ti néu hé
2 2 ® 54 clia n6 déu 8.
X~ 2mx + m®~n o Chumg minh : Dua vao ching minh cla

Chia P(x) cho G(x) dugc thuong la Q(x)
duBx+C(B,Ce Q)

Vi xg = m++n 1a nghiém cta P(x) = 0
= P(xy) = Q(x) =0 =>Bx, +C =0

= B(m++vn)+C =0.

Dom++/n voti;B, Chiuti=>B=C=0
= P(x) = Q(X).(x =m = W)X -m + +h)

o
o
o
—
8
-
3
w
g
Q
o

XétP()=a x"+a x"1+ . +ax+a;=0
la phuong trinh bac n (v8i n chédn ; a

nguyén 18, i=0,n) c6 nghiém hitu f 12 %

(P,aeZ,q9=#0,(p,q)=1)

Tach:

p n p n-1 D
an|=—| tap1|~— +..+a4|—|+a9 =0
n[QJ " [QJ [q]
& ap” +an_1p"'1q+..:+a1pq"‘1+aoq" =0 (3)
bac hai.

ap'iq . a,:q
Bai toan 3 : :{nn: ma (p, q) =1 3{a35p
Chimg minh réng : Mét phu‘dng trinh béc ¢ 89 P
hai khong thé cé nghiém hitu ti néu cac hé o =p, qlé(vi 3y, 18)

'SOC(;;Ja né de: IeG o H b e Do a, (i =0,n), p, q 1&, n chdn = vé& trai
ung min id st phuong trinh bac o ciia (3) la 56 1& khac 0 (vo m
hai ax? + bx + ¢ = 0 (a b, ¢ e Z, 1) ¢b ‘ = Phuoang trinh khong c6 nghiém hitu i
nghiém hiru i 1a 2 (p, qeZ,q#0,(p,q)=1) e s (dpcm).
° Cac ban thdy ddy, moi sy phirc tap déu
2 ° o bt ddu b&ng cai don gian. Tir mét chat ki
Da[ﬂj +b[BJ+C =0 sla nhé thdi nhung néu chiu dao sau suy
q q M nghl thi s& kham pha rét nhiéu diéu thu vi.
: D6 1a nguyén tic hang dau trong sang tao
i ) Y _ e tod@n hoc. Chuc céc ban thanh cdng trén
Tu phuong trinh (2) ta c6 ap“: qma e con dudng di tim v& dep cda toan hoc.
(Pg)=1=>a:iq=qlé(viald)
Tuongty c : p=>plé (vic 1&)

Doa, b, ¢, p, qlé = vé& trai (2) 1& va khac
0 (v ).

= Phuong trinh khéng ¢6 nghiém hitu i
(dpcm).

Pé t8ng quat bai toan nay ¢ 18 mét s6 §
ban s& m3c sai lam khi quy vé phuong trinh ®
bac n bat ki. Diéu nay khéng ding véi h 18,
ching han n = 3 ta ¢6 phuong trinh :
x3 + 3x2 + 3x + 1 = 0 vAn ¢6 nghiém -1.

= m-+/n cling 1a nghiém cla phuong
trinh P(x) = 0 (dpcm). ¢

Bay gi¢ ching ta xét dén bal toan 3 ciing
la mét bai toan quen thudc vé phuong trinh

=>ap? + bpq + ¢q? = 0 (2)




* Hoc sinh 18p 7 dugc hoc dinh li Py-ta-go

| va da quen vdi cac phat bidu sau :
BJN-H ‘LJ a. Trong moét tam giac vudng, binh
phuang canh huyén béng téng binh phudng

hai canh géc vudng.
b. Néu binh phuang canh 18n nhét cla

i
} mot tam giac khéng béing tng binh phuong
B B g hai canh con lai thi tam giac d6 khéng phai
la tam giac vudng.
c. Trong mét tam glac néu binh phudng

I canh 16n nhat bang tdng binh phuong hai
PSG TS. PHAM GIA BUC (T4c gid SGK} | canh con lai thi tam giac doé la vuéng va goc
vudng ddi dién véi canh 16n nhat.
Chua y rédng a. 1a dinh ly Py ta-go thuan, b.
I la dinh |i Py-ta-go phan dao va c. 1 dinh i
I Py-ta-go dao. Nhd dinh Ii Py-ta-go dao ta c6
j thé€ dung dugc géc vudng khong can éke.
I Ngudi c8 Ai Cap da biét vé goc vudng nhd
tam giac cé 3 canh 1a 3, 4, 5 (don vj dd dai).

1 & I6p 7, dinh ly Py-ta-go dugc thira nhan
J (khéng chimg mmh) vi ly do su pham. Tuy
I nhlen tr xa xua, @ Hy Lap cling nhu &
Trung Quéc, ngudi ta da quen vdi hinh vé
1 sau (duge goi la “Cdi xay gi6”) dung dé
1 chitng minh dinh ii Py-ta-go.

i J

1 K

i

1 F A

! G
|

|

I B [ C

1

|

|

|

I E —D

| Hinh 1

1 Néi dung chinh nhu sau : _

| Haitam gidc BFC va BAE bang nhau nén

I c6 dién tich bang nhau. Nhung dién tich
tam gidc BFC bang nilta dién tich hinh

—



vudng ABFJ, dién tich tam giac BAE bangl M@t s6 cach chimg minh dinh Ii Py-ta-go

nlfa dién tich hinh chit nhat BIHE, suy ra g ciing dudc gidi thiéu trong cudn “Nang cao

dién tich hinh vuéng ABFJ bang dién tich I Hinh hoc 87, tac gia : Pham Gia Dic va Vi

hinh chir nhat BIHE. Tuong tu, dién tl'chI Hoang Lam.

hinh vudng AKGC bang dién tich hinh chitl ) . . o

nhat CIHD. Tu d6 ta c6 dinh Ii Py-ta-go, | 1@ €0 thé md rong dinh If Py-ta-go nhu

phat biu bang “ngdn ngir dién tich” 1a : e e 3

Dién tich hinh vuéng BCDE blng t8ng dign | Dbt-mg bahta'? giac déu co canh tuang ing

tich hai hinh vuéng ABFJ va ACGK. a ba canh cua mét tam giac vuong cho .

I trubc. Thé thi: Dién tich tam giac déu co

*CH thé glél thléu thém cach ChL'mg minh I Canh la Canh huyén béng tong d|én tich hai

sau day ciing d& hidu d6i véi hoc sinh:  y, 18M giac déu cb canh 1a canh goc vuéng.
A ]
NC
: |
b/
: 2 l
. t /b . B |
[ : G b :
S b b
E ‘c |
c
a c i
b Ho ‘
al g, D |2 ! Hinh3 y
a b i Thay ba tam giac déu bang ba da giac
K déng dang. Ban hay vé hinh va phat biéu
o : dinh ly Py-ta-go md réng.
a
b c I * Dinh I Py-ta-go la cau ndi gilta hinh hoc
va s6 hoc. Néu cac sé tu nhién a, b, ¢ 1a do
Hinh 2 I dai tuong (mg clia canh huyén va hai canh

A s s N . 1 g6c vudng clia mdt tam giac vudng thi bd
Trén ‘hlnh 2 hai h!vnh vuéng ABDE vaI ba s& ty nhién (a, b, c) 1a nghiém cla
GHIK cung cb canh bang b + ¢, N T I I 1 R
Goi S,, Sy, S, Ian lugt 4 dien tich cac ] PHUON trinh X = y=+ z7va dugc goi 1a bo
ToTal th e ' ' ba s& Py-ta-go.
Phuong trinh Py-ta-go ¢6 vé s nghiém.
éu (a, b, ¢) la mot bd ba sG Py-ta-go thi

hinh vuéng canh a, b, ¢ (a la d6 dai canh
huyén, b va c 1a 9 dai hai canh géc vudng | N
clia mot tam giac vuéng). I (ka, kb, kc) cling la mdt bd ba s§ Py-ta-go

Taco: ) bc p (ke N,
Saepe =0+ )" =S, + S+ 4= () "sau sy 1a danh sach cac bo ba s6
Py-ta-go (a, b, c) v6ia <100, b>cvaa, b,

Seuk = (b + c)2 =S, +4. 2 @lc nguyén té cing nhau :
\ 2 1 (5.43) ;(13,12,5) ; (17,15,8) ;
cTu(va(2)suyra:S, =S, +8S; (25,24, 7) : (29, 21, 20) ; (37, 35, 12) ;

~ Nam 1968, trong cudn sach néi vé dinh li (41, 40, 9) ; (53, 45, 28) ; (61, 60, 11);
Py-ta-go, Elisha Scott da théng ké va phan 1 (65, 56, 33) ; (65,63, 16) ; (73, 55, 48) ;
loai 367 cach chimg minh khac nhau vél (85, 84, 13) ; (85, 77, 36) ; (89, 80, 39) ;
dinh li Py-ta-go. T " (97,72, 65). '
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BAT DAY Y ¥ TUORG CUA TE RERG

Thud con la hoc sinh phd thang, t6i rat thich
moén hinh hoc. Nhimg bai toan hinh hoc hay ludén
tao cho téi niém say mé va hing khdi trong hdc
tap. Trong nhitng bai toan nay, c6 mét bai rat
don gian nhung d3c biét sau sic, I6i gidi cla né
1a su khéi dau cho ca mét y tudng 18n. Bai viét
nay xin gidi thiéu vdi ban doc bai toan dé va toan
bo su phat trién tiép theo clia né.

Bai toan 1 : Cho dudng thdng A va hai diém
A, B ndm vé mot phia cia A, Hay tim trén A diém
M sao cho t8ng (MA + MB) nho nhat.

Bai toan 1 (BT1) Ia mét bai toan quang hoc.
Ngudi dau tién dat ra va giai quyét nd chinh 14
nha toan hoc c¢8 Hé Réng, ngudi Ai Cap, séng
vao thé ki thir nhat trudc Cong nguyén, tac gia
clia cong thitc tinh dién tich tam giac theo d6 dai

ba canh ctiané (S = Jp(p -a)p-b)p-c)).
Hé Réng da giai BT1 that dep dé& va mau muc.
Goi A’ 1a diém d6i ximg ctia A qua A (hinh1). Vi
A, B ndm vé mét phia cla A nén A’, B niim vé
hai phia clia A. Vay doan A’B va A cét nhau.
bat M, = A'B n A. VGi moi M thudc A, ta c6 :
AM + MB =AM + BM > A'B.
Ding thirc xay ra
< M thuéc doan
ABoM= Mg A
Tém lai : Tdng
(AM +MB) nhd
nhét khi M = M.
Téi da timg hoi
nhiéu ngudi cau
hdi sau : “Béng
cachnajomaHe A
Réng lai nghi ra
diém A’ ki diéu trong I5i giai trén”. Cau tra 18i ma
16i thuong nhan dugc 1a : “Vi Hé Rong nhan thay
MA’' = MA v8i moi M thudc A *. D6 la ciu tra 16i
dung, nhung rat it y nghia, cau tra I8i clia nhimg
ngudi da doc 101 gidi BT1 clia Hé Réng (cé trong
rat nhiéu sach hinh hoc so cép) chit khéhg phai

B

[

Hinh 1

NGUYEN MINH HA (DHSP1 Ha Noi)
la cau tra 18i clia nhimg ngudi tu nghi ra 15i giai
d6. Cau tra Idi sau, t6i it khi nhan dugc, nhung lai
lam t6i d3c biét thich thu : “Dudng gdp khic AMB
qua “cong queo” nén viéc quan sat dé dai cla né
rat khé. Chinh vi vay, Hé Réng da nghi ra diém
A' dé thay dudng gap khic AMB bang dudng
gdp khic A'MB, dd “cong queo” hon, c6 dd dai
bing do dai dudng gap khic AMB nhung dé
quan sat hon”. Téi nghi, ciu tra 18 trén mdi chinh
la cAu tra 18i cla nhitng ngudi tu nghi ra Idi giai
BT1, nhu Hé RAng da nghi. N6 1a su khdi dau
clla mét y tudng quan trong, v tudng clia Hé
Réng :

Khi cén quan séat do dai cua mét dudng gép
khuc qué “cong queo” ta hdy dung céac phép doi
xung truc d€ thay no bdng mét dudng gép khuc
mai, dd “cong queo” hon, ¢6 db dai bang do dai
dudng gép khuc da cho nhung dé quan sat hon.

Nh& y tudng trén, ta c6 thé giai dugce nhigu bai
toan cuc tri va bat ding thitc hinh hoc hay va
khé. Bai toan sau day 1a bai toan d4u tién trong
nhém nhimg bai toan nay.

Bai toan 2 : Cho géc nhon xOy va diém M
nam trong géc dé. Hay tim trén Ox, Oy cac diém
A, B sao cho P(MAB) nhé nhit.

O day, ki hiéu P(.) chi chu vi cOa tam giac, né
sé cb hiéu Iuc trong toan bd bai viét nay.

Lai giai : Goi M,, M, Ian lugt la cac diém d6i
xiing cGia M qua Ox, Oy (hinh 2), ta thdy :

e

M{OM, = M:OM + MOM,
= 2xOM + 2MOy = 2xOy < 180°

Véy doan M, M, ct cac tia Ox, Oy.

bat Ay = MyM, n Ox ; By = M;M, N Oy.

Véi moi A, B thugc Ox, Oy, ta c6 :
P(MAB) = MA + AB + BM = M,A + AB + BM,
2 MM, '

Ding thirc xay ra < A, B thuéc doan M,M,
& A=A ;B=B,
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M1 .

5

T

Hinh 2

=
o)

2

T6m lai : P(MAB) nhé nhat khiA=A, ; B =B,

Nha BT2, ta d& dang giai dugc bai toan khé
sau.

Bai toan 3 : Cho tam giac nhon ABC. Hay tim
trén cac canh BC, CA, AB cac diém D, E, F sao
cho P(DEF) nhé nhat.

BT3 dugc dat ra bdi nha toan hoc lItalia,
Fagnano (1682 - 1766). Ldi giai dugc gidi thiéu
dudi day thuéc nha toan hoc Hunggari, Fejer
(1880 - 1959).

Trude hét, ta phat bidu mét bé dé.

B& dé 1 : Cho tam giac nhon ABC, dudng cao
AH. P, Q la cac diém d6i ximg cta H qua AC,
AB. Boan PQ cét cac doan AC, AB tai K, L. Khi
d6 BK L AC, CL L AB (hinh 3).

A
Q

Hinh 3

Viéc chimg minh b8 dé 1 (BD1) kha dé dang,
xin danh cho ban doc.

Trd lai viéc giai BT3.

Goi H 1a hinh chi€u clia A trén BC. Goi P, Q Ia
cac didm déi ximg ctia H qua AC, AB. Gai K, L
la giao diém clia doan PQ véi cac doan AC, AB.

Gia s D, E, F la cac diém da cho trén cac

canh BC, CA, AB. Goi M, M, la cac diém d6i

xtmg ctia D qua AC, AB (hinh 4).
Xét hai tam giac APQ, AM,M,, ta thay :

AM; = AM; = AD > AH = AP = AQ
{mz _ 2BAC = PAQ
= M;M, 2PQ (1)
Mat khac :
P (DEF) =DE +EF +FD
= ME + EF + FM3 2 M{M,
P (HKL) =HK + KL + LH
=PK+KL+LQ=PQ

Tu’(1) (2) suyra: P (DEF) 2P (HKL)

Déng thitc xay ra < Bing thitc xay ra d (1), (2)
< D=H;E, F thuéc doan M\M, & D =H ;
E=K;F=L.

Cha y t6i BD1, ta cé két luan : P(DEF) nhé
nhat khi D, E, F theo thit tuf 1a hinh chiéu clia A,
B, C trén BC, CA, AB.

(2)

A
Q . M1
L E
E K
=
M,
B D H C
Hinh 4

Ngoai 18i gidi cla Fejer, BT3 con cé6 mét 10i
giai khac. Loi gidi nay la su phat trién hét sic
d#c sic y tudng néi trén clia Hé Réng. Tac gia
cla né la nha toan hoc Dlc Schwarz. KA
(1834 - 1921).

Truoo hét, ta phat biéu mot b3 dé.

B& dé 2 : Cho tam gidc nhon ABC, Cac diém
H, K, L theo thr tu thudc cac canh BC, CA, AB.
Khi d6 :

a) H, K, L la hinh chiéu cla A, B, C trén cac
canh BC, CA, AB & LHB=KHC=BAC ;
HKC = LKA = ABC ; KLA =HLB =BCA.

b) Trong diéu kién a), ta ¢6 :

AH sinA = BK sinB = CL sinC (hinh 5).

Viéc ching minh BD2 kha dé dang, xin danh
cho ban doc.

Goi By, H,, L;, D,, F, la cac diém déi ximg
cla B, H L, D F qua ducng th&ng AC.
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H
Hinh &
GoiA,, L, K,, F,, E, & cac di€m déi xing cCla'
A L. K, F,, E qua dudng thang CB,.
Goi C,, Ky, H,, Ej, D, 1a cac diém déi ximg
clia C, K, H,, E,, D, qua dudng thing B,A,.
Goi B,, H,. L,, D, F, la cac diém déi ximg
clia B;, H, L,, D, F, qua dudng thang A,Cs.
Goi A, L, K, Fs, E; 12 cac diém déi ximg clia
A, Ly Ky, F,, E5 qua duang thang B,C, (hinh 6).
Xét hai tam gidc : AA,A; va BB,B,, dé thay :
AoA = AyAg = 2AH ; AR A, = 2A
{515 ~=B,B, =2BK ; BB, =2B
AAg = 2AHsinA
= {BB4 = 2BKsinB
= AA; = BB, (1) (Theo BD2, phén b).
Mt khac, dé thay :

AB =AB,=AB,=AB, =AB, (2)
Tur (1), (2) suy ra : ABB,A; Ia hinh binh hanh (3)
Tuong ty (2) ta cb : AF = AsF,, AL=A.L . (4)
Tu (3), (4) suy ra : LFFgLg 1a hinh binh hanh
= LL; =FF; (5)
Nhg BD2, phén a), ta thdy L, K, H,, L,, Ky, Hy,
L théng hang
L =LK+ KH, + H,L, + LK, + KjH, + H L.
Tuong ty nhu (2) ta c6 :
KH; = KH ; H{L, = HL; LK, = LK ; K3H, = KH ;
H,Lg = HL.
Vay : LLg = 2(LK + KH + HL) = 2P(HKL) (6)
Mat khac :
FFg<FE + ED, + D,F, + F,E; + E;D, + D/F.
Tuong tu nhu (2), ta c6 :
ED,=ED;D,F,=DF ;F,E,=FE;ED,=ED;
D,F5 = DF.

Véy : FF, < 2(FE + ED + DF) = 2P(DEF) (7)
Tl (5), (6), (7) suy ra : P (DEF) = P (HKL).
Ding thirc xdy ra < F, E, D,. Fy E; Dy, Fy
thdnghang ©» D=H;E =K ; F = L (theo BD2

phén a).

Tom lai : P(DEF) nhé nhét khi va chi khi D, E,
F theo thir ty 1a hinh chiéu clia A, B, C trén BC,
CA, AB.

(Ki sau dang tiép)



Trudc tién, cac ban xem cac bai toan
sau :

Bai toan 1 : Cho sau sé vé ti. Chitng
minh réng cé thé chon ra dudc ba sé a, b, ¢
trongsausé dachodéa+b,b+c,c+a
cling la céc s6 vé ti.

Bai toan 2 : Cho sau diém khac nhau
trén mat phéng sao cho khéng c6 ba diém
nao thang hang. V8i m&i doan thing ndi
hai trong sau diém da cho, ta t6 mau xanh
ho&c d8. Chimg minh rang tén tai mét tam
giac c6 ba canh cung mau.

Bai toan 3 : Chimg minh ring trong
sau ngudi bat ky luén tim dugc ba ngudi
d6i mét quen nhau hoac déi mét khong
quen nhau (bai toan Ram - Say).

Bai toan 4 : Chiacacs6 1,2, 3,4, 5
thanh hai nhém. Ching minh réng c6 mét
nhém chlra cac s6 a, b, ¢ (cé thé cac s6
nay tring nhau) saochoa+b =c.

Bai toan 5 : Cho sau diém khac nhau
trén mét phéng sao cho khéng cé ba diém
nao thang hang. Ngoai ra d6 dai cac doan
thang ndi hai trong sau diém trén cling khac
nhau. Chimg minh ring tén tai mét doan
théng 1a canh I6n nhat clia mot tam giac c6
dinh la ba trong sau diém da cho déng thdi
cling 14 canh nhé nhat cla mét tam giac
khac c6 dinh Ia ba trong sau diém da cho.

Bai toan 6 : Sau nha khoa hoc tir sau
nudc khac nhau viét thu trao d8i véi nhau
vé mét trong hai dé tai. Ching minh réng
c6 ba nha khoa hoc viét thu trao d8i véi
nhau vé cling mét dé tai.

Bai toan 7 : Nam nha du hanh vi try
clia hai nudc cling bay vao tram khéng gian

« 0i0n ah@v

oLE QUANG NAM
(DHKHTN, DHQG TP H6 Chi Minh)

quéc té. Cac s6 hiéu 1, 2, 3, 4, 5 dugdc gan
ngau nhién cho timg ngudi. Chimg minh
rang c6 ba nha du hanh vi try c6 cing mét
quéc tich sao cho hiéu cla sé hiéu cla hai
ngudi nay la sé hiéu cla ngudi kia.

Né&u céc ban bd cong ra giai tat ca cac
bai toan trén thi that dang khen nhung d6
khéng phai la diéu t6i mudn trinh bay trong
bai nay. Diéu téi muén néi 1a bay bai toan
trén that ra 13 mét. Tuy c6 cach phat biéu
khac nhau, sé liéu khac nhau nhung vé
ban chat thi nhu nhau. Ban chua tin u ? Ta
hay xem nhé. Bay bai toan trén that ra 1a
cac cach phat biu khac nhau hay tuong
duong véi bai toan 2. Bay gid ta xem nhu
bai toan 2 d& dugc giai. Chimg minh hoan
chinh cla né sé& dugc trinh bay sau.

O bai toan 3, ta “coi” m&i ngudi nhu 13
mot didm cla mat phdng. Néu hai ngusi
quen nhau thi doan thing néi hai diém
tuang (g véi ho duge t6 mau xanh, ngudc
lai ta t& mau d4. Theo bai toan 2, c6 mét
tam giac T c6 ba canh cung mau. N&u T ¢
cac canh mau xanh thi sé c6 ba ngudi
tuong (ng (véi cac dinh cla T) d6i mot
quen nhau. Néu T ¢6 cac canh mau dé thi
s& c6 ba ngudi ddi moét khéng quen nhau.

Bai toan 6 ciing la bai toan 2 va c6 cach
giai tvong tu nhu cach giai bai toan 3.

Bai toan 5 tuy c6 cach phat biéu that dai
nhung cling chi la bién thé cla bai toan 2.
O bai toan 2, qua trinh t& mau 1a ngiu
nhién. Do vay, dé giai bai toan 5, ta dung
mét cach t& mau dac biét. Cu thé, vdi mdi
tam giac cé dinh 14 ba trong sau dinh da
cho, ta t&6 mau dé-canh 16n nhéat, t&6 mau




xanh hai canh con lai. Do vay, theo bai
toan 2, c6 mot tam giac T ¢6 ba canh cung
mau. Vi canh 16n nhat cla T ¢6 mau do
nén cac canh clla T déu c6 mau dé. Do
canh nhé nhét clia T ¢c6 mau doé nén né 1a
canh 16n nhét cGa mét tam giac khac. Tu
day ta suy ra diéu can chitng minh.

& bai toan 1, coi mbi s6 vé ti da cho nhu
|a mot diém ctia mat phing. Hai s6 c6 tng
14 mdt s6 v ti thi doan thang néi hai diém
tuong (g dudc té mau do, ngudc lai thi to
mau xanh. Vi c6 mét tam giac T c6 ba canh
cling mau nén cb ba s6 vé ti a, b, ¢ (ng vdi
ba dinh ca T)saochoa+b,b+¢c,c+a
déu |a s6 vo ti (néu cac canh clia T ¢c6 mau
dd) hoidca+b, b +c, c+adéulasdhil
ti (néu cac canh cla T c¢6 mau xanh). Chi
cb trudng hgp dau xay ra va do la diéu phai
chitng minh. That vay, néu x = a + b,
y=b+c, z=c+a déulasd hit i thi
a=2"Y*Z |3 58 hitu fi. Diéu nay vé Ii do
alasé voti.

Cac bai toan 1, 3, 5, 6 déu lién quan
dén s6 6 nhu bai toan 2. Trong khi dé, cac
bai 4, 7 lai lién quan dén con s6 5 ma lai c6
ban chat nhu bai toan 2 mdi la chir | Dé
thdy, hai bai toan 4, 7 1a moét nén ta chi
trinh bay canh giai bai toan 4 ma théi.

Trén mat phang Idy 6 diém va ki hiéu 6
diém nay bdicac chirsé:1;2;3;4;5;6.
Khi @6 néu i, j 1 hai diém khac nhau thi

i~ j| nhan gia tri tr 1 dén 5. Canh ndi hai
diém i, | dugc t6 mau dd néu |i - j| thude
nhém thr nhat va duge t6 mau xanh néu
li - j| thudc nhém thr hai. Vi ¢6 mét tam
giac ¢c6 ba canh cing mau nén ton tai cac
diém c6 ki hidu 12 i; j; k sao cho i- |, [k - |
|i - k| thuéc cung mét nhém, chang han 14
nhém thir nhét. Ta gia s i < j < k. Khi d6
a=|i-j=j-i,b=|k-jl=k-jc=]i-kl=k-i
déu thudc nhém thirnhdtva cba + b = c.

Cac ban thdy thé nao ? Tat ca déu la
bai toan 2. Nhiém vu cudi cuing cla chung
ta la ching minh bai toan 2. Ching minh
kha don gian nhu sau :

Xét mét diém A trong sau diém da cho.
Nam doan thdng xudt phat tir A dugc to
mét trong hai mau nén theo nguyén Ii
Di-rich-1&, t6n tai ba ‘doan thang c6 cling
mau. Gia slf cac doan thing AB, AC, AD
duoc t6 mau xanh. N&u cac doan thing BC,
CD, DB déu c6 mau dé thi tam giac BCD c6
ba canh cung d6. Nguoc lai, c6 mét doan
th&ng, BC chéng han, ¢6 mau xanh thi tam
giac ABC c6 ba canh cung mau xanh. Vay
trong moi trudng hop ta déu tim dugc mét
tam giac cé ba canh cung mau.

TU mét bai toan, cac ban phét trién
thanh nhiéu bai toan, d6 1a mét cach hoc tét.
Nhung dé& nhin bay bai toan khac nhau trd
thanh giéng nhau ciing phai rén luyén
khéng hé dé dang, c6 phai khéng cac ban ?




toan cuc tri ...

thic ..

Phan tich thanh nhan tr 14 mét trong nhitg ki nang cad ban
nhat cla chuong trinh dai s6 bac THCS. Ki nang nay dugc sU
dung khi giai cac bai toan : bién d8i ddng nhat cac biéu thirc toan
hoc, gidi phuong trinh, chilmg minh bat ding thirc va giai cac bai
Sach giao khoa I6p 8 da gidi thiéu nhiéu phuong
phap phan tich thanh nhan tir. Sau day t6i xin néu mét phuong
phap thudng st dung, dua vao viéc két hgp cac phuong phap
quen thudc nhu dat nhan tir chung, nhém sé hang, hang déng

PHUONG PHAP HOAN VI VONG QUAN

Phuong phéap nay dua vao mét s nhan
xét sau day :

1/ Giad st phai phan tich biéu thirc
F(a, b, ¢) thanh nhéan tu, trong dé a, b, ¢
¢6 vai trd nhu nhau trong biéu thic dé.
N&éu F(a, b, ¢) = 0 khi a = b thi F(a, b, ¢)
sé chifa cdc nhantlra-b,b-cvac-a.

Bai toan 1 : Phan tich thanh nhan ti :
F(a, b, c) = a%(b - ¢) + b%(c - a) + c(a - b).

Nhén xét : Khia=btacé:

F(a,b, c) =a%(a-c) + a®(c - a) = 0, do
dé F(a, b, c) c6 chlta nhan tra - b.

Tuong tu F(a, b, c) chita cac nhan tir
b-c, c-a.ViF(a, b, c) Ia biéu thic bac ba,
do dé F(a, b, c) = k.(a - b)(b - c){(c - a).

Choa=1,b=0,c=-1tacb:

1+1=k1.1.(2 = k=-1.

Vay : F(a, b, ¢) = -(a - b)(b - c)(c - a).

Bai toan 2 : Phan tich thanh nhan ti :
F(a, b, c) = a3(b - ¢) + b¥(c - a) + c3(a - b).

Nhén xét : Tuong ty nhu bai toan 1, ta
thdy F(a, b, c) phai chita cac nhan tira - b,
b - ¢, c - a. Nhung & day F(a, b, c) la biéu
thirc bac bdn, trong khi d6 (a - b)(b - ¢)(c - a)
bac ba, vi véy F(a, b, c) phai c6 mét thita s8
béc nhét cda a, b, ¢. Do vai trd a, b, ¢ nhu
nhau nén thira s6 nay c6 dang k(a +b +c).
Do dd:

F(a.b.c)=k{(a-b¥b-clc-a¥a+b +c)

.TS. LE QUOC HAN (BH Vinh)

Choa=Q;b=1;c=2suyrak=-1.

Vay :

F(a,b,c)=-(a-b)(b-c)(c-a)a+b+c).

2/ Trong mét s bai toan, néu F(a, b, ¢)
13 bidu thirc déi xing cta a, b, ¢ nhung
F(a, b, c) # 0 khi a = b thi ta thir xem khi
a = -b, F(a, b, c) cé triét tidgu khong, néu
thda man thi F(a, b, c) chia nhan t
a + b, va tir dé chira cac nhan tu b + ¢,
c+a.

Bai toan 3 : Ching minh réng :

Né&u A1 1 thi
X Yy Z X+y+2
1 1 1 1
St et T Ao
X" ¥y 2" X"+y"+2

véi moi s& nguyén Ié n.

Nhén xét :
gt ~+tylo

Tl gia thié x vy I xey+z suy ra

(xy +xz+yz)(x +y+2z)-xyz=0 (%)

Do d6 ta thir phan tich bidu thic
F(x,y,2) = (xy + x2 + yz)(x +y + 2) - xyz
thanh nhan tu.

Chu y réng khi x = - y thi F(x Y, 2)

-=-y?z +y?2 =0 nén F(x, y, z) chifa nhan t

x + v. Lap luan tuong tu nhu bai toan 1. ta



co F(x, y, 2) = (x + y)y + Z)(x + 2).
Do dé (*) trd thanh :
(x+y)y+2z)x+2)=0
x+y=0
oiy+z2=0
zZ+x=0
Néu x +y = 0 chdng han thix = - y va do
nié nén x" = (-y)" = -y".

Vay :

1 1 1 1 1 1°-
Sttt T T T Y T
x Yy zZ' X+y'+z ' z

Tuang tu cho cac trudng hdp con lai, ta
c6 dpcm.

C6 nhimg khi ta phai linh hoat hon trong
tinh hudng ma hai nguyén tic trén khéng
thdéa man :

Bai toan 4 :

Phan tich da thirc sau thanh nhan t& :
F(x,y,2) = x3 + y3 + 23 - 3xyz.

Nhén xét : Ta thdy rang khi x = y hay
x = -y thi F(x, vy, z) # 0. Nhung néu thay
X =-(y+ z) thi F(x, y, z) = 0 nén F(x, y, ) cb
nhanttx +y +z ChiaF(x,y,Z) chox +y + 2,
ta dugc thuong x2 + y2 + 22 - xy - yz - 2x va
duia 0. Do dé:
Fix,y,2) = (x +y + 2)(x2 +y2 + 2% -xy - yz
- ZX). ,

Ta c6 thé thém bét vao F(x, y, z) mot
lugng 3x3y + 3xy? d& nhan dugc két qua
nay.

Cac ban hay ding cac phudng phap va
két qua néu trén dé giai cac bai tap sau day.

Bai toan 5 :

Tinh t8ng :

a* b* ck
+ +

(a-b)}a-c) (b-a)b-c) (c-a)c-b)
trongdék =1, 2, 3, 4.

Baitoan 6 :

Ching minh réing (a - b)° + (b- ¢)° + (¢ - a)°
chia hét cho 5(a - b)(b - c)(c - a).

MO PHUUNG PHAP
Tit NGHIEM DUONG DO Do

PHAM DINH THUC (TP H8 Chi Minh)

Béng kién thitc hinh hoc 18p 6 ta cé thé
gidi dugc cac phuong trinh bac hai mét &n
dugc khdng ? Cau tra Idi 12 & trudng hgp
tdng quat thi khéng dugc, nhung trong rat
nhiéu trudng hgp ta van cé thé tim dugc
nghiém duong.

Vi du : Tim nghiém duong cda phuong
trinh x2 + 10x = 39.

L&i gidi :

Tacod: x? + 10x = 39

o x2+25x=39

Tt bién d8i trén, ta hinh dung x la canh clia
mot hinh vuéng thi dién tich clia hinh vuéng
d6 Ia x2. Kéo dai mdi canh ciia hinh vuéng
thém 5 don vi (nhu hinh vé), ta dé thay :

X

—N

Hinh vudng to c6 d6 dai canh la x + 5 sé
co dién tich 1a 64. Do d6 :

(x+5°2=64=82c>x+5=8x=3.

Vay phuong trinh ¢6 nghiém duong 1a
x=3.

Phuong phap nay da dugc nha toan hoc
talia ndi tieng Jerdm Cacdand (1501 -
1576) st dung khi tim nghiém duong cla
phuong trinh x2 + 6x = 31.

Cac ban hay tim nghiém duong cla
phuong trinh x2 - 8x = 33 bang phuong
phép hinh hoc thit xem ?



L&l tda soan : Da thic
Fla, b, ¢} = a® + b® + ¢3
- dabc chéc |4 rat cb "duyén”
v8i cac ban. Ngoai bai viét
cla TS. Lé Qudc Hén (xem
trang 7), TTT2 nhan duge 3
bai vigt cba nha gido
Nguyén Bire Tan (TP HE
Chi Minh) va hai ban Trén
Piuc Trung (98, THCS
Nguyén Dang Pao, TX Béc
Ninh, Bic Ninh), Nguyén Thj
Thanh Thiy (881, THCS
Vinh Niém, Lé Chan, TP H&i
Phong} khai thac céc bai
todn lign quan 18 da thic
nay. TTT2 xin duge téng hop
lai v trén trong gidi thidéu
cung ban doc.

oc

U'C QUEN THU

OT PA TH

ACTUM

NHUNG KHAI TH

Bai toén 1 : Phan tich da thirc sau thanh
nhén tif: a® + b3 + ¢3 - 3abe,

L&l gidi : Ta co a® + b + ¢3 - 3abe
= (a +b)? - 3ab - 3ab? + ¢? - 3abc
=[(a + b)® +c?] - 3ab(a + b + ¢)
=(a+b+c)a+b)?-(a+b)c+c?-3ab)
=(a+b+c)(a®+b2+c?-ab-ac- be)
=—;-{a+b+c.}[[a—h}2 +{b-c)? +{c—a]2],

Nhan xét :

Néua® +b°+c*=3abcthia® + b + & - 3abe =0
@%{ai-b-rﬂ][{a—hfﬂh—c}z +[c- E]2]=ﬂ

a+b+c=0-
=
L:buc

Néuchoa=x-y;b=y-z;c=z-xthi
a+b+c=0,tacobaitoén :

Bai todn 2 : (D& thi hoc sinh gidi toén cép
I, mién Béc 1962)

Phan tich da thitc (x - y)* + (y - 2)° + (z - x)®
thanh nhén tir.

L&l gladl : Tif nhén x&t trén ta c6 ngay
(x-y)° +(y -2+ (2- % = 3(x - y)(y - 2)(z -%).

l'\fﬁiﬂ::g?-l-ya;h:z?-,!;.::.32-12
cling choa + b + ¢ = 0 va ta lai c6 bai toén ;

Bai todn 3 :
{(Thi v6 dich toén 8 - Belarussia - 1957)
Phéan tich thanh nhéan t :

(P +y2)° + 22 -5 - (2 + 220
L gidi = (% + 22 + (22 8P - (P + 283
= (Y + -6+ (- 2
= 302 + y3)(2% - XA)(-y? - 22)
=302 + )y + 2)(x + 2)(x-2).
e Lai cho a-l;h-—-l;c:l. ta co bai
X y z
todn khéc :



Bal toan 4 : Cho 1+1+1 =0.
X r

y
Tinh P=2L+ X2, ZX
¥ X oy
Ll giai
111 R P g
o e e I
X ¥y z x° y"’ 2 xyz
Tach:
Xy yz % e R
P=st—t—=XyZ| —<+—7+—
22 :Z rz [xﬂ ya 23]
3
=Xy —=
xyz
Véy P = 3.

Bai toén 5: Choabc = 0, a® + b? + ¢*
= 3abc. Tinh gia tr cia

a b c
A =[1 +E][1+E][1+ E]
L&i gial : Theo bai todn 1,

a® + b? + ¢ = 3abe.

a+b+c=0
a=bh=¢

+Néua+b+c=0thi:

A=a+h b+c c+a iii--‘j
e 1 6 twugs 5 G e
+Néua=b=cthi:

As(1+10)1+1)(1+1)=2.2.2=8,
Vay A nhén hai gia tri 12 8 va -1.

eVdia=yz :b=2x;c=xythi:
ad+b%+¢% = 3abe
o3+ 253 + 33y = axd,

Tir d6 hinh thanh bai toén :

Bai todn 6 : Cho xyz = 0 thda mén
Xy +y32% + 293 = 3x%y%72. Tinh gia trj

biéu thirc

Mn[h%][h-ﬂ[ﬁ-:-}

" L&i gidl : Theo céch dat néu trén, dé
dang duva bai toan 6 vé bai toén 5.
Kétqua M =-1 hoic M = 8,
a+b+c=1
Bal todn 7 : Gidi ha {a% +b? +¢? =1
a? +b% +¢° =1

(Thi hoc sinh gidi TP H6 Chi Minh,
1986-1987)

L&i gidl : Theo bai 1, ta c6 : a® + b®
+c?-3abc=(a+b+c)a?+b%+c?-ab
- bc - ca)

=1-3abc=1-ab-bc-ca

< 3abc=ab+bc+ca(l)

Mat khac (a+b+c)é=1

oa?+b?+c?+2(ab+bc+ca)=1

<ab+bc+ca=0(2)
a=0 .

Tir(1)va(2) =>abc=0< |b=0

c=0

Tir 84y 1&n lugt suy ra cAc nghiém cha
a=0,b=0,c=1

héla: |a=0,b=1c=0
=1,b=0,c=0
a+b+c=1
Bal todn 8 : Cho {a®+b% +¢? =1
a® +b +c =1
Tinh gia tri cda biéu thic :

P = g2002 4 p2003 4 (2004

Lai gidi : Ap dung bai 7, ta cb két qua
duy nhatP =1,

Bal toén 9 : (Thi vdo ldp 10 chuyén
todn THPT L& Hdng Phong, TP HS Chi
Minh, 1998)

Cho AABC c6 ba canh a, b, ¢ thda mén :
a3 + b% + ¢ = 3abc. HAi AABC 12 tarmr gléc
g ? ,

Lﬂl_giil:a3+b3+c3=3abc



a=b=c
< AABC |a tam giac déu,
X+y+zZ=a
x2 +)r2 +2% = b?
Lokl o1

I WA
Tinh x> +y? + z° theo a, b, c.

g[a+b+c=t}{hlﬂlgx§wavia.b, c>0)

Bai tuin_ﬂ : Cho

Lasi gidi : Ap dung bai 1: 5 +y + 23
-3z =(x+y+ 20 +y2 + 2 - xy -yz- 2)
o>xd+y + 23 =3xyz +a(b?- (xy + yz
+ zx)} (1)

Mat khic, a® = (x +y + 2)2 = x2 + 2
+ 22+ 2(xy + yz + zx)

a’ —{xz+y2+22]
2

(2)

DY +YZH+ZX =
Eaz—bz
2
AU SN Ve B 2
TR Xyz c

& XyZ = C(Xy + yZ + ZX)

a? -p?

o xyz=c. (theo (2)) (3)
Thay (2) ; (3) véo (1) ta cb :

3 i u“-h‘+ s al-b?
X +)r"’+13—3¢-T-— a|b* - >

_3e(@® -b%)+a(3b? -a?)
2

ax+by=c
bx+cy=a
cx+ay=>b

Chimg minh réng a® + b® + ¢ = 3abe.
L&l gidi : T gid thidtta suy ra :

Bai toén 11 : Bi&t

ax+by+bx+cy+cx+ay=a+b+c
e (a+b+c)x+y-1)=0

a+b+c=0
l:x +y-1=0

+Véia+b+c=0, theo bai loan 1
= dpcm.

+V8ix+y-1=0=y=1-x, thay vao
hé&, sau mdt s bidn ddidin déna=b=¢,
theo bai toan 1 = dpcm.

Chéc chén van con nhiéu tim tdi kham
pha xung gquanh da thirc F(a, b, c)
= 2% + b* + ¢? - 3abe. Sau day 1a mét s6
bai todn cing. dang cla nha gido
Nguyén Bde Tdn, TP HE Chi Minh, gl
t6i cac ban, xem nhu bai tap :

Bai toan 12 : Gidi phuong trinh :

(3x - 2)° - (x-3)% = (2x + 1),

Bai toan 13 : Giai phugng trinh nghiém
nguyén : (x +y)° = (x-2)* + (y + 2) + 6.

Badi todn 14 : Phan tich thanh nhan tr :

x+y+2)P -3y -2,

Bai todn 15 : Phéan tich thanh nhan W :

(x+y+2P-(x+y-2°-(x-y+2°
- (x+y+2)

Baitodan16:Choabc=0,a+b+c=0,

Tinh £+P-2-+Ei.

bc ca sab

Baltoan 17 : Choa+b+c+d=10.
Chiing minh réing :

a? + b + ¢ + d? = 3(c + d)(ab - cd).

Bai toén 18 : Cho x, y thda man X2+ 2 =1,
Tim gia tri 16n nhét, gia tri nhé nhat clia

“bidu thie x + 5.



BAT DAU TU Y TUGNG CUA

Cac BT1, 2, 3 tao thanh mét nhém bai “bén vimg va dac sic” trong
hé théng cac bai toan bat ding thirc va cuc tri hinh hoc ¢6 lién quan
dén phép d6i ximg truc. N6i dén mét trong ba bai clla nhém, ngudi ta
lap tlrc nghi dén ngay t6i hai bai con lai. Cho d;é'n dau nhimg nam 90
ciia thé ki trudc, nhdém bai “bén ving va d3c sac” nay van la mét déc
chiéu khi ngudi ta mudn gidi thiéu y tudng ctia Hé Réng véi nhimg ai
quan tam tGi hinh hoc sa cdp. Tuy nhién, trong mudi nam trd lai day,
tinh hinh da thay d8i. Trong hé théng cac bai toan bat déng thirc va
cuc tri hinh hoc ¢6 lién quan t6i phép d8i xing truc da xuat hién hai
nhém bai m&i v6i 46 bén ving va dic sic khdng kém gi nhém cac
BT1, 2, 3. Nhd ching, nhém cac BT1, 2, 3 khong con 1a mét doc
chiéu khi ngudi ta muén néi t6i y tudng clia Hé Réng.

TS. NGUYEN MINH HA (DHSP Ha N6i)

i

(tiép theo ki trutdc)

Ki nay, xin gi&i thiéu v6i ban doc v& nhém bai thir nh4t trong hai nhém bai nay.

Bai toan 4 : Cho g6c xOy va didm M nim trong g6c d6. Céc diém A, B theo thit tu thudc Ox, Oy
(A, B khac O). H, K [a hinh chi€u clia M trén cac dudng thing chira Ox, Oy. Chitng minh riing :

P(MAB) 2 2HK.

L&i gial : Goi M,, M, 1a cac diém d6i ximg clia M qua Ox, Oy. C6 hai trutng hgp xay ra.

X
A
/ M
M, HF
Ll B
0 Ky
(h.2a) M,

(h.2b)

Trudng hop 1 : xOy <90° (h.1). Vi xOy<90° nén

X Y .

M;OM, <180°.

H
Vay doan M,M, cit cic tia Ox, Oy.
3t Ay = M,M,  Ox ; B, = M;M, n Oy (A, B, khéc O). Ta thay :
Mi™ ko 5y P(MAB)=MA+AB +BM = M,A+AB + BM, > M,M, = 2HK.

Vay P(MAB) 2 2HK.

Péang thirc xay ra & A = Ay : B = By < O la tam dudng tron
bang tiép ddi dién véi dinh M clia AMAB.

Truong hop 2: xOy > 90° (h.2a, h.2b, h.2c)



Vi xOy >90° nén M;OM, >180° .

Suy ra, hoéc doan MM, di qua O (h.2a) hodc
doan M,M, khong déng thai cét cac tia Ox, Oy
(h.2b, h.2c). Vi vay, mac du giéng nhu trudng
hop 1, ta vin c6 : P(MAB) > 2 HK. Nhung d#ng
thrc khéng xay ra. Suy ra P(MAB) > 2 HK.

Tém lai, trong ¢4 hai trudng hgp P(MAB) > 2 HK.

Déing thirc xay ra < O |a tam dudng tron bang
ti€p ddi dién véi dinh M cha MAB.

BT4 dugc dit ra va ching minh |an du tién
bdi ban Pham Ngoc Huy, khi la hoc sinh 16p 12
Toéan, trudng PTNK, DHQG thanh ph§ Hé Chi
Minh. Tuy nhién cach chimg minh ctia ban Huy
hoi dai va cdn dén cac kién thic toan cua
chuong trinh THPT. Tiép thu y tudng clia Hé
Réng, téi da thay phép chitng minh ctia ban Huy
bdi ching minh trén.

Nha BT4, ban Huy da dua ra mét 16i giai hét
sifc dd¢c dao va ngdn gon cho bai toan hay va
khé sau day.

Bai todn 5 : Cho tam giac ABC, M |3 diém
n&m trong tam giac. MA, MB, MC theo th(t tu ct
BC, CA,ABtaiA,, B,, C,. GoiA,, B,, C, I4n lugt
i& hinh chiéu cla M trén BC, CA, AB. Chimng
minh réng : P(A,B,C,) > P(A,B,C,).

BTS5 dugc dat ra bdi nha toan hoc Mi, Jack
Garfulkel, s6ng cung thdi véi chung ta, vita méi
mét cach day mét vai nam. Ong 13 tac gia cla
rat nhiu bat dng thirc hinh hoc hay va khé.
Nhiéu bat ding thirc hinh hoc do 6ng dit ra dén
nay van chua dugc chimg minh. BT5 14n dau
tién dugc chimg minh ciing bdi mét nha toan
hoc Mi, CS. Gardner. Tuy nhién, chimg minh
cla CS. Gardner qua dai va phic tap. Toi da
theo déi chilmg minh nay mét [dn va da tu nhd
réng, chi mét Idn ma théi. Ngay tif luc d6, téi da
dit cau hdi, lieu cb thé, tim cho BT5 mét phép
chimg minh khac don gian va dep d& hon phép
chiing minh clia CS. Gardner. Tinh cd nhung rat
nhanh chéng, ban Huy 43 trd |di cau héi cla t6i
b&ng phép ching minh tuyét véi dudi day.

TruSc hét, xin phéat biéu khéng chimg minh
mét b8 dé quen thudc ma tac gia cGia né 1a nha
toan hoc Phap, Gergaune. A

BS dé 3 : Cho tam giac
ABC. M 12 mét diém n3m
trong tam giac. MA,
MB, MC theo th(f tu
cit BC, CA, AB tai
A, B, C..

Khi d6 :

quan trong.

B V. oA Z o
. (h.4)

Nha BD3 va BT4 ban Huy da chimg minh BT5
nhu sau :

Qua M ké céac dudng thing tuong (g song
song véi cac canh cla tam giac A,, B,, C,.
Chung ct cac canh cla tam giac ABC tai X, Y,
Z, T, U, V (h4). D& thdy cac tam giac MUT,
VMX, ZYM déng dang v tam gidc A,B,C, vdi

cac ti s déng dang tuong (ng I
Al
—M Pﬂ ﬂ T BD3, dé dang suy ra :
AA,' BB, CC,

AM BM CM _

AA; BB, CC,

BM
Mpa, BCy) + o P(A1B Cy)

1
+C—P(ABC)-2P(ABC)
cc, et 151¢4).-

= P(MUT) + P(VMX) + PZYM) = 2P(A,B.C,) (1)
Theo BT4, ta c6 : P(MUT) > 2B,C, ;

P(VMX) > 2C,A, ; P(ZYM) 2 2A,B, 3
Tu (1) va (2) suyra :

P(A;B,C,) 2 B,C, + C,A, +A,B,

= P(AB,C,) 2 P(A,B,C,).

Ding thitc xdy ra < AABC nhon va A, B, C 1a
tAm cac dudng tron bang tiép ddi dién véi dinh M
clia cac tam gidc MTU, MVQ, MRZ < AABC nhon
va A, B, C la tam cac duding tron bang tiép déi dién
véi dinh A,, B,, C, clia AA,B,C, < AABC nhon
va M 14 tryc tam cha né.

Giéng nhu cac BT1, 2, 3, cac BT1, 4, 5 cling
tao thanh mét nhém bai “bén viing va déc sac”
trong hé thdng cac bai toan bat dang thitc va
cyc tri hinh hoc c6 lién quan téi phép d6i ximg
truc. Trong phép chitng minh cac BT4, 5 ta van
thay-y tudng clia H& Rdng giit vai trd hét sirc

(K ca11 ASne $idn)



Trong hoc toan, viéc tao dudc thoi quen
chil dong tim toi, khai thac, phat trién cac
bai toan sé giip ngudi hoc hiéu sau sic
kién thitc da hoc, phat trién tu duy sang
tao va ti€p thu t6t nhimg kién thirc mdi.

¢ Chang ta s& bat dau tir mot bai toan
quen thudc.

Bal toan 1 :

Cho AABC ¢6 B =90° ; duUng cao BH.
Goi M va N I&n lugt1a trung diém clia BH
va HC. Chimg minh : AM L BN.

L&i gidi :

Tu gia thit ta c6 :
MN la duéng
trung binh cua v
AHBC (hinh 1) Y
= MN // BC, mat \
khac BC L AB \

1= MN LAB. \

Xét AABN cé \
MN LAB ; BM L \
AN = M la truc =
tam cGa AABN Z -
= AM L1 BN ]
(dpcm). Hinh 1

e Co rat nhiéu hudng phat trién bai toan
1, cho ta nhiing bai toan méi kha tha vi. Tu
suy nghi néu tao dugc dudng thing song
song v8i AM hoac BN thi duding thing d6
sé tuong (ng vudng géc vdi BN hoac AM,
ta cho thém diém K ma B la trung diém
ctia KC (hinh 2), d& dang nhan thdy BNla
dudng trung binh cia ACKH = BN // KH
= AM 1 KH. Ta c6 bai toan sau :

C

3 KHONG CHi DUNG L
O'VIEC GIAI TOAN !

tLE TRONG CHAU
(GV truong THCS Binh An, Can Léc, Ha Tinh)
A
H
MM - - AN
K B o]
' Hinh 2
Bal toan 2 :

Cho AABC c6 B = 90° ; duding cao BH.
Goi M la trung diém clia BH va K 1a diém
déi ximg véi C qua B.

Chimg minh : KH L AM.

L&i giai :

Goi N la trung diém clia HC, theo chimg
minh trén, ta c6 dpcm.

* Hoan toan la bai toan 2 nhung véi cach
phét biéu khac di, ta ¢6 bai toan 3.

Bai todn 3 :

Cho AABC cén tai A, dudng cao AH. Ha
HI L AC, M la trung diém cla HI. Chimg
minh réng Bl 1L AM.

e Tiép tuc phat trién theo hudng trén :
tao ra duong thing song song véi AM,
dudng thang d6 4t vudng géc vai BN.

Bai todn 4 :

Cho hinh chit nhat ABCD. Goi H Ia hinh
chiéu clia B trén AC, | va N lan lugt |a
trung diém ctia AD va HC. Ching minh
rang BN L IN.

)



Lai gidi :

Goi M la trung
diém cla BH \
(hinh 3). \

Taco6AM L BN \
(bai toan 1). \

Ta codn phai \
chiing minh
AM//IN, that vay :

Do MN la
dudng trung binh
cla AHBC nén Hinh 3 ¢

MN//=-;—BC, mé&t khac, ABCD Ila hinh
chit nhat va | 1a trung diém cda AD nén
lA//=-12-BC. Do d6 |IA // = MN = MNIA

ia hinh binh hanh = AM // IN, bai toan
duge chimg minh xong.

e Bai toan 4 con nhiéu cach giai khac.
Két-hgp bai toan 3 va bai toan 4 ta cb bai
toan mdi khé hon chit xiu.

Bal todn 5:

- Cho AABC can tai A, dudng cao AH.

Dung hinh chifnhat AHCK ; HI LAC. M va
N 1an lugt 1a trung diém cha IC va AK.
Chimg minh ring MN L BI.

L&si giai :

Goi J Ia trung diém ctia HI (hinh 4). Ap
bai toan 3 ta c6 Bl L AJ ; mat khac, theo
chiing minh cla bai toan 4, tir giac AJIMN
la hinh binh hanh va AJ // MN, vay :
MN L Bl (d@pcm).

o Tuong tu nhu bai toan 4 (dung hinh
chir nhat ABCD réi tao AM // IN), ta sé tao

A N K

B

Hinh 4 \

EF // BN dé dugc bai toan sau.

Bal to4n 6 : A

Cho hinh chir
nhat ABCD. Goi
H 1a hinh chiéu
cla B trén AC ;
E, F, M lan lugt
la trung diém
cia AB, DH,
BH. Chdng minh
rang AM 1 EF.

Loi gial : i

Goi N 1a trung Hinh 5
diém cta CH (hinh 5). Ap dung ching
minh t(r giac AMNI 13 hinh binh hanh (bai
toan 4), ta chimg minh dugc t& giac BEFN
cling 1a hinh binh hanh, suy ra EF // NB.

Méat khac BN 1: AM (theo bai toan 1).
Vay ta c6 AM. L EF .

e Lai két hgp bai toan 4 va bai toan 6,
cho ta mdt két qua khac.
Bai toén 7 : A

Cho hinh chit
nhat ABCD. Goi \
H 1a hinh chiéu \
clia B trén AC ; \
E, FF. M, N lan
lugt la trung \
diém cta AB, \
DH, HC, AD. I
Chimg minh
réng EF L MN. ]

Lai gidi : Hinh 6

Goi | la trung diém ctia BH (hinh 6).

Lan lugt theo cac bai toan 1, 4, 6 ta c6
cac két qua sau : Al L BM, Al // MN,
BM // EF = EF L MN (dpcm).

e Tiép tuc khai thac, phat trién bai
toan 1 chic chan con nhiéu diéu tha vi.
Qua day, tac gid mong mudn cac ban
ludn cé théi quen chi déng tim téi, khai
thac, phat trién cac bai toan, thong qua
d6 tu ren luyén tu duy va tich lily dugc

Cc

D

B

« nhidu kién thitc b8 ich. Chic cac ban
C : thanh cong. .

e~




BAT DAU TU Y TUGNG CUA
Q o

SEPRFYTYY Y Y 2

(tiép theo ki trudc)
TS. NGUYEN MINH HA (PHSP Ha N6i)

Cing véi BT1 ctia Hérdng, bai toan sau day ® chi la sy m& dau cho nhitng két qua khac, sau
ciing dugc tdi dic biét cha y ngay W khi con 1a ¢ sdc han, thu vi hon. Chinh vi vay ma téi da tim

hoc sinh phé thong. ' $ cach md rong BTS.
Baitoan 6 : e Kinay, xin gidi thiéu v@i ban doc nhimg tim toi
Cho tam giac ABC va diém M thudc tam giac. : d4u tién ma toi dat dugc trong qua trinh mé réng
Chimg minh réng : MB + MC < AB + AC. ® nay. That ngdu nhién, y tudng quan trong cla

D& chimg minh BTS, truéc hét, ta phat biéu g Herdng da gidp ti rét nhidu.

khéng ching minh mét b dé. Hay coi ABC nhu mét tir giac “suy bién” véi hai
Bode4: dinh triing nhau, BT6 ngay lap tirc dugc md réng
Cho ba diém A, B, C bat ki. Ta c6 AB +AC 2 BC. ® s sau -

Béng thirc xay ra <> A thuéc doan BC. . Bai toan 7 : Cho t giac ABCD va diém M

Trong BD4, cac diém A, B, C co thé thang ® thuoe tf giac. Chitng minh réing ;
héng_. tham chi trt‘mg nha’u. ’ ~ MB + MC < max {AB + AC ; DB + DC}.

\Kh' X _trt‘mg Y thi !Toarfg ca'chuglu’a X V? Yo ki hiéu max {a, ; a, ; ... ; a,} chi s6 16n nht
bé,ng khdng. Ca‘Ch‘h'el‘,' n.a.y €6 hiéu Iu’c kﬂon‘g ® trong cac s6 ay;dy; ..., a, N6 cb hiéu lyc cho
chl trqng BD4 ma con cd hiéu luc cho téi cubi bai : 16 cusi bai vit nay.
it nzy. . . A s BT7lasy md rong dau tién va don gian nhat
bigf c: ::t ng.: e clla BT6. Vay ma 16i da gzp kh6 khan nhiéu
ding thitc tam gidc, N trong khi giai né. Loay hc:ay mai mé, khéng giai
da dugc gi6i thiu :dugc. D3 ¢ luc toi nghfrang, két qua ma téi d?t
trong ;::huong trin:xh o Fa trong BT7 cb |& khdng dung. Trong thoi khac
hinh hoc 7. ® 1§ tic Ay, t6i bdng nhan ra ring, xét cho cung thi

Trd lai viée gidi B Hinh1 C o t6i dang phai quan sat va so sanh dé dai ba
BT6. ® duéng gdp khic BMC, BAC, BDC, do d6 toi lai

D3t N = BM A AC (hinh 1).Theo BB4, ta ¢ : nghi dén y tudng clia Hérong. Nhé su lién tudng

MB + MC < MB + MN + NC = NB + NC ¢ Nay, 6i da giai dugc BT7.
<AB + AN + NC = AB + AC. Xin giéi thiéu véi ban doc Idi giai d6.

Vay MB + MC <AB + AC. Trudng hgp 1 : M thudéc doan AD (hinh 2a).

Pingthiic xadyra<M=N:A=NoM=A Goi B’ 1a diém ddi ximg clia B qua AD.ViB,C

Téi cha y t6i BT6 vi sy gian di trong hinh thifc ¢ Ndm v& cling mét phia ctia AD nén B', C nam vé
nhung sdu sic vé néi dung cla nb. Téi ludn cb : hai phia clia AD. Suy ra : doan B'C'va dudng
cam giac ring, két qua ma ta dat dugc trong BT6 e thang AD cit nhau.

TN




Hinh 2a
D

B (o
Hinh 2¢ Hinh 2d

Dit1 = B'C n AD. Ta thay :

| e tia MA N [M e ACDB'’
| € tia MD M e ACAB'
. [MB'+ MC <DB'+DC

MB'+MC < AB'+ AC

= MB + MC < max {AB + AC ; DB + DC}.

Trudng hop 2 : M khéng thudc doan AD (hinh 2b, 2c, 2d).
Lay N thudc doan AD sao cho M thudc tam giac NBC (tly vao vi e
tri cia M ma ta c6 cach chon N thich hop (hinh 2b, 2¢, 2d)). Theo:

BT6,taco: MB+MC <NB +NC (1) o
Theo trudng hop 1,ta co : .

NB + NC < max {AB + AC ; DB + DC} (2)
Tur (1) va (2) suy ra : MB + MC < max {AB + AC ; DB + DC}.
Tém lai trong ca hai trudng hgp, ta déu c6 :
MB + MC < max {AB + AC ; DB + DC}.
Néu AB + AC > DB + DC thi d&ng thirc xay ra khi va chi khi M = A.
Néu AB + AC < DB + DC thi déng thirc xay ra khi va chi khiM = D.
Né&u AB + AC = DB + DC thi ding thirc xay ra khi va chi khi M = A

hodc M = D.

Nh& két qua dat dugc trong BT7,
tdi hy vong két qua sau day dung.

Bai toan 8 : Cho t{r giac ABCD va
diém M nam trong t(r giac.

* Chimg minh rang : MA+ MB + MC
+MD<max{a;B:y;8
Trongdé:a=AB+AC +AD ;B =

BC+BD+BA;y=CD+CA+CB;

8=DA+ DB +DC.

MedoanAD:[

MB +MC <DB+DC

(thee-BT6) =
MB +MC < AB + AC

BT8 la bai toan khé, tuy
nhién, nhd BT7 ta cb thé
giadi BT8 kha dé dang. Loi
gidi ma toi gidi thieu dudi
day 1a 16i giai cia ban Pao
Phuong Bdc khi dang la
hoc sinh trudng THCS Bé
Van ban, B6ng Da, Ha Néi.

P&t O =ACBD.ViM
thuée td giac ABCD nén M
thuéc moét trong cac tam
giac OAB, OBC, OBC,
OCD, ODA. Khdng mat tinh
téng quat, gid st M thudc
tam giac OAB (hinh 3). Dat
N la giao cla tia OM va
doan AB. Ta thay : M thudc
cac tam giac NAC, NBD.
Theo BT6, ta co :

MA + MC <NA +NC
MB +MD <NB+ND

= MA+MB + MC + MD
<AB +NC +ND A1)

Theo BT7,ta c6:

NC + ND <max {AC +AD ;
BC + BD} )

Ta (1), (2) suyra: MA +
MB + MC + MD < max {AB
+AC +AD ; BC + BD + BA}

= MA+ MB + MC + MD
< max {a ; B}

=>MA+MB+MC +MD <
max {o; B ;v; 8}

Két luan chi tiét cho diéu
kién xay ra dng thirc BT8
rat phac tap. Tuy nhién, ta
¢6 két luan don gian nhung
rit cé y nghia sau :

Trong BT8, ding thic cé
xay ra. Néu ding thic xay
ra thi M e {A, B, C, D}.

Ban Béac khong phai ia
ngudi dau tién tim ra I0i giai
cho BT8 nhung I6i gidi cia
Bic that don giadn va dep
dé, dang dé cho ta ghi nhé.

(Ki sau déng tiép)



KHAI THAC SACH GIAO KHOA TOAN 7 MOI

nip

TU MOT BAI TOAN VE BAT DANG THUC TAM GlAC

TA MINH HIEU

(GV trudng THCS Pham C6ng Binh, Yén Lac, Vinh Phuc)

Trong SGK Toan 7 mdi ¢6 bai toan :
Cho tam giac ABC va M |a mét diém ndm
trong tam giac. Goi ! 1a giao diém ciia dudng
thing BM va canh AC. .
a) So sanh MA vé@i Ml + IA. Ti 36 chiing
minh MA+ MB < IB + |A.
b) So sanh IB véi IC + CB. Tl d6 chiing
minh IB + |A < CA + CB.
¢) Chimg minh bat d4ng thitc : MA + MB
<CA+CB.
(Bai 17, trang 63, SGK Toan 7 tap hai,
A NXBGD 2003)

B C

L&i giai :

a) Xét AAMI : Ta c6 MA < Ml + Al

=>MA+MB<MB+Mi+]A

<>MA+MB<IB+IA (1)

b) Xét AIBC : Tac6 Bl < IC + BC

=>IB+IA<|A+IC +BC

< IB+I1A<AC+BC (2)

c)Tu(1)va(2)tacd6: MA+MB<IB + |A
<CA+CB=>MA+MB<CA+CB.

Do dé tur bai toan trén ta cé bai toan thu
gon sau :

Bai 1 : Cho AABC, M [a mét diém nam
trong tam gidc ABC.

Chi{mg minh MB + MC <AB + AC.

Tirbai toan 1 ta c6 thé phat trién duoo hai
bai toan t8ng quéat hon sau :

Bai 2 : Cho AABC, M la mét diém nam
trong tam giac ABC.

Chimg minh réng : MA + MB + MC < 2p
(trong @6 2p la chu vi clia tam giac ABC).

Bai 3 : Cho AABC, M la mét diém nidm
trong tam giac ABC.

Chimg minh r&ng : MA + MB + MC > p
(trong dé 2p 1a chu vi clia tam giac ABC).

Né&u mién trong tam giac c6 2 diém khac
nhau thi ta cé bai toan sau :

Bai 4 : Cho AABC, M va N 1 hai diém
n&m trong tam giac ABC sao cho MN cét hai
canh AB, AC clia tam giac ABC. Chitng minh
réng : BM + MN + NC < AB +AC.

A

B C

Lai gidi : Gid st MN cit AB vaAC tai E
vaF.

Xét: ABEMcé:BM<BE +EM;

ACFN ¢6 : NC <NF + FC.

Thdétach:

BM + NC <BE + EM + NF + FC

<BM+MN+NC <BE+EM+MN +NF
+FC=BE+EF +FC (1)

Xét AAEF cb : EF < AE + AF (2)

Tue(1)va(2) = BM+MN +NC <AB +AC.

Tu bai toan 17, trang 63, SGK Toéan 7 tap
hai, NXBGD 2003 trén day, chac chan con
nhiéu bai tap dugc khai thac sau hon. “Bét
déu tir y tudng cia Hé R6ng”, TS. Nguyén
Minh Ha (PHSP Ha Ngi) cing 48 ma réng bai
toan trén voi nhimg két qua hét sifc sau sic
va thu vi (xem bai trang 24).

N



HOC RA SAQ?

Trong ki thi chon hoc sinh gidl THPT ciia
TP, H& €hi Minh n&m hoc 2002 - 2003 c6
bai todn bat ddng thic dai s& sau

Bai toan : Cho a, b, ¢ > 0. Chimg minh

: o + L S B (1)
b+c c+a a+b

Bai to&n nay cb nhiéu cach gidi.

T6i xin gidi bai toan nay béng phuong
phap ddi bién va van dung bat ding thic
Casi cho hal s8 duong, ma tir loi gidi nay
ta c6 thé din dén bai toan t8ng quat mdt

cach khéng khé khan gi.

L&i giai :

Patb+c=x;c+a=y;a+b=z Dodbd:

aa—XHYHZ L X-¥y4Z A Xty-Z
2 3 v et gy

Via;b;c>0nénx;y;z>0vax<y+z(2)
Tach:
25&+1ﬁb+ ¢  25(-x+y+2)
b+c c+a a+b 2%
¢1ﬁ(x—y+z]+:+y-z_
L z'F 22 =

-25 -16 -1 25y 16x
[2 T ”a]*[zx*zr]

zsyiﬁx |25z x
> 2142 —
T 2 2z

2 ’__2“.%=-21+2u+5+4=31

v MGT 01 Glﬂl DI DEN
801 TOAN TONG QUAT

x NGUYEN BUC TAN (TP H& Chi Minh)

Déng thirc xAy ra khi va chi khi :
(25y  16x

Aok e RSy

2% W2y < ET Y
202 X X A
(202 e 1 g A
il i <A
|2y 2z |4

X_ Y 2 y+z y+z

5 4 1 441 5
= X =y + z, mau thuln vai (2)
= déng thic khong xay ra.
Vay, ta c6 ; 25a 16b c

b+c c+a+a+b
Dua vao ¥ tudng clia céach gldi Irén, ta

dé xust va gldi dugc bai toan sau :

Bal toan téng quét : Chom, n, p, a, b,

c |4 céc s6 duong. Ching minh réng :

ma nb pc
h+n+c+a+a+b

z%{qﬁ+ Jﬁ+.ﬁ}z —({m+n+p)

Lai giai :
bitb+c=x;c+a=y,a+b=z
Do db :

—X+Y+Z_ X+y-—-2
as= ‘b= = i
2. 2 P

Via;b;c>0ndnx;y;z>0;x<y+z;

X=Y+2Z,

y<z+x:;z<x+y(3)
cTach:






VAN DUNG BO BE HINH THANG

vae gial tedn

NGUYEN ANH HOANG

e Trong Tap chi Toan Tudi tho 2 s& 4
(TTT2(4)), théng 6 nam 2003, & muc két
qua THU Ti TOAN, dé chia déi mét doan
thing song song vdi mdt dudng thang cho
trudc chi bing thudc thang, ta da dua vao
mét b8 dé :

“Budng thdng ndi giao diém cac dudng
chéo cla hinh thang véi giao diém cac
canh bén kéo dai sé chia day clia hinh
thang thanh hai phan béng nhau”.

B8 dé nay thudng dugc goi 1a bd dé
“Hinh thang”. D& chimg minh b3 dé, cac
ban c6 thé tham khao phan chimg minh
trong TTT2(4).

e O bai vidt nay, xin néu thém mot s§
dang (mg dung khac cla b8 dé “Hinh
thang”.

Bai toan 1 : Cho AABC. M, N, P 1an lugt
la cac diém trén cac canh BC, CA, AB. N&i
AM, BN, CP cét nhau tai |, J, K (hinh 1). Ki
hiéu S 1a dién tich, chitng minh rang :

Néu S,an = Sasp = Sackm = Sauk thi
Saapat = Sapmky = Sacnik:

C

Hinh 1 . )
L&i gidi : Goi L la giao diém clia Cl va NK.

[ —
(gigo vién THCS Nguyén Du, Quén I, TP. H6 Chi Minh)

TU Sant = Sauk = Spant * S
= Saik * Saa = Sanas = Spras

Ta nhan thdy ANAJ va AKAJ c¢d chung
canh AJ nén khoang cach tir N va K tdi AJ
la bing nhau, dan dén NK // AJ.

Xét hinh thang KNAJ, ¢6 hai canh bén
AN x JK'= C ; ¢b6 hai duong chéo
AK x JN = |, theo b8 dé “Hinh thang”, Cl cét
NK tai trung diém clia NK. Vay L [a trung
diém chia NK (*).

Tu () ta ching minh duge S\ = Sk
ma Syan = Sackm = Sacim T Sxcia
= IA = IM (»*) (ACIM va ACIA cé chung
dudng cao ha tir C tdi AM).

Tir (#%) = Syga = Sapy (ABIM va ABIA
c6 chung dudng cao ha tir B tGi AM).

< Sagpy * Saapy = Sauk * Sasikm

< Sy apgi = Sapykm (40 Sygpy = Sy
Hoan toan tuong ty, ta ching minh dugc

ting c3p trong ba t& giac APJI, BMKJ,
CNIK cb dién tich béng nhau va do d6 dién
tich clia ba tit giac nay bang nhau.

e Xét bai toan dao cla bai toan dung
hinh chi b3ng thudc ké trong TTT2(4) ndi
trén.

Bai to4n 2 : Cho trudc mét doan thing
AB va trung diém M clGa né. Chi bing
thudc thdng, hdy dung qua didm C nim
ngoai AB, mét duding thing song song véi AB.

Loi giai :

Phén tich : Gid st dung dugc dudng
thing (d) di qua C va song song vdi AB
(hinh 2).

A T



Hinh 2

A M B

Trén phan kéo dai cha tia BC, 18y mot
diém S bat ki. Goi giao diém ctia SA va (d)
la D, AC cét BD tai O. Theo bé dé Hinh
thang, duéng thing SO di qua diém M, tir
d6 ta c6 cach dung.

Céch dung : Lay diém S nhu trén. Lan
lugt nGi AC, SM, cac dudng thdng nay cit
nhau tai O. N&i SA, BO, ct nhau tai D.
Pudng thdng (d) di qua C, D chinh Ia
dudng th&ng cdn dung : (d) & qua C,
(d) // AB.

o Két qua cla bai toan 2 cling dugc van
dung trong nhiéu bai todn dung hinh chi
bang thudc thing.

Bai toan 3 : Cho hinh binh hanh ABCD
véi O 1a tdm. Chi dung thudc th&ng, qua O,
hiy dung dudng thing song song véi mét
canh béat ki cha hinh binh hanh ABCD.

Ldi giai : Theo bai toan, O lan lugt |a
trung diém AC, BD (hinh 3).

Hinh 3

Ap dung bai toan 2 cho doan thdng AC
véi O 13 trung di€ém cGa AC va B 13 diém
nam ngoai AC, ta hoan toan dung dugc
dudng thing Bx // AC.

Tuong ty, ta cling dung dugc dudng
thing Cy // BD. _

Goi E Ia giao diém clia Bx, Cy, ta thdy
ngay OBEC 1a hinh binh hanh.

Do dé, néu goi | 1a giao diém cla.BC va

OE thi | 1a trung diém ctia BC, m#t khac O
la trung diém cla BD nén Ol la dudng
trung binh cia ABCD, Ol // CD.

Suy ra OE la dudng th&ng can dung.

Bai toan 4 : Trong mit phang cho trudc
duding tron (S) va tdm O clia né ; mot diém
M va mét dudng thdng (d) b4t ki. Chi béng
thudc thing, hay dung mét dudng thing di
qua M song song véi (d).

L&i giai : D€ ap dung dudc bai toan 2
trong trudng hop nay, ta can xac dinh dugc

* trén (d) hai diém P, Q khac nhau va diém N

la trung diém cuia PQ.

Ta thuc hién nhu sau :

P N Q  Hinh 4

Trén (d), 1dy mot diém P tly y (hinh 4).

Qua P, ké cat tuyén PAB tGi (S).

AO, BO cét (S) lan lugt tai C, D.

CD cét (d) tai Q.

Theo tinh chat clia dudng tron, ta chimg
minh dudc tir giac ABCD la hinh binh hanh
c6 tam la diém O. Theo bai toan 3, qua O
ta dung dudc dudng thdng song song véi
AB va dé thay dudng th&ng nay cit PQ tai
N 1a trung diém clia PQ. Dén day, ta c6 thé
suy ra cach dung dudng thang qua M song
song vdi (d) dua vao bai toan 2.

Bai tap ty giai :

Bai toan 5 : Cho trudc dudng tron (S) va
tdm O cla né, M 1a mét diém bat ki. Chi
dung thudc thing, hay dung qua M mét
dudng thing vuéng gbéc v&i mdt dudng
thing (d) cho trudc.

Bai toan 6 : Cho tif giac ABCD, AD cét
BC tai S, AC cat BD tai O. Chimg minh
ring néu SO di qua trung diém M clia AB
thi SO ciing di qua trung diém N ctia CD va
t& giac ABCD Ia hinh thang.




¥

Trong chuang
trinh hinh hoc 8,
phan hinh thang, c6 mét dinh Ii quan trong.

Pinh Ii 1 : Buong trung binh clGa hinh
thang song song vdi hai day va cé do dai
béng nita t8ng hai day.

Sau khi ¢é dinh Ii Talét, dinh li 1 dugc md
rong thanh mét dinh If méi véi nhiéu (mg dung
quan trong. Bai viét nay xin gidi thiéu vdi ban
doc dinh li m&i dé va mét vai img dung clia n6.

Pinh li 2 : Cho hinh thang ABCD. Cac
diém M, N thuéc cac canh bén AD, BC va

théa man didu kisn MA - NB _ M i g6,
tach: NC n

a) MN song song vdi AB, DC.

b) MN = nAB+mDC

m+n
A B
Hinh 1

M/ N
D C E

Ching minh : Bat £ = AN »~ DC (hinh 1)
a) ViAB // DC nén : AN_BN 4,
EN CN
Theo gia thiét BN_AM (2)
CN D
AN AM
Tr(1), (2)suyra: —=—
(1), (2) suy =N " DM

= MN // DC, AB (dinh Ii Talét do)
b) Theo dinh li Talét thuan, ta c6 :

M rong dinh L
UE DUTTIG TRUNG BINK CUA HINK THANG

TONG THANH VU

(L6p KT thuét Vidn thong B, K41, BH GTVT Ha Noi)

MN = ﬂ.DE = M—.(DC +CE) =
AD AD

M e+ CE ap)-
AD AB

M oc+SNagy (3
AD BN

Tirgiathist MA_NB _M 6!
MD

NC

AM__m
AD m+n
ON_n

BN m

MN=—"_oc+1AB)

m+n m

— MN = nAB +mCD

m+n

Pinh Ii 2 da dugc ching minh. Dudi day
la mét vai img dung ciia né.

Bai toan 1 : Cho tam giac ABC, céac
phan giac BE, CF. Biém M thudc doan EF.
H, K, L 1a hinh chiéu cla M trén BC, CA,
AB. Chitng minh rang : MH = MK + ML.

L&i gidi :

+ Goi X,
Y la hinh
chiéu cla
E, F trén
BC; Z la
hinh chiéu
clia F trén
CA,;TIa
hinh chiéu
cla E trén
AB (hinh 2).

+ Vi BE, CF |a cac dudng phan giac cla
AABCnéntac6é :EX=ET;FY=FZ (1)

(4). TU (3), (4)suy ra:

Hinh 2




ME m

bit — =—. Theo dinh li (2),tacd:
MF n
MH = nEX +mFY 2)

m+n
Ap dung dinh li Talét cho cac tam giac
EFZ va EFT, tacé :

MK = —DFZ : ML = —

m+n m+n
Tu (1), (2), (3) suyra:
n m
MH = ET+ EZ
m+n m+n
= ML + MK (dpcm).
Bai toan 2 : Cho tam giac ABC nhon,
phan giac BE, CF, dudng cao BH, CK. O, |
theo thir tu Ia tam cac dudng tron ngoai tiép,
ndi tip. Chimg minh riing : |, H, K thing
hang khi va chi khi O, E, F thdng hang.
Bé giai BT2, ta khong chi can BT1 ma
can c6 thém b8 dé sau.
A B& dé 1 : Cho tir giac
ABCD néi tiép dudng
tron. Budng phan
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1
1
1
1
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1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
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ET (3)

DAB, CBA v
dudng thang CD
déng quy khi va
chi khi
DA + CB =
=DC.

Viéc chimg minh b8 dé trén kha dé dang,
xin danh cho ban doc.

L&i giai (BT2) :

Goi X, Y, Z 1a hinh chiéu cla O trén BC,
CA, AB (hinh 3). Vi O la tam dudng tron

ngoai tiép AABC = ABC = AOY = %A’o\c.

= ABKC «»» AOYK ; tuong tu :
ACHB v AOZA ; AOXB v AAKC
:BK_OY .CH 0Z OX AK

A S e A A
BC OA ' CB OA OB AC

Tir giac BCKH néi ti€p = AAHK v» AABC
:EE:A—K, tur (1):H—K=% (2)
BC AC BC OB

Vi tr giac BCHK ndi ti€p nén theo BD1,
taco : |, H, K thdng hang < BK + CH = HK
oBK CH_HK oY oz OX

BC CB BC OA OA OB

(theo (1), (2)) < OY + OZ = OX (vi OA
= OB) < O, E, F thdng hang (theo BT1)

Bai toan dudi day la dé dy tuyén IMO
nam 1998, do Ba Lan dé xuét.

Bai todn 3 : Cho t(r giac ndi ti€p ABCD.
Céc diém E, F theo thi tu thay d6i trén céc

canh AB, CD sao cho AE _CF bigmp
BE DF

huéc d h FE.AB Ch
thudc doan EF sao cho PF_CD g

minh réng : S(PAD) khéng phu thudc vao
S(PBC)
E, F (S(.) chi dién tich cGa tam giac)
Lai giai : Goi Py, E,, F 12 hinh chiéu clia
P, E, F trén AD ; P,, E,, F, Ia hinh chiéu
cla P, E, F trén BC (hinh 4).
Theo dinh 1i2,ta cb :
PFEE, +PEFF,
EF
PFEE, + PEFF,
EF
T hai ding thitc trén vGi cha y ring

PP =

PP, =

Hinh 4
(xem tiép trang 26)




o K¢t qua: O CHUMUAHE DI BIEN

Anh rat vui vi thdy céac
ban tham gia giai 6 chir ki
nay déu biét kha nhiéu khu
du lich bién ndi ti€ng cuta
nudc ta. Phan I6n cac ban
da dua ra dap an trung véi
dap an cGa anh. Riéng &
hang ngang véi chir LANG
CcO, mét s6 ban dién chir
VONG RO (khu du lich
bin & Pha Yén). Cach
dién nay cling dang. Anh
xin trao qua cho nhing ban
giai duang, trinh bay sach
dep, c6 ghi dia chi day da
va gl dén dung han : Trdn -
Thu Hoai, phong 202A, nha D2 Dich Vong, Cau Glay Tran Van Anh, 178A Nguyén
Luong Béng, Déng Da ; Trinh Nguyét Anh, s6 10, t6 24A, phudng Thanh Ludng, Hai Ba
Trung, Ha Noi ; Hoéng Thi Mai Phuong, s6 147, t8 33, phudng Ky Ba ; Mai Hoang
Ngén, s6 19, 18 26, phuding Quang Trung, TX Thai Binh, Thai Binh.

ANH COMPA

Mo l’@ng ... (tiép theo trang 19) i AE _BE EE; EE,

=k (k >0)
CF DF FF, FF
CDEE, + ABFF,

PPy = ————— CDEE + ABFF; _
CDEE. » ampE, S @ CDEE, + ABFF, _
_ =2 2
PP, = ABCD _ (CF+DF)EE; + ABFFy _

" (CF +DF)EE, + ABFF,
[AE BE) EE,+ EEZ

S(PAD) _PP.AD _
S(PBC) PP,BC

_ (CDEE; + ABFF).AD ) k _
(CDEE, + ABFF,)BC [AE BE] EE, + AB.EEt EE,
Theo gia thiét : k k

AE CF AE BE

Se === (2)

BE DF CF DF
Mzt khéc, vi tr gidac ABCD ndi tiép nénta cb :
AE _EE;
{AEAE1<DAFCF2:> CF FFR, )
AEBE; v AFDF; BE EEy-
oF "R

%(551 +EEy) .
%(Ea +EE,)

Tu (1), (4)suyra;
S(PAD) _AD

= —, khéng phu thudc vao E, F.
S(PBC) BC'

T (2), (3) suy ra : (Kl sau déng tiép)
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LE ANH TUAN (Quynh D6i, Quynh Luu, Nghé An)

! !
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Céc ban hay xuat phat t&r mét bai toan
nhé : “Tim gi4 tri nhd nhat cla ham sd
y=x2-2x+2".

That 1a d& dang viét dugc y = (x - 1)2 + 1
nény > 1 vdi moi x va dang thirc xay ra khi
va chi khi x = 1. Do d6 y dat gia tri nhd
nhat bang 1 khix = 1.

Diéu c6t 16i & cach viét trén 1a tur bidu
thirc x2 - 2x, ta biét phai thém 1 don vi dé
c6 (x - 1)2. Tai sao biét dugc diéu d6 ? Tai
vi ta nhin x2 1a binh phuong s6 thir nhét, 2x
la hai I&n tich sé thi nhét vai s6 thu hai
nén sd th{t hai chinh 1a 1, vay phai thém
binh phuang s6 thir hai tic 1a thém 1 |

DPay l1a mot ki ndng ma cac ban can
thanh thao dé giai quyét nhiéu bai toén.

Bay gid cac ban hay lan lugt theo dbi
cac thidu :

Thi dy 1 ;: Chitg minh v8i moi a, bta cé
a?-ab+b%>0.

Phéan tich : Nhin vé& trai nhu mét da thic
bac 2 d6i véi n a va sl dung ki nang trén
tacod:

2 2
a-ab+b? = a2—2.a.2+[2] +£
2 2 4
( b)z 3b2
=la-=| +—.
2 4

TU d6 dé dang suy ra diéu phai ching
minh va thdy ngay dang thrc chi xay ra khi
a=b=0. .

Thi du 2 : Tim gia tri nhd nhat cda biéu
thic F = x2 + y2 + xy - X - y.

Phé&n tich : Nhiéu ban viét :

LS VRN VKN VRN V RN V'
oo o= oo oo oPw-
/‘\ /‘\ /‘\ I‘\ I‘\

F=%[2x2 +2y2 +2xy - 2x - 2y +2] -1

=[x =12+ =+ c49?] 1

Do dé6 : F > -1 véi moi x, y. Nhung ta thay
bat ding thitc nay khéng thé trd thanh
d4ng thirc nén “con dudng” nay khéng di
dén dugc két qua. Tham chi cé ban sau
khi chitng t6 ding thic F = -1 khéng xay
ra da “liéu” két luan : F khéng cé gia tri nhd
nhat !

Né&u slr dung ki nang da trinh bay thi hay
nhin F nhu da thirc bac hai 4n x va viét :

F=x2+x(y-1+(y? -v)

2
=x2+2_x. y_—-“ + y_—_1 +§y2_l_l
2 2 4 2 4
2
(w2522 )L
2 4 3 9) 4 12

(a2t L3(, 2V
- 2 4" 3) 3

Dodbd F> —-:13— véi moi x, v.

Mat khac :

Vay F dat gia tri nhd nhét bang —-;— khi

Xx=y= -;— (xem thém TTT2 s6 2 - 4/2003)




Thi du 3 : Phan tich da thdc thanh nhan
tr:F=x+y2-2x%y + x2 + x - 2y.

Phén tich : Hay nhin F nhu da thitc any,
taviét 1 F=y2-2y(x2+ 1) + x* + x2 + x

=y2-2y(x2 + 1) + (x2 + 1)2 - x? + 2x - 1

=(y+x2+ 1% - (x- 1)

=(y + X2+ X)(y + X% -x-2)

Thi du 4 : Tim gia tri nhd nhat cta ham
s6: y=+x-2Jx-3.

Phén tich : Van v8i ki nang nhin ra binh
phuong ctia mét biéu thifc ta viét :
y=J(x=3)-2Jx-3 +1+2

(VX=3-12+2
Do dby >+/2 vdi moi x = 3. Bang thitc
xay rakhivachikhi Vx-3 =1 & x-3=1
ox=4,

Vay y dat gia tri nhd nhat bang V2 khi
x=4,

Thi du 5 : Tim cac s6 nguyén x, y sao
cho y= Vx? +4x+5 ™

Phan tich : Ta thay :

X2 + 4x + 5= (x + 2)2 +1 > 0 v8i moi x
nén y xac dinh vdi moi x. Tir d6 ta cling cé
y>0.

y>0
Dodé: (=9, 9
=(x+2)° +1
y>0
2 _(x+2? =
y>0

(y+x+2)(y-x-2)=1

Vix,yeZnény+x+2vay-x-2cing
nhan gia tri nguyén. Luu y t8ng va tich cla
hai bi€u thitc nay 1a duong nén ta c6 :

y+x+2=1 el Y= 1

y-x-2=1 Xx=-2

Ki nang lam xuat hién binh phu’ong
cha mét biu thirc con duge st dung
trong rét nhiéu bai toan khac. Mong cac

ban luu y dé glal quyét cac bai toan can
tdi ki n&ng nay.

| g—

 THU 601 ToAN TUdI THO 2

TU TRUNG TAM TAI NANG TOAN HOC WINCONSIN

Sau khi TTT2 gidi thiéu Ki thi chon tai nang
toan hoc Winconsin (S8 5, thang 7/2003), that
khéng ngd va khong biét béing con duding nao
TTT2 da dén tan nuéc My.

Toa soan TTT2 vira nhan dugce buc thu cla
Giao su Donald S. Passman - mét trong nhimg
ngudi t8 chifc cGa Trung tam tai ning toan hoc
Winconsin cho biét thém mot sé chi tiét cla
céc ki thi.

TTT2 xin gidi thiéu véi ban doc nguyén van
bic thu

Chiing téi hi vong ban doc cla TTT2 sé tu
dich dugc bitc thu nay. Cdm on céc ban !
' TTT12



MOT SO DANG TOAN THIHQC SINH GIOI
“GIAI TOAH TREM WAY TiHH DIEH TU CASIO"

(tiép theo ki trudc)

Dang toan 2 : May tinh dién t& bé tui tro
gitp cho viéc gidi toan.

V@i may tinh dién t, xuat hién mot dang
dé thi hoc sinh gidi toan méi : két hgp hitu
cg gilta suy luan toan hoc véi tinh toan trén
may. Cé nhimng bai toan khé doi hdi khdng
chi ndm vimg céac kién thic toan (i thuyét
chia hét, ddng du, ...) va sang tao (cach giai
doc dao. suy luan dac biét, ...), ma trong
qua trinh giai con doi hoi phai xét va loai trr
nhiéu trudng hop. Khéng dling may thi thdi
gian lam bai sé lau. May tinh dién tr ddy
nhanh té¢c @6 1am bai, do d6 dang toan nay
rat thich hgp trong cac ki thi hoc sinh gidi
toan két hgp voi may tinh. Dugi day 1a mét
s6 vi du.

Bai 1 : (Thi khu vuc, 2003, lap 9)

Tim tat ca cac so tu nhién n (1010 < n
< 2010) sao cho a, = /20203 +21n cling la
s6 tu nhién.

L&i giadi : Vi 1010 < n < 2010 nén
203,5 ~ 41413 < a, < /62413 ~ 249,82,

Vi a, nguyén nén 204 < a_ < 249. Ta cb

a2 =20203 +21n = 21x962+1+ 21,

Suy ra ar21 -1=21%(962 +n),
hay (a, —1a, +1) =3x7x(962 +n).

JJ5. TA DUY PHUQNG (Vign Todn hoo)

Chimg t3 (a, - 1) hoac (a, + 1) chia hét
cho7.Vaya =7k +1hoaca =7k-1.

Trudng hop 1 : Néu a = 7k - 1 thi do
204 <a_ =7k -1 <249 nén (tinh trén may)
29,42 < k < 35,7. Do k nguyén nén k chi c
thé 1a cac sé : 30, 31, 32, 33, 34, 35. Vi
aﬁ ~1=7K(7k - 2) chia hét cho 21 nén k chi

c6 thé 1a : 30, 32, 33, 35 (c6 thé dung may

tinh truc ti€p hay xét k hoac 7k - 2 phai chia
hét cho 3). Cho k 1an lugt bing 30, 32, 33,
35 va tinh trén méy ta dudc :

k 30 32 33 35
1557
230

n 1118 | 1406 1873

a, | 209 | 223 244

Trudng hop 2 : Néu a, = 7k + 1 thi do
204 <a_ =7k + 1 <249 nén (tinh trén may)
29,14 <k <35,57. Do k nguyén nén k chi cd
thé 1a cac s8 : 30, 31, 32, 33, 34, 35. Vi
a2 —1=7K(7k + 2) chia hét cho 21 nén k chi

co thé 1a : 30, 31, 33, 34 (c6 thé ding may
tinh truc ti€p hay xét k hoac 7k + 2 phai chia
hét cho 3). Cho k I&n lugt bang 30, 31, 33,

Dodb a2 -1=(a, —1)(a, +1) chiah8tcho7. 34 va tinh trén méy ta dudc :

| p——



k 30 | 31 | 33 | 34
n | 1158 | 1301 | 1601 | 1758
a, | 211 | 218 | 232 | 239

Nhu vay, cé tat ca 8 dap sé.

Lai binh 1 : Bay l1a mét bai thi hoc sinh
gidi toan tuong ddi khd va hay. Nhd cé may
tinh nén toc do lam bai tang 1&n dang k&,
mac du éuy luan toan hoc déng vai tro
quyét dinh.

Bai 2 : (Thi khu vuc, 2002, 16p 9, Dy bi)

2a) Tim s6 tu nhién n nhd nhat sao cho n3
la mdt s6 ¢ ba chit s6 dau va bén chit s6
cudi déu bing 1, tic 1a n® = 111..1111.

Vdi n vira tim dudc thi n® bing bao nhiéu ?

2b) Tim s@ tu nhién n (1000 < n < 2000)
sao cho a, =v57121+35n la so tu nhién.

2c) Tim tat ca cac s6 tu nhién n sao cho
n? |a mot sd cb 12 chir s6 va co dang
n? = 2525%*xx**89, cac dau * & cac vi tri
khac nhau c6 thé 1a cac s6 khac nhau.

2d) Tim tat ca cac s6 ty nhién n cé ba chit
s6 sao cho n®9 = 1986..., n'2' = 3333... .

Bai 3 : (Thi khu vuc, 2003, I6p 9, Dy bi)

3a) Tim cac chirsé a, b, ¢, d dé ta c6 :

a5xbced = 7850.

3b) Tim céac s6 cbé khong qua 10 chir s6
ma khi ta dua chit s6 cudi cung 1&n vi tri dau
tién thi s& d6 tang 1én gap 5 lan.

3c) Hay tim nam chit s6 cudi cing cla s6
22"+ 1 (s& Fecmat th(r 24).

3d) Giai phuong trinh :

x? - 2003[x] + 2002 = 0, véi [x] la phan
nguyén cua Xx.

Bai 4 : (Thi khu vuc, 2003, 16p 12)

Tim s8 du khi chia 20012010 cho s 2003.

Bai 5 ; (Thi khu vuc, 2001, 18p 10)

5a) Tim cac udc s6 nguyén t8 nhd nhat va
I6n nhét cla s6 2152 + 3142,

s6 tu nhién dang 1x2y3z4 chia hét cho 7.
" Bai 6 : (S GD-BT Can Tho, 2003, 16p 9)

S8 312 — 1 chia hét cho hai s6 tu nhién
nam trong khoang 70 dén 79. Tim hai s& dé.

Bai 7 : (Thi khu vuc, 2002, 18p 12)

Tim udc sb chung I8n nhat cda hai sd sau
day : a = 24614205 ; b = 10719433.

Bai 8 : Kiém nghiém trén may tinh : cac
sédang 10n + 11a hgpsG vdin=3, ..., 10.
Chimg minh réng, s& dang 10n + 1 c6 thé Ia
s& nguyén t6 chi khi n ¢c6 dang n = 2P,

Gia thuyét : 10" + 1 13 s nguyén t8 khi va
chikhin=1hoacn=2.

L&i binh 2 : Gia thuyét nay tuong tu bai
toan Fecmat : 22+ 1 Ia hgp s& v&i moi p > 5.

Bai 9 : Tim t4t ca cac cap s6 ab va cd
sao cho dao ngudc hai s d6 thi tich khéng
d6i, tiec 1a : abxcd = baxdc.

Thidu:12x42 =504 =21x24;

13x93=1209=31x39; ...

Bai 10 : Tim phan s6 " xdp xi t6t nhat
n
LY
n

m va n |a céc s6 cb hai chit so.

2 (6(m,n) =

la nho nhat), trong dé

Két luan : Dang bai May tinh dién t&r b
tui trg giup cho viéc gidi toan thuc chat Ia
bai thi hoc sinh gidi toan (khong phai gidi
tinh). N6 hoan toan cé thé dung dugc
trong cac ki thi hoc sinh gidi toan. N6 nang
cao y nghia clla muc dich dua may tinh
vao trudng phd théng. N6 con dan dat ta
t6i nhitng gia thuyét va nhimg nghién clru
toan hoc nghiém tac (bai 8 va bai 10). N6
cling l1a nguyén nhan ma loai ngudi can
nghién cltu dé tang t6c do x{ li cho cac
may tinh dién t&. Theo t6i, day la dang
toan hay nhat. Trong ky thi cp khu vuc,
dang bai nay nén chiém 40% - 60% s&

5b) Tim s6 I8n nhat va nhd nhat trong cac  diém.

o
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BAT DAU TU ¥ TYONG CUA

BERONG:

. (tiép theo ki trudc) o
TS. NGUYEN MINH HA (PHSP Ha Néi) :

Tl cac bai toan 6, 7, 8, tdi nghi dén bai toan :
d#c séc sau. o
Bai toan 9 : Cho tam giac ABC va diém M ®
ndm trong tam giac. Chimg minh ring : o

MA +MB + MC <max {o.; B ;v}. .
Trong d6 : o =AB + AC ; B =BC + BA ; §
vy=CA+ CB. °

Dé giai BT, trudc hét ta phat biéu va chimg ¢
minh mét b8 dé. o
B6 Pé 5 : Cho tam giac ABC, diém M thudc ®
doan BC.
Chimg minh rang : AM < max {AB ; AC}.
Chimg minh :
Trudng hdp1: M=B hodacM=C
AM = AB
AM = AC
Truong hop2:M=B; M= C

AMB > 90°

AMC > 90°

= AM < max {AB ; AC}

Do AMB + AMC = 180° =

= AM < max {AB ; AC}
AM <MC
N&u AB > AC thi dng thic xay ra khi va chi g
khi M = B. .
Néu AB < AC thi déng thitc xay ra khi va chi g
khi M = C. .
Né&u AB = AC thi ding thifc xay ra khi va chi§
khi M = B hodc M =C. )
Tré lai viec giai BTO.
Trén tia doi cla cac tia MB, MC ldy cac,
diém C’, B' sao cho : MC' = MC ; MB’ = MB. ®

[AM <MB
=

Dudng thang chira tia phan giac clia cac géc
BMB'; CMC' theo thir tu cit cac doan théng
AB ; AC tai N ; P. Khéng mat tinh t8ng quat,
gia sirAN > AP.

Theo BD5, tacé : MA<NA (1)

Mat khac, ta co : MB + MC = MB' + MC =
B'C<NB'+ NC=NB +NC (2

Tu (1), (2) suyra:

MA+MB + MC <NA+NB +NC =AB + NC
< AB + max {AC ; BC} (Bb5)

= max {AB + AC : BC + BA}

=max {a; B} <max{a;B;y}

Trong BT9 déng thic ¢ xay ra. Khi ding
thirc xay rathiM € {A; B ; C}.

Trong 1di gidi trén, y tudng clia Héréng van
déng mét vai trd quan trong.

Truc @8i xing NP da dugc xay dung that
sang tao.

Ngoai 18i giai trén, dua vao nhiing tinh chat
“dep” clla tam giac ma ti giac va da giac
khéng co, ta con co thé giai BT9 theo mot

cach khac, khéng can cb BD5.
Khéng mat tinh tdng quat, gid st rang :
A=min{A;B;C}.Suyra:a=max{a;B;v}(1)
QuaM, ké
cac dudng
thing song
song  vdi
BC, CA, AB,
ching cét
cac canh
BC, CA, AB
taiX;Y;Z;
T; U,V
(hinh 1). Hinh 1
MA < MU+ UA
Tacd: <MB<MV+VB (2
MC <MZ + ZC

VIAUMT Ia hinh binh hanh nén ta c6 : MU = AT.

Vi A=min {A; B ; C} nén.trong cac tam
gidac UVM, TMZ ¢6 : U = min {U ; V ; M},
T=min{T;Z,;M}L

Tedoésuyra: MV <UV;MZ<TZ

N



TU (2), vdi cac chi y trén, ta c6 :
MA < AU+ AT
MB <UV +VB =UB
MC<TZ+2ZC=TC
=>MA+MB+MC < AB+AC

>MA+MB+MC<a (3)

T (1) va (3) suy ra :

MA+ MB + MC <max {a; B ; v}

Cac bai toan 6, 7, 8, 9 ciing tao thanh mét
nhém bai “bé&n vimg va dic sic” trong hé ¢
thdng cac bai toan bat déng thirc va cuc tri
hinh hoc c6 lién quan t6i phép déi ximg truc.
o] day, y tudng clia Hé Réng khong chi cé y
nghia nhu [a mdt ki thudt quan trong ma con
¢ y nghia dan dét trong viéc tim kiém cac két
qua mdi.

Nhimg két qua trong céac bai tap 8, 9 that
dep nhung két quéa sau con dep hon.

Bai toan 10 : Cho da giac A\A, ... A va
didm M nam trong da giac. Chimg minh ring :
MA; + MA, + ...+ MA <max{a;; oy ...;a.}

Trong d6, «, (1 < i < n) la t8ng cac khoang
céch tir A, t6i cac dinh con lai cla da giac.

Khi n = 3, BT10 trd thanh BT9.

Khin =4, BT10 trd thanh BT8.

BT10 sé& dudc gidi nhu thé nao day ? Ngay
lap tire, téi b linh cam réng, y tudng cla Hé
Réng khéng con hiéu Iuc nirta, can phai tim ra
mét bién phap nao dé méi mé hon, hiéu qua
hon thi méi cé hi vong giai quyét dugce van dé.
Lat di 14t lai cac bai toan 8, 9, khdng thdy gi,
quay sang ra soat cac bai toan 6, 7, khong ¢cé
may may hi vong, chan nan, t6i danh gac but
lai va ty nhl rang, théi & dip khac. Bing di
mét thdi gian dai ban rén, moét hém, tinh ¢d luc
lai d8ng gidy t& bui bam clia minh, t6i lai thay
BT10 hién ra va van dé tim I8i gii cho BT 10

lai trd v& véi téi nhu [a mdt thir duyén ng. Toi :dﬂng. Tuy nhién, diéu kién xay ra déng thitc

doc di doc lai nhimg gi c6 lién quan trong

déng gidy td 16n xdn &y va bdng nhan thdy e

ring, khdng phai tir cac bai toan 8, 9 hay tir

cac bai toan 6, 7 ma can phai bat dau tit BD5.

Bdi vi BD5 1a dang don gidn nhat cla BT10. ®

Trong BDS5, da giac A(A, ... A, c6 dang don
gian nhét : doan théng BC ; t8ng MA, + MA,, +

+..+MA_ c6 dang don gian nhat : tdng mot s6 o

hang MA. Sau mét hdi suy xét va lién h'é, toi

da mo réng BB5 nhu sau :
‘B& dé 6 : Cho tam giac ABC, diém M thudc
doan BC, khi d6 :

MAB

A

MB ac.
BC

Ching minh :
o Trén doan AB
Iay diém N sao

echo MN song
S song vli AC
e (hinh 2).
Theo BD4, ta B M Hinh2 ©
6 : AM < AN + NM (1)
Theo dinh li Talét, ta cé :
AN = % AB = ';l—g AB
MN MB 2
NM = — AC =—AC
AC BC
Tu(1)va(2)suyra:
AM < me AB + MB AC.
BC BC

N&u AB > AC thi déng thifc xay ra khi M = B.

N&u AB < AC thi d&ng thirc xay ra khiM = C.

Néu AB = AC thi dang thitc xay ra khi M = B
hodac M= C.

Nhan xét :
+Tacéh: @AB m3—AC<
BC BC
%+@ .max{AB ; AC} =
BC BC
=max{AB ; AC}.

Suy ra : AM < max {AB ; AC}. R& rang, Bb6
|4 su md rong cla BD5,

+ Né&u thay cum tir “cho tam giac ABC” bdi
cum tir “cho ba diém A, B, C” thi BD6 van

sé phlc tap hon. Viéc kiém tra chi tiét nhan
xét nay khéng kho, xin danh cho ban doc.

+ BD6, md rdng nhu trén thudng dugc goi la
BD6 md rong. BD6 va BD6 mé rong ciing hay
dady, nhung chung c¢b gidp ta giai dugec BT10

o hay khong ? Chéc nhiéu ban s& hédi t6i nhu

vay, nhung hay binh tinh da, ching ta cin qua
mét b3 dé quan trong nifa.
(Ki sau déng tiép)



i HIET MO 46 c6 bai todin mei

NGUYEN THANH TUNG

.-
(GV truong THCS Hoang Xuan Han, buc Tho, Ha Tinh)

88 ok aed oon A o0 09 & & xadt odo K lodn b, Nea ta B2 ha thdo K lodn i
il sap Blnp odo i 438 kb 04) od 1S Che s whing B o e o Ko,

Troup Kii vt iy U8 5 lrich bigp mbt vi B o o4 s 2 el B o oon lp,

/ Bai toan 1 : Tir diém P trén dudng chéo
AC clia hinh binh hanh ABCD, ké duting
théng d 1an luot cit cac tia AB, AD taiM va N.

Chimg minh : £+A—D =A9.
AM AN AP
L&i giai : (hinh 1)
d
M

A Hnh 1 DN
Tu B va D ké BB’ // MN, DD’ // MN
(B", D’ e AC).
., AB AB' AD AD’
Tacdh: — = ; =

AM " AP AN~ AP
Dogs: AB, AD_ B!+ AD'
AM AN AP

Vi ABOB'= ADOD’ (g.c.g) = B'O=D0.
Nén : AB’ + AD' = 2A0 = AC

A_B_ AD AC

AM AN~ AP’ ‘
\oTrong bai toan 1 ta cha y rang AO la

trung tuyén clia AABD. Néu P la trqra

tam clGa AABD thi AP = 1AC. Tir @6 ta
c6 bai toan sau ; - 3
Bai toan 2 : Pudng thdng d di qua
trong tdm G cla AABC lan lugt cét cac
canh AB va AC tai M va N.
Chitng minh :--'L\—B—+£ =3.
AM AN

L&i giai : (hinh 2)

Hinh 2
Tuong ty nhu bai toan 1 :
3
AB AC_2r0 237
AM AN AG AG :

e Trong bai toan 2 néu dudng thang d
“cAt tia CB tai P thi :




AC BC

—_— =

CN CP
Tir d6 ta c6 bai toan sau :
Bai toan 3 : Pudng thing d di qua
trong tdm G cla AABC cat canh AB tai
M, canh AC tai N va tia CB tai P.
Chimng minh :
| AB?  AC?  BC?
AMBM ' ANCN BPCP _

Lai gidi : (hinh 3)

Ap dung bai toan 2 ta cé :

AB AC AC BC
AMTAN ' eNTep T

Riéng vi MN cét tia CB tai P nén tuong
tu cach chimg minh bai toan 2, ta c6 :

=3 (M

BA_BA' BC_BC'
BM BG ' BP BG
BA BC

—_— =3 (2
“BM BP @)

(dé thdy BA’ - BC’ = 3BG).
T (1) va (2) suy ra :
AB AC AC BC AB BC _
AM AN CN CP BM BP
R AB(AM +MB) N AC(AN +NC)
AMMB ANNC
BC(CP -BP) _9

\_ "7 BPPC

AB? Ac2 BC?
=~ AMBM  ANCN BPCP

e Néu AABC déu, canh a thi AB = AC
= BC = a, ta dé xudt dugc bai toan :

Bai toan 4 : Budng thing d di qua tam
O clia tam giac déu ABC, canh a, cit
canh AB tai M, canh AC tai N va tia CB
tai P. Chimg minh :

o, 1 1 e
AMBM ANCN BPCP 32

Cac ban hay giai bai toan 4 xem nhu
bai tap. Trén day la cac bai tap dinh
lugng, dugce khai thac tir bai toan 1 theo
hudng dac biét hoa.

B&ng phuong phap tuong tu mdi ban
doc hay dé xuat cac bai toan mdi.

9 (dpcm)




NOT S0 BANE Tod
3 dung phén phn ih da thi thnh nhn ti

. PHAM VAN CHIEN
(GV trudng THCS Xuén Phong, Xuan Trudng, Nam Bjnh)

i 0600000000000 0000000000000
Sau khi xem xong tap chi Toan Tu8i tho 2 =1—g=>B=1—

s6 5 (thang 7 nam 2003), toi rdt tam d4c a x-1

vdi cac bai toan phan tich da thirc thanh 2, Chitng minh bat ding thirc

nhan tir. Do d6 t6i manh dan trao d8i vi  Bajtoan 3 : Cho AABC véi A >B > 8
ban doc vé van dé van dung phép phdn  Chimg minh :

tich da thirc thanh nhan tir vao giai mot sé ha hy hg _hy hy h
R 242, €>D04-84-C (1
dang toan d bac THCS. hy he hy hy he hy
1. Rut gon céc bléu thuc dai so. Lai gidi : Ha AH L BC ; Bl L AC. Ta c6
Bai toan 1 : Rt gon - AH = h_, Bl = h, . D& thay 2 tam giac vuéng
\/—_+\/a2b +3ht AHC va BIC déng dang va chung géc C.
v@i ab = 0. h. AH b
Ya2 + ¥ab + b2 k- R L i
L&i giai: Dat Ya=x; b = h Bl a
glai : B2 X Vb =Y Ap dung diéu tuong tu ta c6 :
X4+X2Y2+Y4 b ¢ a_a ¢ b
A= o —+=+Z224 242
XS+ Xy+y a b c b a c¢
(X +y )2 2 2 =3 B-{-E.{.EJ_ 9..{.2.{.9.]20
2 a b ¢ b a ¢
g ey 2., 2, 2n a2 2 _ 12
(x2 +y2 + xy)(x2 +y? — xy) @b c+ca+a‘b-a‘c-bc” -ab 50
) x2 +xy +y?2 abe
. 9 Y c(b2—a2)+cz(a—b)+ab(a—b)>0
=Xy -Xy < abc -
= A=¥2% +3b? -¥ab @(a—b)(c2+ab—bc—ac)>0
Baitoan 2: Ratgon : B = X0 - VX~ abe )
' T X—‘3\/X— —1. <:(a_b)(a_c)(b_c)>o (**)
L&i gl : Didu kign: (X~ 120 abe )
F glai : Bigu kién : X-3Jx=-1-120 \ﬁAZBZE@azbzcnén(")dung,tﬂ‘c
<x>1;x#10. la (*) dugc chitng minh.
Pat a=Jx-1 =a>0;a#3. 3. Giai phuong trinh va bét phuong trinh
-a® +6-5a _(a-2)a-3) a-2 Bai toan 4 : Giai phuong trinh :

=B=

a2-3a  a@-3) a 4x3 - 10x2 + 6x -1 =0 (1)




-

Lgi giai :

(1 ax3-2x2-8x2+4x+2x-1=0
& 232x - 1)-4x(2x - 1)+ (2x-1)=0
& 2x-1)(2x2 - 4x + 1) =0

Bai toan 5 : Giai phuang trinh : .
X2 + X +12/x +1 =36 )

Loi giai: Tacod :

Qe x?+2X+1-Xx-1+12JX+1-36=0

o x+12 -(Vx+1-6)2 =0

o X+1-V/x+1+6)(x+1+/x+1-6)=0

2
& “\/X_M—%j +Z4§}[(x+1—4)+

+Hx+1-2)]=0
e(WXx+1-2)(Vx+1+3)=0

1% 23
(Vi [\/x+1—5] +T>O, Vx 2 -1)

ox+1-2=0x+1=2
oxt+1=4o x=3.
Vay phuang trinh (2) c6 nghiém duy nhat
ax=3.
Bai toan 6 : Gii bat phuong trinh :
7x3-12x2-8<0 (3)
Loi gidi : (3) < 7x3 - 14x2 +2x2-8<0
&Tx(x-2)+2(x2-4) <0
&SX-2)(Tx2+2x+4)<0
&(x-2)[6x2+ 3+ (x+ 1)3 <0
&x-2<0ssx<2
Vay bat phuong trinh (3) ¢6 nghiém 1a x < 2.
4. Mbt s6 bai toan khac.
Bai toan 7 : CMR néu :
a-2b ~ b2 - 2a
a(1-2b) b(1-2a)

(*yvéia,bz0;a=b;

1 1

" a, b¢%th‘| a+b+§=—+—.

2 ab

LJi gidi : (*) < a?b - 2a%b - 2b2 + 4ab?
= b%a - 2ab3- 2a2 + 4ab
< 3ab?- 3a?b - 2a%b + 2b3%a - 2b%2 + 2a2=0
< 3ab(b - a) + 2ab(b? - a%) - 2(b% - a%) = 0
< (b-a)[3ab +2ab{b +a)-2(a+b)]=0

Viazb = b-a=0nén hé thic trén
tuong duong véi :

3ab+2ab(b+a)-2@+b)=0
a+b

Doa.b¢0=>-3+a+b——=0
ab

3 1 1
=a+b+—=—+— (dpcm).
>=3 b(p )

Bai toan 8 : Chimg minh : n? + 11n + 39
khéng chia hét cho 49 véi vn e N.

LJi gidi : X6t M = n? + 11n + 39 = n?
+2n+9n+18+21=(n+2)(n +9) + 21.

Con+9)-n+2)=7=>n+9van+2clng
chia hét cho 7 hoc khéng cuing chia hét cho 7.

- Néu n +9van + 2 cling chia hét cho 7 thi
(n + 9)(n + 2) chia hét cho 49 ma 21 khéng
chia hét cho 49 nén M khong chia hét cho 49,

- Né&u n +9va n + 2 khéng cling chia hét cho
7 thi (n + 9)(n + 2) khéng chia hét cho 7 ma 21
chia hét cho 7 nén M khong chia hét cho 49.

Vay nZ + 11n + 39 khong chia hét cho 49.

Sau day la mot s6 bai tap dé€ cac ban thi
vén dung :

1. Tim nghiém tu nhién cla phuong trinh :

xB-xt+2x3+2x2 = y2,
2.Choab2>1.
+ 1 2 2 .

1+a? 1+b% 1+ab

Chimg minh :

3. Chiing minh réng vdi m&i s& nguyén 1&
n'thi (n8 - n® - n* + n?) chia hét cho 1152.
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Bai toan 4 :
Cho t& giac
ABCD. Cac diém
X, Y, Z, T theo thr tu thudc cac canh AB, BC,
CD, DA sao cho cac dudng thdng XT, YZ, BD
déng quy. Chitg minh réng : P(XYZT) < max
{P(BCD) P(CDA) ; P(DAB) ; P(ABC)}.

De giai BT4, ta can c6 hai b8 dé.

B& dé 2 : Cho tam giac ABC. Mot dudng
th&ng bat ki, khéng di qua A, B, C, theo thit ty
cét cac dudng thdng BC, CA, AB tai X, Y, Z.

XB YC ZA

Tacod: =

XC YA ZB

BD2 1a mot phan cla dinh li Ménélauyt ma
phép chitng minh n6 ¢cb trong rat nhiéu tai liéu
hinh hoc so ¢ap, xin khéng gidi thiéu & day

B& dé 3 : Cho ti giac ABCD va cac didm
X, Y, Z ndm trén bién cla t giac. Ching
minh rang :

P(XYZ) < max {P(BCD) ; P(CDA) : P(DAB) :
P(ABC)} (bién cha tf giac 1a hinh hgp bdi bdn
canh clia nb).

BD3 dugc chitng minh kha dé dang nhé két
qua cb trong bai toan 7 thudc bai viét “Bét
dAu tir y tudng clia Hé Réng” clia TS. Nguyén
Minh Ha (Toan Tudi tha 2, s6 6, 8/2003).

Trd lai viéc ching minh BT4,

A

Hinh 5a
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Mo rong dinh li
UE BUTMG TRUNG BINH CUA HNH THANG

(tiép theo ki truoc) . -
TONG THANH VU

(Lop Ki thuédt Vién thoéng B, K41, DH GTVT Ha Noi)

Gia st XT, YZ, BD déng quy tai H. Khéng
mat tinh tdng quat, gid s H thudc tia d6i clia
tia BD (hinh 5a, hinh 5b).

Ap dung BD2 cho AABD va ACBD, ta c6 :

TD XA HB

TAXB'HD _ TD XA 7D YC )
ZDYCHB . TA'XB ZC'YA
ZC YA'HD
Xay ra ba trudng hgp sau :
TD 2D
True 1
ruang hdp (hinh 5a) : TA"ZC
Theo () tacs: ~2-YC _1ziAC;
ZY Il AC. XB
TD 2D
Trudng hop 2 (hinh 5b
rueng hop 2 (hinh 8b) : 5> 7
Theo (1) ta o6 : 22 YC 12, xv
XB YA

cling cat AC.
PatK=TZAC ; K = XY nAC. Tl cac

bt ding thie 2522 X8 T2 a8

2C XB YA
dang suy ra K, K’ ciing thuéc tia déi cha cla
tia AC (2)

Kl

Hinh 5b

| pr—



Ap dung BD2 cho ADAC va ABAC, ta ¢6 :
Z2C TD KA

== =1

ZD TA'KB KA K'A
EEK'A_1 KB~ KB (3) (theo (1))
YA XA 'K'B

T (2), ) suyra: K=K
Vay : TZ, XY, AC déng quy (tai K).
TD < ZD
TA ZC

Tuong tu nhu trudng hop 2, ta ciling c6 TZ,
ZY, AC ddng quy. Tuy nhién, diém déng quy
lai thudc tia di cha tia CA.

Phan coén lai cla phép ching minh BT4
dién ra hoan toan tuong tu d&i véi cac trudng
hop 1,2, 3. Cuthéla:

+ Trudng hop 2 va trudng hgp 3 hoan toan
giéng nhau.

+ Trudng hop 1 tuong tu nhung don gian
hon cac truong hgp 2, 3.

Vi ii do trén, d& cho don gian, ta chi tién
hanh chimg minh phan cdn lai cia BT4 trong
trudng hop 2 (hinh 5b).

Trén cac canh DC, CB cla t(r giac ABCD ta
&y cac diém M, N sao cho : AM // TZ ; AN //
XY. Theo dinh li Talét, ta c6 :

MZ AK NY — MN//ZY.
MC AC NC

Trén cac canh CB, BA cla tir giac ABCD ta
Iy cac diém P, Q sao cho : DP // ZY ; DQ /I TX.
Theo dinh li Talét, ta c6 :

PY DH_QX — PQUXY.
PB DB QB

Tém lai ta ¢c6 : AM // TZ ; DQ // TX ;
MN /1 ZY I/ DP ; PQ // XY /] AN.

XA _YN_ZM _TA m

Truéng hop 3 :

Tudoésuyra:

XQ YP ZD TD n
(mn>0;m+n=1)

Ap dung dinh 1i 2 cho cac hinh thang
AQPN, PNMD va dinh Ii Talét cho cac tam
giac MDA, DAQ, ta c6 :

XY =mQP +nAN
YZ =mPD + nNM
ZT =nMA
TX=mDQ
= P(XYZT)y = mP(DPQ) + nP(AMN)
i < (m +n) max {P(DPQ) ; P(AMN)}

= max {P(DPQ) ;
bat {(P(BCD) ;

P(AMN)} (4)
P(CDA); P(DAB) ; P(ABC)} = (")
(DPQ) < max (%) 5)
P(AMN) < max (*)

Trong (5), dau bang khéng xay ra & ca hai
b4t dng thirc (ban doc tu kiém tra). K&t hop
véi (4), ta c6 : P(XYZT) < max {P(BCD) ;
P(CDA) ; P(DAB) ; P(ABC)}

BT (4) thuéc loai cuc khé. Ay vay ma, Idi
giai cGia né lai chi dya vao mét dinh li that don
«gian, dinh |i 2. “T6i da timg day rat nhiéu hoc
sinh gidi, trong s6 d6 ¢b nhiéu em sau nay di
thi toan qudc té€ dat thanh tich cao. Nhung t6i
chua thdy hoc sinh nao giai dugc BT4. Toi
that sy cam on néu ai d6 c6 thé tim thdy cho
BT4 mét I5i giai ma khéng can dén dinh Ii 2",
Trén day la tam sy cGa TS. Nguyén Minh Ha,
tac gid BT4 va 18i giai cha nb.

Pinh Ii 2 ¢on nhiéu Ung dung nita. Tuy
nhién, do khuén khd c6 han cla bai viét, xin
dimg lai & day. Nhimg bai toan téi giéi thidu
dusi day c6 thé xem nhu nhimg bai tap thuc
hanh ki nang sir dung dinh Ii 2.

Bai toan 5 : Cho t(r giac ABCD. Céc diém
M, N thudc cac canh AB, CD sao cho :

AM _CN
BM DN’

D&t E = AN A DM ; F = BN n CM. Ching
minh ring : S(MENF) = S(AOE) + S(BCF).

Bai toan 6 : Cho tam giac ABC ndi tiép
dudng tron (O). AE, BF Ia cac dudng phan
giac. Tia EF cét (0) tai I.

Theo BD3, tacd : {

Chimg minh rang : L +—1—.
IA B IC

Bai toan 7 : Cho tam giac ABC. Diém M
chay trén canh BC. (O,), (O,) la dudng tron
ngoai ti€p cac tam giac ABM, ACM. Tim quy
tich trung diém | cdia doan 0,0,

Bai toan 8 : Cho tam giac ABC, AD, BE,
CF {a cac dudng phan giac. Cac diém X, Y, Z
theo thir tur thudc cac doan EF, FD, DE. X', Y’,
Z' |a hinh chiéu cla X, Y, Z 1én cac dudng
thing AB, BC, CA. Chimg minh réng :

XX +YY' +2Z' < XY +YZ +2ZX. |

Toan Tuéj tho 2 xin cdm on TS. Nguyén
Minh Ha giup d8 rat nhiéu d€ hoan chinh
bai viét nay.




DA THUC DG XING HAL AR

Ve cac Ung dung

DAM HUY PONG

A. FUYE . '
1. Pa thitc hai &n x, y khéng d8i khi thay
x bdi y va y bdi x goi la da thirc d6i ximg
(dtdx) hai 4n.

Vidu : P(x,y) = x3y + xy3 ;
Q(x, y) = x3 + 3x%y + 3xy? + y° [a cac dtdx.

Cac da thirc U(x, y) = 2x - 3y ;
V(x, ) = X2 - y2 khong phai la cac dtdx.

2. Cac dathiic t, =x +yvat, = xy goi
1a dtdx co ban.

3.KihiguS, =x"+y" (n e N*)thi S_déu
biéu dién dugc theo t,, t,.

Vidu:
S1 =X+y= t1
Sp=x? +y? = (x+y)? -2xy =3 - 21,
S3 = x3 +y3 =(x+y)3 =3xy(x+y)

=] - 3tyt,

S4 - X4 +y4 = (X2 +y2)2 __2X2y2

=S5 -2t =t -4t t, + 2t3

o Cong thifc truy héi: S, =t,.5, _-t,.5, .
4. Moi dtdx hai &n x, y déu c6 thé viét
dudi dang da thifc hai dn t,, t,.
B..CAC UNG DUNG.

I. Phan tich da thirc thanh nhan t.
Bai toan 1 : Phan tich da thirc

f(x, y) = x5+ 3xy* + y% + 3x%y + x%3 +
3x2y? + x3y + xy? thanh nhan tr.
L&i gidi : Ta co

fix, y) = x5 + 3xy* + y° + 3xty + x%3 +

+3x%y2 + X3y + xy3 =

°
(Gido vién truoing THCS Chu Manh Trinh, Vén Giang, Hung Yén)

= (0 +y%) + 3xyO + y3) + xy(y? + y?) +
x2y%(x + y) + 3x%y?
= 1§ - 5ttp + 54413 + 3ty (87 - 3t1t2) +

+) (t12 - 2t2) + 13ty +3t3

=12 - 263ty - 34413 + t1, + 13
=17 =383ty + 9ty + totd —3tyt3 + 13
= (B +tp) (8 -3tz + 1, ‘
=.(x2 + y2 + 3xy).(x3 +y3 + Xy)

Il. Giai hé phuong trinh.
xX+y=3
x* + y4 =17
Loi giai : Datt, = x +y, t, = xy thi hé trd
ty=3
tf - atdt, + 2t =17
Thét, =3taco:

Bai toan 2 : Giai hé {
thanh {

2t3-36t,+64=0 =1,=16;t,=2.

Do d6 x, y la cac nghiém clGa phuong
trinh u2-3u + 16 = 0 hoac u2-3u + 2 = 0.
TudétacdOx=1&y=2hodcx=2&y=1.

lll. Giai phuong trinh.

Bai toan 3 : Giai phuong trinh sau :

e+x+¥1-x=3

L&i gidi : Pat a=416+x, b=¥1—x

. {a+b=3
Ta co

a* +b* =17
Tir két qua bai toan trén ta c6 a, b va tur




d6 c6 nghiém cla phuong trinh 1a x = <15
hodc x = 0. )

IV. Ching minh dang thirc.

Baitoan4:Chox+y=1,x3+y3=a,
X8 +y5 = b.

Chitng minh 5a.(a + 1) = 9b + 1.

Loi gidi : Tacod:
Ayl =t -3ty =asty =—1;a :
b=x>+y° = t15 - St?tz + 5t§t1
(ap dung cong thirc truy hoi)
5a% +5a—1

9

Vay9b=5a2+5a-1hay9b+1="5a(a+1).

V. Lap phuong trinh bac hai.

Bai toan 5 : Hay lap phuong trinh ¢6 hai

>b=1+5t3 -5t, =

nghiém yq = x? 2% ;¥ =X3 —-2x4, Vvdi
X;, X, 1& nghiém cla phuong trinh :
x2-x-5=0.

Lai giai : Theo Vi-ettacot, =x, +x,=1;
t =X, = -5.
Yi+ys = x? +x3 —2(x4 + X3)

= - 3tyt, - 2t; =1-3.(-5)- 2.1
=1+15-2=14.

Y1¥2 = (X13 —2X2)-(X3 —2X1)
=x13xg —2(x]1 + xg)+4x1x2
-3 -2(t;‘ -atty +23) + 41,

2(-5)3 - 2.(14 - 4.(-5) + 2.(-5)%) + 4.(-5)
=125 - 2.(1 + 20 + 50) - 20
=125 - 142 - 20 = -287
Véy y,. Y, la nghiém clia phuong trinh :
y2 - 14y - 287 = 0.
V1. Tim cye tri.

. Bai toan 6 : Tim gia tri I6n nhat, gia tri nhd
‘nhdtclia A = xv/X + Y Jy, bidt VX +.fy =1.-
Lai gidi : Dat Vx =a, \[y =b (a, b>20),
t1=a+b,t2=a.b:>t1=1 ;t220:>

A=a®+b% =t} - 3tt, =1-3t, <1

= (0,1
A =1, knit,=0, khide | ¥ =0
.m (x,y)=(1,0)
Laicod:
2 2
@)—Zabﬁiztz =>t2Sl
4 4 4
=0<t <l=>A — khi t 1
= 2—4 mln"4 2"4
Khi dé :
a+b=1 1 _
= 1 2a=b===x=y=—
ab=— 2 4
4 1
VayApa =1 Amin =

C. MOT s8 BAI TAP.

1. Phan tich da thic thanh nhan t.
a) f(x, y) = 10x* - 273y - 110x%2 - 27xy° + 10v*.
b) 2x* - X3y + 3x2y2 - xy3 + 2y4.

2. Lap phuong trinh bac hai 22 + pz +q =0
¢6 cac nghiém Ia :
24 =x8-2x3, 2, =x§ -2x2 Vi Xy X, 12

nghiém clia x2 - x - 3=0.
3. Cho x, y duong théa man x +y = 1.

Chitng minh rang : 8.(x* +y*) +1ss
X

x3+y3=5

xy? +x%y =1

5. Chimg minh :

(x+ y)* x4 yA =202 + xy + yH2,

6. Tim nghiém nguyén duong cla
phudng trinh : x3 + y3 + 1 = 3xy.

7. Giai phuong trinh :

4. Gidi hé {
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BD7, déng thitc cling xay rakhiM e {B C}.

« Nha BD7, ta cb thé giai BT10 nhu sau
BAT ‘DAU TU Y TUONG CUA: Vi M nam trong da giac AA, ... A, nén
® duding thing A,M ct mot canh nao d6 clia da
¢ gi4c. Gia slrcanh d6 1 AA,(2<i<n-1).
* batN =AM AA
. i+1°
. A
. A 2
.
(tiép theo ki trudc) o .
TS. NGUYEN MINH HA (PHSP Ha Noi) &
BS d& 7 : Cho day diém A, A,, ... A va®
doan thang BC. Diém M thuéc doan BC.® An
Khido: MA; +MA, + ...+ MA <max{BA, +e
L J
+BA, + ..+ BA)CA| + CA, + ..+ CA )2 y
Chimg minh : Ap dung BD6 md rong cho e
b6 ba diém A, B,C (1 <i<n), tacéd:
MA <MC A +MB oA (<icn).
BC BC
TU n bat ddng thifc trén, suy ra : Aisi N A

MA, + MA, +... + MA, N
Ap dung BD7 cho day diém A, A,, ..., A

va doan thdng AN, ta ¢6 :
MA, + MA, + ...+ MA_<
<max {a,; NA + NA, +... +NA} W))]
Ap dung BD7 cho day diémA,, A,, ..., A
va doan théng AA,,,, ta c6 :
NA, +NA, +..+NA <max{a ;o) (2
Ta()va(2)suyra: MA, + MA, + . +
+MA <max{a,; a;; o4}
BB7 dugc chitng minh, = + .+ <maxia, o, ;... ).
Nhan xét : Nhd BD6 ta thdy, néu ton tai ® mnhl\::zxet samep chlf':g; r(rx\iznh BDQI}

ig e {1;2;...; n} sao cho A, khdng thudc e ta thdy : trong BD10, dang thic xay ra khi
dudng théng BC thi trong bat ding thu’c. Me{A ;A A}

MA_ A, <MSBA MB,CAV déng thu’c Hoan toan tuang tu phep chimg minh
BC BC

s BD7, vdi chu y réng, bat déng thrc khéng
xady rakhiM e {B ; C}, tir d6 suy ra, trong: ddi_chiéu néu ta nhan hai v& clia né véi

n

MC
sa:—(BA1 +BA, +...+BA))
+M§(CA1 +CA, +...+CA))

n

M_C_:+MB_ .max{BA, + BA, +
BC BC
..+BA_;CA, +CA, +..+CA,}
= max{BA1 +BA, +.. +BA,;

CA, +CA, + ... +CA,}



cung mot s& duong, ta c6 két qua sau. - $ doc thong qua bai viét nay. Y tudng dan dat
B& dé 8 : Cho day diém Ap Ay b A o y tu’0ng, toan hoc da di 1én nhu vay day.

n )
day s6 du’ong Xgr Xoy woey X vé doan théng : Dé két thuc, xin gidi thiéu vdi ban doc mét

BC. Piém M thudc doan BC Khl do: e 53 bai toan cé lién quan t8i nhimg van dé
XMA, + x,MA, + ... + x MA_ < dudc dé cap dén trong bai viét nay.

Smax {)(15/5‘1 +X,BA, +. + X BAn X,CA,+ Bai todn 14 : Cho hinh chit nhat ABCD.

+X,CA, + ... + X CA } + Diém M cho tru6c trén canh AB. Hay tim

o trén cac canh BC, CD, DAcac diém N, P, Q
Nhg BDS va phu'0ng phap ching minh ¢ < sao cho chu vi tam gidc MNPQ nhd nhat.

BT10, ta dé dang giai dudc bai toan téng ® e Baitoan 15 : Cho tam giac déu ABC, tam

quat sau. + O. Hay tim trén cac canh BC, CA, AB cac

Bai toan 11 : Cho da giac AJA, .. An va o ¢iém X, Y, Z sao cho tong (OX + XY + YZ +
diém M nam trong da giac. Cho day diém X1, ZO0) nhd nhat.

Xy , X, va day s8 duong Xqs Xgy v s Xopo @ Bai toan 16 : Cho hinh chit nhat ABCD.
Ch(mg minh réng : x,MX, + XoMX, + L+ + Biém M nam trong hinh chit nhat. Ching

+x MX <max {o, 5 ay ;.. ;o) . minh rang :
Trong d6, a. = x1A.X1 + X2A-X2 + ... +e MA+MB + MC + MD <AB + AC + AD.
+x AX_ (1 <i< n). : : . Bai toan 17 : Cho tam giac ABC, AB >
m

S AC. Céc trung tuyen BM, CN cét nhau tai
e G. Chimg minh rang :
a) BM + MC > CN + NB.
b) BG + AC < CG + AB.
Bai toan 18 : Cho tam giac ABC, diém M
nam trén canh BC. Chimg minh réng :
S(ABC).AM < S(AMC).AB + S(AMB).AC.
Bai toan 19 : Cho tam giac ABC va diém
M nam trong tam giac. Chimg minh rang :
MA MB MC
_—t—t—
BC CA AB
{AB AC . BC BA CA BC}
< max

Ndi dung cla BT11 chinh la “nhimg két ®
qua khac, sau s&c hon, tha vi hon” ma téi
da timg dé cap dén sau khi gidi thiéu BT6.

Pé ban doc cé thé hinh dung dudc phan
nao sy sau sic va tha vi cla BT11, xin gidi
thiéu hai trudng hop cu thé clia no.

Bai toan 12 : Cho tam giac ABC va diém
M nam trong tam giac. Chimg minh rang :

BC.MA + CAMB + AB.MC <
<2.max {AB.AC ; BC.BA ; CA.CB).

Bai toan 13 : Cho tam giac nhon ABC. CA .
AH, BK, CL 1a cac dudng cao. Biém M nim AC  AB BA BC'CB CA

trong tam gidc HKL. Chimg minh réng : ¢ Baj to4an 20 : Cho tam giac ABC. Céc

MA + MB + MC < max {AH + BC ; BK + ¢ diém X, Y, Z khac A, B, C va theo th( tu

+CA; CL + AB}. < thudc cac canh BC, CA, AB. Ching minh
Toi cb thé gidi BT12 ma khong can dén e ring : P(XYZ) > min {P(AYZ) ; P(BZX) ;

BT11, nhung d&i véi BT13 thi tdi khong thé. § P(CXY)}.

T6i thuc su cAm on néu ai d6 cb thé cho 1o o No6i r|eng vé BT20, bai nay dudc gidi thiéu

biét mét I3i gidi clia BT13 ma khong cén e V& gidi trén tap chi The American
- d&n BT11. : Matffgmattcal monthly cua My. Téi da doc
Bét ddu tif ¥ tudng clia H&R4NG (phuong ® 1&i giai cha né. That dang t’IéC, bai toan qua
Y .o S o dep nhung IGi gidi qua x3u. Chinh vi nghi
fh‘:zg'r:;‘ IBT:Z, ‘"h‘f‘? keliht')uclla' ';‘ng‘?‘? + réing cd thé tim thdy cho BT20 mét 16i gidi
, Llr n _a,’.’B_"_’ig) P:f_ ié( - (‘;ﬁ‘ * don gién hon ma t6i gidi thiéu né véi ban
p lal - Phaichang toida ¢ qoc “Toan Tudi tho 2” nhan bai viét cia
@i lac chd dé ? Khéng, hoan toan khong. Y * minh, Véi rét nhiéu udc luong vé do’ dai.
twong dan dat y tuong, d6 la diéu quan s “Toén Tudi thad 2” hi vong nhan dugc mét 16i

trong nhat ma t6i mudn trao ddi cung ban : giai tuyét vai tir mot ban doc nao dé.

|
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NHUNG MG RONG BAN DAU
TU MOT BAI TOAN TRONG SACH GIAG KHOA

TS. LE QUOC HAN (BHSP Vinh)
% Tor mét bai toan quen thu‘c,’)ﬁrong SGK Hinh hoc I6p 9,
TS. Lé Quéc Han da c6 nhilmg md réng thu vi. Con dudng md
rong nay ciing la moét cach hoc toan ma cac ban can rén luyén.
TTT2 chan thanh cam on TS. Nguyén Minh Ha da cang TS. Lé
Quéc Han lam phong pht thém nhitng md rong nay.

Trong SGK Hinh hoc 16p 9, trang 38, ¢6
bai toan s6 14, ndi dung nhu sau :

Bai toan 1 : Cho tam giac déu ABC va
diém M thudc cung BC (khdng chira A)
clia dudng tron ngoai ti€p tam giac. Chimg

gidi thiéu vdi ban doc nhitng méd réng ban dau
ctia BT1. Mac di vay, nhimg md rdng nay,
trong chimg muc nao do, sé gitp cac ban trd
I3i cau hoi 1dn dugc dat ra trong chuyén muc
cla chung ta : “Hoc toan ra sao ?".

Trong BT1, gid thiét tam gidc ABC déu
tuong duong vdi gia thiét cac duong thang MA,
MB, MC d6i mét tao v6i nhau mét goc 60°.
Nhan xét trén cho ta mdt cach md réng BT1.

Bai toan 2 : Cho dudng tron (O) va
diém M n3m trong dudng tron. Cac day
AB,. AB,, AB, diquaM (A, By, Ag B,
A,, B, theo thif tu ndm trén (O)) va d6i mét

minh réng : MA = MB + MC.
Bai toan 1 (BT1) qol\fqo giai kha don gian :

tao vdi nhau mét gbc 60°. Chimg minh rang :
MA, + MA, + MA, = MB, + MB, + MB,,

N Vi BT2 dudgc sinh ra tif BT1 nén ta nght
ngay tdi viéc dung BT1 dé giai BT2.

M Hinh 1

L&i giai : Trén MA 1ay diém N sao cho .

MN =MB (1) (hinh 1) ; do BMN = BCA = 60°
nén ABMN déu = BN = BM (2).
AABC déu nén BA = BC, mat khac
ABC = MBN = 60° = ABN =MBC (3)
Tu (1), (2), (3) suy ra: AABN = ACBM (c.g.c)
= NA = MC (4).
Tir (1), (4)suyra:
MN + NA=MB + MC = MA=MB + MC.
BT1 1a su khdi d3u cho rdt nhiéu md rong
dep va sau sac. Do sy han ché vé chuong
trinh, trong bai viét nay, ching t6i chi c6 thé

. Hinh 2
L&i giai : Khong mét tinh téng quat, gia

“slt O ndm trong. géc BMA; va hon thé




-

OMB, < OMA; (hinh 2). Dung duging tron
(o) tdm O, ban kinh OM. Pudng tron nay
theo thit tu cat cac doan AB,, A,B,, AB,
taiC;, C,, Cy. Dé thdy M thuéc cung CZC3
(khéng chira C,) clda (o).
A S A MG _ ano
itk |CC203 = MG, =60
C1C3Cz = C1MCZ = 600

= AC,C,C, déu. Theo két qua cla BT1, .

tacé : MC, = MC, + MC, (1)
Lai chi y rang, (O) va (o) dong tam,
MA1 = C1B1
C,A, =MB, (2)
CsAs = MB3

T (1), (2) d& dang suy ra :

MA, + MA, + MA, = MB, + MB,, + MB,.

Tiép theo md rong trén, BT1 con co6 mét
md rong khac cling kha hap dan. N6 gidi

 thiéu véi chiing ta méi quan hé dep gilta ba
s3 MA?, MB2, MC?,

Baitoan 3 : Cho tam gidc déu ABC va diém
Mthudc dudng tron ngoai tiép tam giac. Ching
minhréing : MAZ + MBZ + MC2 =6R2. (R 1a ban
kinh dudng tron ngoai tiép tam giac ABC)

Trudc khi gidi BT3, ta hay phat biéu va

tacd:

chitng minh moét bé dé. H
A 0
<
120°
B Hinh 3 C
B3 dé 1 : Cho tam giac ABC cb goc
A=120°
Khi d6 : BC2 = AB2 + AC2 + AB.AC.

Chimg minh : Goi H 1a hinh chiéu ctia C
trén AB (hinh 3). D& thay :

AH =%AC : CH= %AC )

Theo dinh li Py-ta-go, ta ¢6:
BC? = BH? + CH? (2)

< Tu(1),(2)suyra:
BC? = (AB + AH)? + CH?

= (AB + %ACJZ + {—\{?—gACT

1 3

= AB? + ABAC + ZACZ + ZACZ

= AB? + AC? + AB.AC
BD1 da dugc chiing minh.
Trd lai viéc giai BT3.
Y

e TR

P /: T

Hinn 4

Khdong mat tinh tdng quat, gia st M
thudc cung BC (khéng chia A) cda (O)
(hinh 4). Theo két qua dat dugc trong BT1,
taco: MA=MB + MC
= MA? = MB2 + MC? + 2MB.MC
= MA? + MB2 + MC? = 2(MB2? + MC? +
MB.MC) (1)

Vi tam gidc ABC déu nén BMC = 120°,
Theo BD1, ta c6 : MB2 + MC2 + MB.MC = BC?
= MB? + MC2 + MB.MC = 3R? (2)

Tir (1), (2) suy ra: MAZ + MB2 + MC? = 6R?.

Tir BT3, tuong t nhuf cach phat trién BT1
thanh BT2, chung ta c6 thé phat bidu két qua
ma réng hon. Cac ban thlr suy nghi va gl gép
y kién vé TTT2. O s8 tap chi sau sé& gidi thigu
tiép nhung phatménmd Cam on cac ban.

(Ki sau déng tiép)
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Trong chuong trinh Toén I18p 6, cac em da
dugc hoc vé cac bai toan lién quan téi phép
chia hét cia mdt s6 ty nhién cho mot s6 ty
nhién khac 0 va d4c biét 1a dugc gidi thiéu vé
s8 chinh phuong, dé la sé tu nhién b&ng binh
phuong clia mét s tu nhién (chdng han :
0;1,4;9;16;25;121 ;144 ; ..).

Két hap cac kién thic trén, cac em cé thé
gidi quyét bai toan : Chimg minh mét s6
khéng phai 1a sé chinh phuong. Pay ciing la
mét cach clng cd cac kién thic ma cac em
da dugce hoc. Nhitng bai toan nay sé lam tang
thém long say mé mon toan cho cac em.

1. Nhin chir s& tan cung

Vi s8 chinh phuong bang binh phuong clia
mét s6 tu nhién nén cé thé thay ngay sé chinh
phuong phai cé chir sé tan cung [a mét
trong cac chirsd 0;1;4;5;6;9. Tudb cac
em cb thé giai dugc bai toan kiéu sau day :

Bai toan 1 : Chimg minh s8

n = 20042 + 20032 + 20022 - 20012
khéng phai 1a 8 chinh phuong.

Loi giai : D& dang thdy chir s& tan clng
clia cac s6 20042 ; 20032 ; 20022 ; 20012 14n
lugtla 6 ;9 ;4 ;1. Doddséncodchirsd tan
cling 1a 8 nén n khdng phai la s& chinh phuong.

Chi y : Nhiéu khi sG da cho c6 chit s6 tan
cung la mot trongcacs60;1;4:;5;6;9
nhung van khéng phai 1a sé chinh phuong.
Khi dé cac ban phai luu y thém médt chit nita :

Né&u s6 chinh phuong chia hét cho s&
nguyén t& p thi phai chia hét cho p2.

Bai toan 2 : Chimg minh s6 1234567890
khdng phéi 1a s& chinh phuong.

Lol gidi : Thdy ngay s6 1234567890 chia
hét cho 5 (vi chit s tan clng 1a 0) nhung

khéng chia hét cho 25 (vi hai chi 6 tan cling

la 90). Do d6 s 1234567890 khdng phai la

it i .50 CHINK PHUONG

LE VO VIET KHANG (Ha N6i)
-—

29899 0.200000000000000000

s8 chinh phuong.

Chay : C6 thé ly luan 1234567890 chia hét
cho 2 (vi chit s6 tan clng la 0), nhung khong
chia hé&t cho 4 (vi hai chit s6 tan cling [ 90) nén
1234567890 khong 1a s8 chinh phuong.

Bai toan 3 : Chimg minh réng néu mét s6
c6 t8ng cac chir s6 1a 2004 thi s6 d6 khong
phai ia s6 chinh phuong.

Li giai : Ta thay tdng cac chif s& clia s6
2004 la 6 nén 2004 chia hét cho 3 ma khéng
chia hét 9 nén s6 co t8ng cac chir s6 1a 2004
ciing chia hét cho 3 ma khdng chia hét cho 9,
do d6 s6 nay khéng phai |a sé chinh phuong.

2. Duing tinh chat cha s6 du

Chéng han cac em gap bai toan sau day :

Bai toan 4 : Ching minh mét s& ¢6 t8ng cac
chit s8 1a 2006 khong phai la s6 chinh phuong.

Chéc chén cac em sé& dé bi “choang”. Vay
4 bai toan nay ta s& phai nghi téi diéu gi ? Vi
cho gia thiét vé téng cac chir s& nén chéc
chén cac em phai nghi téi phép chia cho 3
hoic cho 9. Nhung lai khéng gap diéu
“ki diéu” nhu bai toan 3. Thé thi ta ndi dugc
diéu gi vé sd nay ? Chéc chan sé nay chia
cho 3 phai du 2. Tir d6 ta cé 1di giai.

L&i gidi : Vi s& chinh.phuong khi chia
cho 3 chi ¢6 s8 du la 0 hodic 1 ma thoi (coi
nhu bai tap dé cac em tu chilg minh !). Do
t8ng cac chir s6 cla s d6 1a 2006 nén sé d6
chia cho 3 du 2. Chimg té s6 da cho khong
phéi & s8 chinh phuong.

Tuong tu cac em cé thé tu giai quyét dugc
2 bai toan ;

Bai toan 5 : Ching minh t8ng cac sd ty
nhién lién tiép tir 1 d&n 2005 khéng phai la s
chinh phuong. )

Bai toan 6 : Chimg minh s6

n = 20044 + 20043 + 20042 + 23




khéng la s chinh phuang.

Bay gio cac em theo ddi bai toan sau dé
nght t¢i mot “tinh hudng” madi.

Bai toan 7 : Chimg minh s&

n=4% + 44% + 4444 + 4444444 + 15
khong 1a s6 chinh phudng.

Nhén xét : N&u xét n chia cho 3, cac em
sé thdy s6 du cla phép chia sé 1a 1, thé ia
khong “bat chudc” dudc cach gidi clia cac bai
toan 3; 4 ; 5; 6. N&u xét chit s6 tan cling cac
em sé thay chir s6 tan cing cGa n 1a 9 nén
khéng lam “tuong tu” dudc nhu cac bai toan+
1;2. S6 du clia phép chia n cho 4 la dé thay
nhét, d6 chinh 1a 3. Mét s& chinh phuong
khi chia cho 4 s& cho s& dif nhu thé nao
nhi ? Cac em c6 thé tu chu'ng minh va dugc
két qua : s& dur d6 chi cé thé 1a 0 hoic 1.
Nhu vay & cac em da giai xong bai toan 7.

3. “Kep” s0 giira hai $6 chinh phuong
“lign tigp”

Cac em c6 thé thdy réng : Néu n la
s0 v nhién va s& tu nhién k théa man
n? <k <(n + 1) thi k khéng 1a s8 chinh phuong.
Titdo cac em cb thé xét dugc cac bai toan sau :

Bai toan 8 : Chimg minh s& 4014025
khong la s& chinh phuong.

Nhan xét : S8 nay cb hai chir s6 tan cling
14 25, chia cho 3 du 1, chia cho 4 ciing du 1.
Thé 14 t4t c& cac cach lam trudc déu khéng
vin dung dugc. Cac em c6 thé thdy lai gidi
theo mét hudng khac.

Ldi gidi : Ta cd 20032 = 4012009 ; 20042
= 4016016 nén 20032 < 4014025 < 20042.
Chitng 16 4014025 khéng Ia s& chinh phuong.

Bai toan 9 : Chimg minh

A=n(n + 1)(n + 2)(n + 3)
khong 1a s6 chinh phuong vdi moi s6 tu nhién
nkhac 0.

Nhan xét : D&i vdi cac em da lam quen
véi dang biéu thitc nay thi cé thé nhan ra
A+ 11as8 chinh phuong (day la bai toan
quen thudc véi i6p 8). Cac em 19p 6, 16p 7
cling c6 thé chiu khé doc 16i giai.

Loigidi: Taco:
A+1=nn+1)(n +2)(n +3) + 1

=(n?+3n)(n? + 3n +2) + 1
= (n? + 3n)2 + 2(n? + 3n) +1
= (n?+ 3n +1)2.

Mat khac :

(n? + 3n)2 < (n? + 3n)2 + 2(n? + 3n) = A

Diéu nay hién nhién ding vin = 1. Chimg
t3:(n?+3n)2<A<A+1=(n?+3n+1)2 Suy
ra A khéng l1a s6 chinh phuong.

Cac em c¢6 thé ren luyén bang cach thlr
gidi bai toan sau :

Bai toan 10 : Hay tim sé tu nhién n sao
choA=n#-2n3+ 3n2 - 2n 1a s6 chinh phuong.

Gdi y : Nghi dén (n? - n + 1)2.

Bai toan 11 : Chimg minh s§

235 + 2312 + 232003
khéng 1a s6 chinh phuang.

Gdi y : Nghi dén phép chia cho 3 hoac
phép chia cho 4.

Bai toan 12 : C6 1000 manh bia hinh chit
nhat, trén m&i manh bia dudc ghi mét s6 trong
cac sd tir 2 dén 1001 sao cho khéng cé hai
manh nao ghi s& giéng nhau. Chimg minh
rdng : Khéng thé ghép tat ca cac manh bia
nay lién nhau dé& dugc mét s6 chinh phuang.

Bai toan 13 : Chimg minh réng : Téng cac
binh phuong cGa bdn s tu nhién lién tiép
khéng thé la sé chinh phuong.

Gdi y : Nghi tdi phép chia cho 4.

Bai toan 14 : Chimg minh ring s6

333333 + 555555 + 777777
khéng la sé chinh phuang.

Goi y : Nghi dén phép chia cho ... mot
chuc (?)

Bai toan 15 : Luc ddu cé hai manh bia,
mdt cau bé tinh nghich clf cdm mot manh bia
Ién lai xé ra lam b&n manh. Cau ta mong rang
clr lam nhu vay dén mét luc nao d6 sé duge
s6 manh bia la mét s chinh phuong. Cau ta
cé thuc hién dugc mong mudn dé khéng ?

Dé két thac bai viét nay, t6i mudn chic
cac em hoc that gidi mén toan ngay tif dau
bac THCS va cho tbi dugc ndi riéng vdi cac
quy thdy cd : nguyén tic chung dé chimg
minh mét s6 tu nhién khéng 1a s& chinh
phuong, d6 la dya vao mét trong cac diéu
kién cdn dé mot s8 1a s6 chinh phuong (ma
nhu cac quy thdy cd da biét : moi diéu kién
can trén ddi la dung dé ... pht dinh 1), Tir d6
cac quy thdy cb cb thé sang tao thém nhiéu
bai toan thu vi khac.

Mong cac em va quy thay cd phat hién
thém nhiéu diéu kién can nita dé chiing ta cb
thé tim hidu ki hon vé sé chinh phuong.

P
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CUR MAT 53 LR PHUTTG TRIK

NGUYEN THANH HA!

Kién thirc vé xét dau cac nghiém cla
mét phuong trinh bac hai 1a mét trong
nhimg kién thitc co ban clla THCS. Sau
nay khi hoc 1én bac THPT, cac em van can
st dung. Ta nhd lai nhitng diéu can thiét :
® Cho phuong trinh bac hai ax? + bx + ¢ =0
b

(a # 0), ta thuong ki hisuP=S:5=-2
a a

va X,, X, 1a cac nghiém cla phuong trinh.
@ Cac diéu kién quan trong :
+)X;<0<x, = P<0
P=0
S>0
P=0
S<0

P=0 A=0
)X =x=0 hoac

S=0 S=0
A>0
P>0
S>0

A>0
P>0
S<0

+)0=x1<x2<:>{

+)x1<x2=0<:>{

H0<x, <X, &

)X, <x,<0

S{r dung cac kién thitc trén ching ta co
thé xét dugc s6 nghiém cla nhiéu loai
phuong trinh.

1. Phuong trinh tring phuong

ax*+bx2+c=0 ()
Pat dn phut = xZ2 > 0 thi (1) s& trd thanh
at?+bt+c=0 (2)

M&i nghiém t > 0 cla (2) cho hai -

®
(GV THCS Nam Cuong, Nam Truc, Nam Binh)

nghiém x = +Jt cla (1).

Nghiém t = 0 clOa (2) sé cho mot
nghiém x = 0 cta (1).

Tat nhién t < 0 s& khdéng cho nghiém
cda (1).

Bai toan 1 : Bién luan sé nghiém cla
phuong trinh : xt-mx?+3m-8=0 (3)

Lai giai.: Datt = x2 > 0 thi (3) trd thanh :

2-mt+3m-8=0 (4)

S8 nghiém ctia (3) phu thudc vao dau
cac nghiém clia (4), tic la phu thudc vao
d&u clia cac biéu thirc

A=m?-12m+32;P=3m-8;S=m

Ta lap bang bién luan :

m|a|P|s|Nghiem cia (4) S‘é:g'(’gm
+[-1-] t <0<t 2
OK+| - ty<0<t, 2
+| - ty<0<ty 2
%+ + 0=t <ty 3
++ |+ O<ti<ty 4
aKol+{+] t=t>0 2
-1+]+] Vvé nghiém 0
8KO|+|[+ t1=t,>0 2
+ |+ 0<t1<t2 4

Bai toan 2 : Tim m dé phuong trinh
x*-2mx2+m?-3=0 (5)

c6 dung ba nghiém phan biét.

Li giai : Datt=x2 > 0 thi (5) trd thanh :
-2mt+m2-3=0 (6)




Phudng trinh (5) c6 dung ba nghiém
dhén biét <> phuong trinh (6) cé nghiém
P=0
S>0

2 _ _
Q{m —3-0<:>{m—ix/§c>m=\[§.

2m>0 m>0

2Phuong trinh a(x - a)2 + bjx - a] + ¢ =0 (7)
Pat 4n phu t = |x - o] thi (7) cling sé trd
thanh phuong trinh (2).
Ta thdy m&i quan hé gilta s& nghiém
clia (1), (7) v6i nghiém cla (2) rat giéng
nhau. C6 thé téng két lai nhé bang sau :

b thda man 0 = t,<t, c:{

S6 nghiém Nghiém Diéu
cda (1) ;(7) cla (2) kién
A<O
Vé nghiém A>0

0 hoac
t,<t,<0 P>0
S<0
_ P=0
1 t,<t,=0 S<o
t,<0<t, P<0
2 hoac A=0
t,=t,>0 S>0
3 0=t <t P=0
S $>0
'r A>0
i 4 O<t <t P>0
] S>0
* Baitoan 3 : Tim m dé phuong trinh
x-2x-|x-1]+m=0 (8)

¢d ding hai nghiém phéan biét,

Loi gidi : Ta co

B o (x-12-x-1+m-1=0

Patt =[x - 1| = O thi (8) trd thanh :
-t+m-1=0 9)

" Phuong trinh (8) c6 dang hai nghiém .

phan bigt < phuang trinh (9) ¢d nghiém
tut,théaman t, <0 <t, hoict, =t,>0

g

‘P<0 m-1<0 m <1

S| [A=0=|[1-4m+4 =0 5
S>0 1>0 m= 4

3. Phuong trinh a(kx + n) + b Vkx +n
+c¢=0(10)

D& khéng tdm thudng ta gia sir k = 0.

bat &n phu t = Vkx+n 2 0 thi (10) trd
thanh (2). V&i moi gia tri t > 0 cho ta mét
nghiém duy nhat x = %(t2 -n). Do d6 s6
nghiém clGa phuong trinh (10) dung béng
s6 nghiém khéng am clia phuong trinh (2).

Bai toan 4 : Tim m sao cho phuong
trinh 2x - mv2x-1 +2m-4=0 (11)
¢6 hai nghiém phan biét.

L&i giai : Patt=+v2x~1 >0 thi phuong
trinh (11) trd thanh

t2-mt+2m-3=0 (12)

Phuong trinh (11) ¢6 hai nghiém phan
biét « Phuong trinh (12) cé hai nghiém
phan biét t,, t, théa man t,> t, > 0

m > 6
A>0 -8m+12>0 m<?2
P20 2m-3>0 = 3
m2—
S>0 m>0 2
m >0
m>6
gsm<2
2

Trudc khi ding bai viét, xin @& nghi cac
em cb thé tu giai cac bai tap sau day :

Bai tap 1 : Tim m dé phuong trinh

x2+2m|x-2/-4x+m2+3=0
c6 it nhat mot nghiém.

Bai tap 2 : Chimg minh rang phuong
trinh : mx* - 3(m - 2)x? + m - 3 = 0 ludn c6
nghiém v&i moi m.

Bai tap 3 : Bién luan sé nghlem cla

phuang trinh : x - m vx -2 +m2-5=0.

e
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= ;‘h li Pizza

TS. NGUYEN MINH HA (BHSP Ha Noi)

NGUT. TRAN ANH DUNG (THPT chuyén Luong Thé Vinh, B6ng Nai)

Pizza khong phai la tén cOa mot nhae
toan hoc ma Ia tén cla moét loai banh hinh §
tron cta ngudi Y. Dinh |i Pizza Ia dinh li vé e
hinh trén nhung thudng dugde phat trién mét o
cach sinh déng nhg hinh anh cla chiéc §
banh Pizza. Dinh Ii nay 1&n dau tién duoc e
cong b8 va ching minh trén tap chiy
Mathematics Magazine s6 41 (nam 1968) ¢
bdi nha toan hoc L.J.Upton. Bai b4o nay xin o
gidi thiéu vdi ban doc dinh li Pizza va phép :
chdng minh dinh i d6. °

Dinh li Pizza : Néu chia chiéc banh §
Pizza thanh tdm phan bdi bén nhat cat e
cing di qua mot Giém nim trong chiéc o
banh sao cho hai nhat cit ké nhau tao véi S
nhau mdt géc bang 45° thi tdng dién tich e
clia b6n phan ddi mét khong ké nhau nay §
bang téng dién tich cla bén phan déi mot e
khéng ké nhau kia.

Trén hinh 1, ta thay hinh tron (Q) dugc
chia thanh tam phan bdi cac day AA,,
B,B,. C,C,, D,D, ciing di qua diém M va
(AAy B4By) = (BB, CiCy = (C4Cy,
D,D,) = (D,D,, A,A,) = 45° Dinh |i Pizza
kh&ng dinh ring, t8ng dién tich ciia bén
phén “trdng” bang téng dién tich cta bén
phan “mau”..Ki hiéu (A,, A,) chi géc gilta
hai dudng thang A,, A,, né c6 hiéu luc trong
toan bd bai bao nay.

Cé nhiéu cach ching minh dinh I Pizza.
Xin gidi thiéu v&i ban doc mét cach chimng
minh kha don gidn cla riéng chung téi.

Trudc hét, ta can c6 mét bé dé.

R Hinh 2
B6 dé : Cho hinh vudng ABCD néi tiép

dudng tron (»). Diém M thudc cung AB
nhd. Cac day MA, MB, MC, MD chia (o)
thanh nam phan “trdng” va “mau” (hinh 2).
Khi d6, t8ng dién tich cla hai phan “tring"
béng t8ng dién tich clia ba phan “mau’”.

Chimg minh bd dé : Goi H 14 hinh chidu
cla M trén doan AB (hinh 2). Ta thay :

S(MAD) + S(MBC) = S(HAD) + S(HBC)

1 1

‘ZHAAD + THBBC = ~(HA + HB).AD
2 2 2

)



(viAD = BC)

= %AB.AD = —;—S(ABCD) (1

Mét khac, vi ABCD la hinh vudéng nén
c4c cung AB, BC, CD, DA c6 s6 do biing

nhau (cling bang 90°) = dién tich cta cac
hinh vién phan sinh ra bdi cac cung nay
béng nhau => téng dién tich cta hai hinh
vién phan sinh ra bdi hai cung AD, BC
béng t8ng dién tich cta hai hinh vién phan
sinh ra bdi hai cung AB,DC  (2).

Tir (1) va (2) = trén hinh 2, t8ng dién tich
cla hai phan “trdng” bang tdng dién tich clia
ba phan “mau’”. B dé da dugc chimg minh.

BS dé trén chinh 1a trudng hop dac biét
cla dinh li Pizza khi b6n nhat cat cung di
qua mét diém nam trén bién cla chiéc
banh Pizza.

Trong phép ching minh b8 dé trén, ki
higu S(.) chi dién tich cac da giac.

Trd lai viéc chimg minh dinh Ii Pizza.

Chimg minh dinh li Pizza : Trén hinh 1,
goi O la tam cha (Q), goi (») 1a hinh tron
tam O, ban kinh OM. Dé cho ban doc dé
theo ddi, chung t6i v& thém moét hinh mdi
{hinh 3), hinh nay chinh 1a hinh 1 vé thém
dudng tron (o) va mot s dudng thing sé
duoc gidi thiéu dudi day.

Khéng maét tinh téng quat, gia st O ndm

[}

. trong géc C{MDy.
+ DitA B, C, D theo th(r ty 1a giao diém
$ thir hai cha céc déy A/A,, B.B,, C.C,,
*D,D, Véi (0). Vi (AA, B,B,) = (BB,

172
[}
. C1CZ) = (C1CZ’ D1D2) = (D1D2, A1A2) = 45°
< 'nén ABCD Ia hinh vudng. Cac day MA, MB,
e MC, MD chia (®) thanh nam phan “tring’,
< “mau”. Theo b8 dé, t8ng dién tich cla hai
e phan “trdng” bang t8ng dién tich cla ba
ophan “‘mau”  (3).
Hinh tron (Q) bd di hinh tron (), con lai
mét hinh vanh khan ma ta ki hiéu 1a (Q) \ (o).
Qua A, C vé cac dudng thang song song
véi B,B,. Qua A, B, C vé cac dudng thang

song song v&i DD,

N&m dueng thdng vifa vé cling v6i cac
duang thang A(A,, B,B,, C,C,, D,D, chia
(Q)\ (0) thanh 14 phan, trong d6 cé 7 phan
‘trdng” véi cac dién tich la t,, t,, t,, t,, ts, L,
t,va7 phan “mau” vdi cac dién tich la m,,

41

m
21
Vi moi duding thang di qua O déu Ia truc dsi
xing cla (Q) \ (w) nén ta cé : t, =m, ;
t, =m., (4). (ban doc tu kiém tra)

m,, M,, Mg, Mg, M-,

L ]

[}

[}

[}

[}

[}

[}

[}

[}

[

[}

[}

[}

[}

[}

[}

[}

[}

®

[}

[}

[}

[}

° t2 =My

L4 2 oA ’

e Tu(3)va (4) = trén hinh 3, tong dién tich
¢ clia bén phan “tréng” béng tdng dién tich
e cla bdn phan “mau”. Pinh i Pizza da dugc
+ ching minh.

e Trén day ta da chiing minh dinh Ii Pizza
s trong trudng hop n = 8 (chia banh thanh 8
o phan). Ngudi ta da chitng minh dugc rang,
s nbévanduangkhin=12;16;20; ... nhung
e khéng dung khin =2, 4, 6, 10, 14, 18, ...
[} o

[}
L ]
[}
[}
[}
[}
[}
[}
[}
[}
L ]
[}
[}
[}
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NHONG MG RQNG BAN DAV
TUMOT BAI TOAN TRONG SACH G1A0 KHOA

(tiép theo ki trudc)

TU BT3, tuong ty nhu cach phat trién
BT1 thanh BTZ, ta c6 bai toan mdi sau day

Bal toan 4 : Cho dudng tron (O) va diém
M nam trong (O). Cac day AB,. AB,,

A,B, di qua M va déi mét tao véi nhau m@t
gbc 60°. Chiing minh réng :
2 2 2 2 2
MA <+ MB,“ + MA,“ + MB,“ + MA,“ +
MB,? = 6R%

(R la ban kinh ctia dudng tron (O))
Az

Hinh 5

Lai giai : Khong mat tinh téng quat, gia
sit O ndm trong géc BiMA, va hon thé
OMB; < OMA; -(hinh 5). Goi H,, H,, H, 14n
lugt la hinh chiéu cla O trén A B,, AB,,
A,B,. Buong nhién, H,, H,, Hy nam trén

dudng tron (o) dudng kinh OM va M thude

TS. LE QUOC HAN va TS. NGUYEN MINH HA
H

cung HyH3 (khdng chita H,) clia (o).
HiHaHs = HiMH; = 60°

e _

Mat khac : { o
HyHaHz = HiMH, = 60°

= AH,H,H,déu. Theo két qua cua BTS3,

ta c6 : ’

OH,2+ OH,2+ OH,2=MH 2+ MH,2 + MH,2 (1)

Lai chu y rang, H,A, = H,B,
H,A, = HoB, ; HyBy = HaCy, ta c6
MA, 2+ MB,2 = (H,A, -HM? + (H,B, + H,My?
= 2(H,A,2 + H,M?)
MA,2+MB,2 = (HA, - H,M)?
= 2(H2A22 + H,M?)
MA,Z+ MB,2 = (HyA, - HM)? + (H,B, + HyM)?
= 2(H,A,2 + H M?)

Tl @6 va chu y téi dinh ly Py-ta-go, tacé :
MA,2 + MB,? = 2(R? - H,0? + H,M?)
MA,2 + MB,? = 2(R? - H,0? + H,M?)
MA,2 + MB,? = 2(R? - H,0? + HM?)
= MA. 2+ MB, 2+ MA,Z + MB,Z + MA,2 +
MB,? = 6R? - (H,0? + H,0?% + H,0%) +
(HM? + H,M? + H M) (2)

Tu (1), (2) suy ra :

MA,2 + MB,? + MA,2 + MB,?
MB,? = 6RZ.
Chua dung lai & day, méi quan hé dep

+ (H,B, + H,MP

+ MA32 +




1 1

gita cac so 11 —, trong d6 H, -

MH' MK’ ML

K, L 14 hinh chiéu ctia M trén BC, CA, AB,

cling sinh ra ti BT1.

Bai toan 5 : Cho tam giac ABC déu va
@iém M thudc cung BC (khéng chita A) clia
dudng tron ngoai ti€p tam giac. H, K, L theo
thit ty 14 hinh chiéu cha M trén BC, CA, AB.

M Hinh 6

L&i giai : Theo gia thiét, t&r giac ABMC

ndi tiép. Suy ra : ABM + ACM = 180°.

_Khéng mét tinh tdng quat, gia st :

ACM < 90° < ABM.

Khi d6, K thudc doan CA ; L thudc tia ddi

cliitta BA (hinh 6).
: DBty {ABHM v AAKM
+ ACHM ¢ AALM

LI

LIMCTMA _ MH MH _ MB+MC
MA_MCT MK ML MA
BT

“TheoBT1, MEMC g

A MA
. MH MH 11 1
- +—=1

i IMKML T T MH MK ML

BT5 giup ta di dén két qua dep sau day.

Bai todn 6 : Cho tam giac ABC déu va
diém M thudéc dudng tron ngoai ti€p tam
giac. H, K, L 1an lugt 1a hinh chi€u cla
M trén BC, CA, AB. Ching minh rang :
MH2 + MK? + ML2 = h2. (h 1a d6 dai cac
dudng cao clia tam giac ABC)

Hinh 7
L&i giai : Khéng mat tinh t8ng quat, gia
s M thudc cung BC (khéng chira A) clia
dudng tron ngoai tiép tam giac. Goi | la
hinh chiéu cGa A trén BC.
Ta thay :
S(ABC) = S(MAB) + S(MCA) - S(MBC)

= 1BcAl=ABML + LcAMK - LacMH
2 2 2 2
= Al =ML + MK - MH (vi BC = CA = AB)
= MH? + MK2 + ML2 + 2(MK.ML - MH.MK -
MH.ML) = h? (Al = h) (1)
Theo BT5 ta cb : —— = —— 4
MH MK ML

= MK.ML = MH.ML + MH.MK
= MK.ML - MH.ML - MH.MK = 0 (2)
Tt (1), (2) suy ra: MHZ + MK2 + ML2 = h2,
. (Ki sau déng tiép)
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Cac ban da dugc gidi thiéu cac phuong
phap chimg minh mét s6 khéng phai la s
chinh phuong trong TTT2 s8 9. Bai viét
nay, t6i mudn gidi thiéu voi cac ban bai
toan ching minh mét s6 1a s& chinh
phuong.

Phuong phap 1 : Dua vao dinh nghta.

Ta biét rang, s6 chinh phuong la binh
phuong cla mét s6 tu nhién. Dua vao dinh
nghia nay, ta cé thé dinh hudng giai quyét
cac bai toan.

Bai toan 1 : Ching minh : V&i moi s6 tu
nhién n thia =n(n + 1)(n + 2)(n + 3) + 1
1a s& chinh phuong.

L&i gidi : Taco :
a,=nn+1)(n+2)(n+3)+1

=(n°+3n)(n°+3n+2)+1

= (n? + 3n)2 + 2(n? + 3n) + 1

= (n? + 3n + 1)2

VGi n 13 s6 tuf nhién thi n + 3n + 1 ciing
la s6 tu nhién, theo dinh nghia, a_ la sé
chinh phuong.

Bai toan 2 : Chimg minh s6

11...155...5 6 1asd chinh phuong.
S—— —_———————
nchrs81 n-1chirsds
Loi giai :
TacbA=11...155...56
| S N ——
nchirs81 n-1chirs65
=11...155...5+1
T
nchirsé1 nchirsdé5s

CHUNG MINH MQT Sﬂ
LA SO CHiINH PHUONG

NGUYEN PUC TRUGNG
(GV THCS Pa Tén, Gia Lam, Ha N6i)

=11...1+4x11...1 +1
e ~—
2nchirs61 nchirso1
2n n_
_10 1+4X1O 1+1
9 9
_10%" +4x10"+4 (10" +2)°
9, 9
n-1chirs§0 )2
10 02
=|—=——=| =3...34%
3 e
n-1chirso 3
Vay :
11...1 55, ..5 6 ta sd chinh phuong.
%—I

Y T T T
nchitsé1 n-1chirsé5

Phuong phép 2 : Dua vao tinh chat dic biét.

Ta c6 thé chimg minh mét tinh chat rat
dac biét : “Néu a, b 1a hai sd tu nhién
nguyén té cung nhau va ab la mét sé
chinh phuong thi a va b déu |a cc sé chinh
phuong”.

Bai toan 3 : Ching minh rdng : Néum, n 1a
c4c 6 tu nhién thda man 3m? + m = 4n? +
thim - nva4m + 4n + 1 déu 14 s6 chinh

phuong.
La&i giai :
Tacd:3m?+m=4n?+n
< 4(m?-n?) + (m-n)=m?

& (M -n)(4m +4n + 1) = m? *)
Goi d 1a udc chung I6n nhat cia m - n va




dm+4n+1thi(dm+4n+1)+4(m-n):d
=>8m+1:d.
M3t khac, tir (*) tacé : m? i d2 = m ! d.
Tu8m+1:dvam:dtacé1:d=>d=1.
Vaym-nvadm +4n + 11a cac s6 tu
nhién nguyén t6 clng nhau, thda man (*)
nén ching déu la cac s6 chinh phuong.
Cudi cling xin gUi t8i cac ban mét s bai
toan thl vi vé s& chinh phuong :

® Chimng minh cac sé sau day ia sé°

chinh phuong :
a)22499...9100...09

\ﬁ__,/ “—/—‘—’
n-2chirs69 nchirsd0
b)44...488...89

N
nchirsé4 n-1chirsé8

@ Cho cac s6 nguyén duong a, b, ¢ ddi
mot nguyén td cling nhau, thda man :
11

—+—:1. Hay cho biét a + b c6 la s6
ab ¢

chinh phuong hay khéng ?

® Chimng minh ring, vdi moi sé tu nhién
n thi 3" + 4 khéng la s8 chinh phuong.

® Tim 6 tu nhién n d& n? + 2n + 2004
la sd chinh phuong.

® Chitng minh : Néu a =2 +2v12n? +1

tn la hai s tu nhién thi a Ia s8 chinh

Bai 2 : Cho doan théng AB Mét i ém
C chuyén déng trén AB: L4y AC va BC
1am canh dung hai tam gidc déu vé.ciing .
mét phia clia AB. Tim quy-tichtrung diém |
M clia-doan thiing ndi tam hai tam gidc ©
a8 (Quy: tich |a mét doan th%ng 11 AB,

céch AB mgt khwﬂg -’f‘f‘l\/;
Bai 3 : cm dudng trfm ©; R) va
mat duding thang d cat (0) 3AvaB, Mt‘:d
diém M chuyén dong trén. d, TUM ké. 2]
tiép’ tuyén MP va MQ véi- (IUU@Q tron, |
Tim quy tich.tam dudng trdn ngoai. 1iép -
tam gidc MNP. (Quy t!Ch Ia 2tialfdva.

céchdmﬁtdoanbéng —_— v&t@K.Ld)

Bai 4 : Che néa dudng “tron duang
kinh AOB. Mot-diém M chuyén dong -
trén nira. auangirbn Dung tam giac déu
BMCvénUam%fphéwg deM khéng
chu'a 0., = i

4@y Tim qu?ﬁch d”nh C (‘Cﬁng%ch(ré ?
géc 60°). S
) Tim quy tich trung cﬁ&n
{cung chifa géc 90°).. "
..€) Tim quy tich trorig.
giac'dén EM@ {mbt nita di
Bai 5 : Cho géc xOy. 'ﬁmﬁ@k? ‘.hch

cAc. dfém M & mién trong clia géc xOy
sao cho t8ng cac khodng cach tif M 4i .
Ox, Oy 1& mét hang s6 h G4 cha. (Poan '
AB.v8i A.e.Ox, B € Oy saochoAcéch Oy

*mdtdoan 14 h ; B cach Oy mot doan fa h)
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TUMOT BAT'DANG THOCDON GIAN

LINH NGUYEN

T6i xin trao d8i cung cac ban mét *bat
dang thic don gian nhung cé thé sif dung
dé dé xuat va ching minh nhiéu bai toan
tha vi.

Bai toan 1 : Vdi a, b duong, ta co :

a3 + b3 2 ab(a + b) *

L&i gidi : That vay, (*) tuong duong vdi :

(a+b)a?-ab+b?)-aba+b)=0

& (a+b)a?-2ab+b%) >0

& (a + b)(a - b)?2 > 0, dung vdi moi a, b
duong. Béng thirc xay ra < a = b.

eTachH:
33 2
(*)<:>—b—+b >a(a+b) (dob>0)

3

a
©?+b2 2a2

+ab.
Tuong tu, vdi a, b, ¢ dudng thi
3

2.2

C
—+a”~ 2c” +ca.
a

b> 5.2
—+c“2b° +bc;
c

Tir d6, ta chiing minh dudc bai toan :
Bai todn 2 : Vdi ba s6 a, b,c duong,
chimg minh rang :
3 3 .3
a—+b—+—2ab+bc+ca.
b ¢ a
3, 1.3

o TU (*), tiép tuc suy ra :

>a+b;
ab

b3 +¢3 e+
bc ca
la ba s6 duong. SU dung két qua nay, ta
chimg minh dugc bai toan trong dé thi vao
10 chuyén Lé Héng Phong 2000-2001 :
N

3

>b+c; >c+a vbia, b, c

@ - N
(Lop 8/10, THCS Nguyén Du, quan I, TP. H6 Chi Minh)

Bai toan 3 : Vdi a, b,c dudng, chimng
minh rang :

ad+bd b3+cd 34ad
+ + >a+b+c.
2ab 2bc 2ca
e Laico:

(*) & 4(a® +b%) > a° + b® + 3ab(a + b)
& 4a% +b3) = (a+b).
Ta dé xudt dudc bai toan :
Bai toan 4 :
Véi a, b, ¢ duong, chimg minh rang :
8@l +b3+cd2a+ b+ (b+c)d+(c+a)
o Nhan xét : Néu b8 sung gia thiét abc = 1,
(*) © a% + b3 + abc > ab(a + b) + abc
oad+b3+12ab@a+b+c)
1 1
< )
aS+b3+1 aba+b+c)
Tuong tu, ta cb :
1 1
<
b3 +c3+1 bcla+b+c)
1 1
< .
S +al+1 ca@+b+c)
Suyra:
1 N 1 . 1
a+b3+1 bP+cd+1 B+ad+1
1 1 1
+ +
ab(a+b+c) bc(a+b+c) ca(a+b+c)
3 1
a+b+c’
Ta dé xuéat dugc bai toan :

L=

a+b+c
abc

1.




Bai toan 5 : Cho a, b, ¢ duong, abc = 17
Chitng minh rang :

1 1 N 1
a+b3+1 bd+cd+1 cBaad+1
e Ap dung bai toan 5, ta sé chiing minh :
Bai toan 6 : (Pé du tuyén ki thi toan
udc t& Ian thir 37, nam 1996).

Cho a, b, c duong, abc = 1. Ching minh :

<1.

ab N bc N
a®> +b° +ab b® +c® +bc
2 <
¢S +a’ +ca
Ldi giai : Ta s& chimg minh
ab bc N ca
Pibo+ab b®+c®+bc P +a’+ca
1 1 N 1

S +
2+b%+1 bP+cd+1 B ead +1
yang cach chimg minh :

ab 1
5 3.3 (1)
P+’ +ab ad +b° +1

bc < 1 2

P+ +bec b3+ +1

ca ’ 1
< (3).
c®+ad+ca B +ad+1
That vay :

(1) < a° + b® + ab > ab(a® + b3 +1)

o a® + b5 > ab(a® + bd)

< a® + b2 a% + ab?

o (@5 -a%p)+ (b5-abt 20

= (a-bya*-bp*H =0

& (a - b)4a + b)(@? + b3) > 0, dang.
" Tuong tu, (2) va (3) ciing dung, bai toan
dudc ching minh.

@ D& nghi cac ban ap dung bt dng thitc
(*) dé tiép tuc chiing minh céac bai toan :

1. Cho a, b, ¢ khéng ‘d4m, chitng minh :
a> +b° + ¢ > a®Jbc +b2ea + c2Vab.

2. Cho a, b, ¢ duong, chitng minh :
5c° b3 5b3 -a3
cb+3c?  ba+3b?

5a° — ¢3
+

ac + 3a2

<a+b+c.
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oan quy a mot dang toan kho
trong hinh hoc, cac em thudng bi lUng tind
khi gap loai toan nay trong cac ki thi tot
nghiép va thi hoc sinh gidi & bac THCS.
Bai viét nay nham giup cac em mét s6 kinh
nghiém giai quyét phan thuan cla bai toan
quy tich.

Dai vai bai toan tim quy tich clia diém M
thi phan thuan phai dua vao tinh chat o cla
M dé suy ra M thudéc mét hinh F xac dinh.

Sau budc “doan nhan” quy tich bang
phuong phap vé 3 trudng hop hoac bang
cach dua vao su chuyén dong ctia diém M
(néu M ¢6 thé chay ra xa vo tan thi quy tich
M phai 1a dudng thang hoac dua vao tinh
d6i ximg cla quy tich ...) ta thudng tién
hanh ching minh phan thuan nhu thé nao ?
Ta gap hai tinh hung sau day :

1. Dy doan quy tich M la c6 dang thing
(doan thang, tia, dudng thang) ta cb thé
chon Iua cac cach chiing minh sau :

- S dung quy tich dudng trung truc.

- SUr dung quy tich dudng phan giac.

- Sl dung quy tich dudng thang song
song cach déu.

- N&i diém chuyén déng M vdi mot diém
O ¢§ dinh ré6i chiing minh : OM song song
véi mét dudng thang c6 dinh, hoac vudng
géc vai mot duding thdng ¢6 dinh hoac OM
tao véi dudng thang cd dinh mot géc o
khéng déi.

Vi du 1 : Cho géc vudng yOx va diém
A ¢6 dinh thudc Oy. Mot diém B chuyén
déng trén Ox. Dung hinh vudéng ABCD &

mién trong clia géc yOX.
a) Tim quy tich diém D.

PHAN THUAN
CUA BAI TOAN QUY TiCH

. vO QUOC LUONG
(THCS Chu Van An, Ha Noi)
b) Tim quy tich diém C.
¢) Tim quy tich tdm S cla hinh vuéng.
Hudng giai :

y m!
K 1 D
! P.
I e
. Ve
I : n.
i ./ s
i /'/ »/ C
1 K ’
: y 7
! S _/
Ve ‘/
e ’
A f .
+| Dy K
; B
81 ./‘
© C, B X
a) Ha DK L Oy.

Ching minh : B\ AKD = B\ A0B
= DK = OA = const = D e dudng thang /
Oy va cach Oy mét doan OA. Gidi han lai
D e tia Dym va {D} la tia D;m.

b) Dung dudng tron tdm S ngoai tiép
hinh vudng ABCD. (S) » Ox = C,. Ta ¢0 tu
giac ACBC, néi tiép = AC,O = ACB = 45°
= C, la diém c6 dinh ma C,C L AC,
=>CetiaCin LAC,.

Chu y : N&u chimg minh C e tia phan
giac géc rﬁ‘CTx cling dugc nhung s€ daiva
khé haon.

c) b€ tim quy tich S c6 rét nhiéu cach.




T8t nhat ta nén Ii luan nhu sau : Do (S)
luén luén di qua 2 diém c6 dinh Ava C, =
SA=8C = 8 e trung truc AC,.

Gidi han lai ta c6 {S} la tia Syp.

2. Dy doan dudgc quy tich diém M cé
dang tréon (dudng tron cung tron) ta cé
chon lua cac cach chiing minh sau :

- Chimg minh diém M luén luén cach
mét diém c¢6 dinh O ¢8 dinh mét khoang
khéng ddi.

- Dua vao quy tich cung chira géc.

- Chon 3 diém A, B, C ¢& dinh. Ching
minh t& giac ABCM ndi ti€p = M thude
dudng tron di qua A, B, C.

Vidu 2 : Cho nita dudng tron dudng kinh
AOB. M6t diém M chuyén déng trén nlta
dudng tron. Dung hinh vudng BMNP & nlta
mét phing bs BM khéng chifa O. Tim {N}.

Hudng gidi : Ta c6 thé ching minh
phan thuan theo céc cach sau :

et =,

- ~.
’ ~.
Nk h
N T .
N —_— .
- \
\ -~
N - N
\ A
N
N '
M !
N |
N !
\ !
N P
N /
N .
AV 2
A 0] B

Cach 1 : Chimg minh A, M, N théng
hang = ANB =45° = N cung chita gbc
45° v& trén AB.

Céch 2 : Trén tiép tuyén Ax lay AN, = AB.
Ni N,B = ANB=45° ma ANB = 45°
= 1 giac AN,NB ndi ti§p ma A, N, B c§
dinh, vay N thuéc dudng tron di quaA, N, B.

Cach 3 : Ching minh BNN; = 45°
= N thudc duang tron duong kinh BN,

Gidi han lai ta déu cé quy tich N 1a nia
dudng tron duang kinh BN,

Cach 4 : Kéo dai PM cat dudng tron tai
|. D& ching minh | la trung diém = (cé
dinh. Ma IN = IB = N thudc dudng tron
tam |, ban kinh IB.

Chu y : Do ménh dé thuan va ménh dé
phan déo la tuang duong nén c6 nhimng khi
ngudi ta da thay phan thuan bdi ménh dé
phan dao, cu thé 1a : Chimg minh M khéng
thudc F thi M khdng c¢6 tinh chat a.

Vi du 3 : Cho géc nhon @( Tim quy
nhimg diém M nam & mién trong cta gbc
sao cho ti s8 cac khoang cach tir M téi Ox
vattMtéiOyla1t: 2
Bai giai :

0 Q FB Q y

1. Do : L4y A € Ox ; B e Oy sao cho
OA = OB. Lay H ¢ dinh thudc AB sao cho
HA:HB=1:2

Ha HE 1 Ox, HF 1 Oy.

R& rang E\CHEA > B\\HFB (g.g) nén

L&y M bat ki thudc tia OH. Ha MP 1 Ox,
MQ 1 Oy.
. MP MQ MP HE 1
Tacd: —=—= =
HE HF
2. Thuan :
L&y M' khéng thudc tia OH ta chimg minh
MP 1 o
o # > (de dang)
Vay quy tich diém M la tia OH.
Dudi day xin néu mét sb bai tap quy
tich dé cac ban tham khéo.
(xem tiép trang 7)

MQ HF 2

7o\
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Bai toan téng quat

Cho sd tu nhién n > 1 ¢6 k chir s6. Hoi
day sd tu nhién lién tiép 1, 2, ..., n co bao
nhiéu chirs6 ?

(Ch&ng han vdi n = 9 thi day c6 9 chirsg ;
vdi n = 10 thi day c6 11 chit s6)

Loi giai.

eVdik=1.

Day consé 1,2, .., n. Sé cac chir s6
cla daylaN=n.

o Vbik>1.

Gid st n = a4ay... 3y .

Ta quy udc mbi s6 tu nhién tr 1 dén n
duoc viét du k chir s6 bang cach viét théem
s6 0 & phia trudc cac sé ¢o it hon k chir s6
va dat n sé da cho theo c6t d dang sau :

00... 01
00... 02

a4ay... a .
S6 cac chir sé da dung theo quy udc la
nk, trong d6 sé chir s6 0 dugc thém vao la
10 - 1 86 & hang chuc ;
102 — 1 s8 & hang tram ;
10%-1 - 1 56 & hang 10k - 1.
Vay sd chir s6 0 dudc thém vao la
Ng= (10 + 102 +.. + 105" — (k 1) =

VO HOAI THANH
(GV THCS Trén Pha, Tam Ban, Phu Ninh, Quéng Nam)

kK K _ax_
o1 oot 10f ookt
k chif s6 1 9 9
Do d6 sd chir s6 clia day la
k
N:nk—NO:nk_m——g—ki_
9
k
VéyN=gk(n+1)g—10 +1. (1)

Sau day ta néu nhimg ap dung cu thé
clia bai toan trén.

Ap dung 1. Tim s8 chir s clia day dugc
tao thanh khi viét lién ti€p cac s6 tu nhién
1,2,...,999...9 (v6ik <9).

k chif s6 9
Céach 1. Ap dung két qua (1) trong
trudng hop n= 999..9 =10% -1 ta dugc
k chif s6 9
9k -10* - 10 +1 _ (9k - 110" +1
9 - 9

Céch 2. Tinh truc tiép.

Day dugc tao thanh khi viét lién ti€p cac
sGtunhién 1,2, ..., 999...9 (v8ik<9)cod:

———

k chif s6 9
9-10° s6 ¢6 1 chir s&
9.10" 8 ¢6 2 chir s6

N=

(2)

9-10%1 6 ¢6 k chir s8.
Vay s0 chir s6 cla day la
N =9:(1-10%+ 2.10° +... + k-10")

‘N =9-k(k - 1)k - 2)... 321.

3)

|




Nhan xét. Tur (2) va (3) suy ra
(9k —1)-10% +1

=k(k -k -2)...321. (4)

81
Ap dung 2. Day s6 dudc tao thanh khi
viét cac s6 tu nhién lién tiép 1, 2, ... , 1231
¢6 bao nhiéu chit s6 ?
L&i giai.

Cach 1. Dung céng thirc (1) véin = 1231
vak=4,tacd
9-4-1232-10% +1
- 9
Cach 2. Day sé dugc tao thanh khi viét
cac sd tu nhién lién ti€p 1, 2, ..., 999 c6 sb
chir s6 theo (2) 1a

9.321 = 2889 (chir s6).

Day s6 dugc tao thanh khi viét cac s6 tu
nhién lién tiép 1000, 1001, ..., 1231 c6 s6
chirsé la

4(1231 - 1000 + 1) = 928 (chir s6).

S§ chir so cla day la

N = 2889 + 928 = 3817 (chi sd).

Ap dung 3. Ta viét cac s6 tu nhién lién
tiép 1, 2, 3, ... dé duogc sé tu nhién A cb
nhiéu hon 2008 chir s6. Héi chir s8 thi
2008 ctia s& A bang bao nhiéu ?

L&i giai. Gia st chir s6 thir 2008 cla s6
A thudc s6 tu nhién n va n cé k chir sé.

Cach 1. Day s6 dugc tao thanh khi viét
céc s6 tu nhién lién ti€ép 1, 2, ..., 99 ¢ s6
chir sé theo (2) la

9-21 = 189 (chir s8).

Day s6 dugc tao thanh khi viét cac s6 tu
nhién lién tiép 1, 2, ..., 999 c6 sb chir s6
theo (2) la

9.321 = 2889 (ch(t sd).

Vi 189 < 2008 < 2889 nén k = 3.

Tir chir s6 thir 190 dén chir s thir 2008
cla s6 A cd sb chirsé la

2008 —~ 190 + 1 = 1819 (chir 56).

N = 3817 (chir sd).

Vi 1819 = 3.606 + 1 nén chit s thir 2008
cla s6 A la chit s6 hang tram cta sé thir
607 trong day cac s& tu nhién cé 3 chir s8,
tlre la chit s6 hang tram cla sé

99 + 607 = 706.

Vay chir s8 thir 2008 clia s6 Ala sé 7.

Cach 2. Goi B la s6 dugc tao thanh khi
viét cac s6 tu nhién lién tiép tir 1 dén n va
goi N 14 s6 chir sd ctia B.

Vi chit sé thir 2008 cua s6 B 1a mét chit
s6 thudc s6 n nén N > 2008. Suy ra

9k(n +1) - 105 +1
9

Véi k = 2 thin > 1009 : loai.

Véik = 3thin > 706.

Do d6 n =706 va N = 2010 nén chir s
th(r 2008 cla s6 Ala s6 7.

Dé gilp cac ban rén luyén thém vé
dang toan nay, téi xin dua thém hai bai
toan sau.

Bai toan 1. Day gém 2010 sd tu nhién
tur 1 dén 2010 c6 bao nhiéu chit s6 ?

Bai toan 2. Ta viét cac so tu nhién lién
tiép 1, 2, 3, ... dé dudc sb tu nhién A cb
nhiéu hon 3000 chir s6. Héi chir sé thir
3000 chia s& A bang bao nhiéu ?

> 2008.




Bai toan. “Cho cac s6 a, b, ¢, ... vam
thda man mét hé thirc da cho. Ching minh
rang trong cac sé a, b, ¢, ... ¢6 it nhat mét
s6 bang s6 m".

D& giai bai toan trén, ta can ching minh
dudgc (a ~ m)Y(b - m){(c-m) ...=0. )

Nhiéu ban khi giai loai toan nay con lang
tiung, mat kha nhiéu thai gian. Xin mach vdi
cac ban mét cach lam nhanh nhu sau.

Budc 1 : Khai trién biéu thurc (*).

Budc 2 : Bién déi gia thiét cta bai toan,
déi chiéu voi bi€u thire da khai trién cda (*)
dé thdy réng tur gia thiét suy ra két luan.

Sau day 1a mot s6 bai toan minh hoa.

Bai toan 1. Cho ba s a, b, c khac 0 thda
Mana+b+c=2008va Lt to T

a b c 2008

Chirng minh rang trong cac sé a, b, ¢ ¢6
it nh&t mot s6 bang 2008.

Phén tich. Trugc hét ta trién khai bidu thic

(a — 2008)(b - 2008)(c — 2008) =0
<> (ab - 2008a - 2008b + 20082)(c -2008)=0
<> abc - 2008(ab + bc + ca) +

+2008%(a + b +c)-2008%=0. (1)

Bién ddi bidu thic clia gia thiét

AL
a b ¢ 2008
<> abc - 2008(ab + bc + ca) = 0. (2)
Trir theo vé cha (1) va (2), suy ra
2008%(a + b + ¢) ~ 20083 =0 (3)

] ©a+b+c—2008=0.

{Phong GD Huong Thiy, Thita Thién - Hué)

NGUT. MINH TRAN

Lasi giai. Tur gia thigt L+ 1+ 1o 1
a b ¢ 2008
suy ra abc - 2008(ab + bc +ca)=0.  (2)
T gia thiét a + b + ¢ = 2008, suy ra
2008%(a + b + ¢) — 20083 = 0. (3)
Cdng theo vé clia (2) va (3), suy ra
abc - 2008(ab + bc + ca) +
+2008%(a + b + c) - 20083 = 0. (1)
< (a - 2008)(b - 2008)(c ~ 2008) =0
<> a = 2008 hoac b = 2008 hodc ¢ = 2008.
Ta c6 dpcm.
Bai toan 2. Cho ba sé a, b, c khac 0 thoa
man a+b+c¢ =l+l+—1- va abc = 1.
a b ¢
Chimg minh rang trong cac sé a, b, ¢ ¢6
it nhat mét s6 bang 1.
Phan tich. Khai trién biéu thirc
fa-1b-1)c-1)=0
oab-a-b+1N)c-1)=0
<>abc - (ab + bc + ca) +
+(@a+b+c)-1=0. 4
Bién ddi gia thiét véi abc = 1, ta cb
1

1 1
a+b+c=—+—+—
a b ¢

<a+b+c=ab+bc+ca
<a+b+c~(ab+bc+ca)=0. 5)
Trir theo v& clia (4) va (5), suy ra
abc-1=0. . (6)
L&i gidi. Tir gia thiét abc = 1, suy ra
abc-1=0.

®)1

L-—-————-———-—-——---——-—-—-—-—-——--------‘

| p—



TL‘rgiéthié'ta+b+c=l+l+lvéabc=1,
a b c
suy ra

a+b+c=ab+bc+ca
<a+b+c-(ab+bc+ca)=
Coéng theo vé& cta (5) va (6) suy ra
< abc - (ab + bc + ca) +
+(@a+b+c)-1=0.
<o@-1)b-1)(c-1)=0
< a=1hoacb=1hodcc=1.

(5)

(4)

Ta c6 dpcm. .
Bai toan 3 Cho ba s6 a, b, c khac 0 thda
. 37 3.3
man — vaYa+3b+¥c =
Ya J_ J_ 3

- V64245201275 .

Chimg minh rang trong cac sé a, b, ¢ cé
it nhat mét sé bang 27.
L&i giai. Ta co
1 1 1 1

—_—t—t —=—
Y¥a b Yo 3
& Yabc - 3(3ab + Yoc + Yca) = 0.

Rt gon can thac :

V291245 = J(3-2J5) = [3-25]

= 6+245 291245 -
=\6+2V5-(26-3) =

(7)

J9=3.
Suy ra

Ya+db+¥c-3=0
=9(%a+¥b +Yc)-27=0.
Cong theo vé cua (7) va (8), ta dugc
m—3(%+%+§/§)+
+9Fa+3b+¥c)-27=0
= Ya-3)3b-3)3c-3)=0
< ¥a =3 hoac Ib =3 hoac ¥c =3
<> a=27 hodcb =27 hodc c = 27.

(8)

Ta c6 dpcm.

Bai tap ap dung.
Bai 1. Cho ba s6 a, b, ¢ khac 0 thda man

1 1
x/_+\/l;+\/_2va\/_\/_\/_2

Chimg minh rang cé it nhat mét trong
cac s8 a, b, ¢ béng 8.

i +3b+¥c = 4
BaZCho\/_x/Ex/_\/_\/_\/E

va abc = 8. Chitng minh ring c6 it nhat mot
trong cac s6 a, b, ¢ bang 8.

Bai 3. Cho cac s6 a, b, ¢, n khac 0 thoa

- .11 1 1
mana+b+c=nva —+—+—=—,

a b ¢ n

Chimg minh réng trong cac sé a, b, ¢ c6
it nhat mot s bang n.

Bai 4. Cho cac s6 a, b, ¢, n khac 0 thoa

2 2n2 3

man a+b+c=—+—+— va abc =n°".
a b ¢

Chimg minh rang trong cac sé a, b, ¢ ¢
it nhat mot s6 bang n.

Chu y. K&t luan cta bai 1, bai 3 c6 thé
thay bdi “Chimg minh rang trong cac sé
a, b, ¢ ¢co it nhat hai s6 d&i nhau".
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Fields4a giai thudng cao quy dudc trao cho cac nha :
toan hoc dudi 40 tudi co cac cong trinh nghién ciu ¢
dong gdép quan trong cho toan hoc. Gidi dudc trao tai ¢
moi ki dai hoi clia Hoi Toan hoc Quéc t€ (ICM) va duge ¢
trao lan dau vao nam 1936, :

Ngudi van dong sang lap va gép tién thanh lap giai ¢
Fields chinh |a GS. John Charles Fields (1863-1932), .
ngudi Canada, néi tiéng véi Ii thuyét ham dai s6 va li ¢
thuyét tich phan Abel, la Cha tich H6i Toan hoc Quéc
té (IMU) thai ki nam 1924-1932. Giai bi gian doan trong °
sudt thé chién Il va dudc trao déu dan 4 nam mot lan <
tir nam 1950 dén nay. Ban dau, giai chi trao t5i da méi :
lan cho hai nha toan hoc nhung tr nam 1966 ting lén &

t6i da 1a 4 ngudi. :

. Gidi Fields bao gom td&m huy chuong béng vang va

John Charles Fields tién mat. Mat phai clia tam huy chuong 1a hinh cai dau

ciia nha bac hoc Ac-si-mét (287-212 BC) véi dong chit bao quanh 1a “Vuot 1&n khdi chinh

minh va linh hdi thé giéi”. N&i |én trudc mat trai clia tAm huy chuong la dong chir “Cac nha

s toan hoc tif khap noi

: trén thé gidi tu hoi vé

day dé tran trong

nhimg cdng trinh xuat
sac”.

Cé tat ca 48 nha
toan hoc da dudgc trao
+ gidi thudng Fields.

* Ngudi tré tudi nhét la
E Terence Tao. Nam
: 2006, Tao dugc trao
- glal Fields khi méi 31
' tudi. Nam 1966,
Grothendieck vi bat
déng quan diém chinh tri nén da khong dén 1é trao giai tai Matxcova (nhung van nhan
giadi). Nam 1978, Margulis do bj han ché di chuyén nén da khong dén dugc Hensiki dé
nhan gidi. C6 8 ngudi dugc trao giai Fields timg du thi Toan Qudc té (IMO). Gay ngac
nhién nhat 1a Grigori Perelman (sinh nam 1966), huy chuong vang IMO nam 1982, dugc

The Fields medals



Terence Tao Grigori Perelman Andrew Wiles

trao giai thudng Fields nam 2006) vi da giai dugc mot trong bay thach d6 thién nién ki cha
toan hoc la gia thuyét Poincaré. Ong 1a ngudi duy nhat tir chéi nhan gidi Fields (va ciing
tir chdi nhan giai thudng clia Vién toan hoc Clay tri gia 1 triéu d6 la). Nam 1998, do qua
tudi quy dinh nén Andrew Wiles, ngudi My, ngudi da ching minh dudc bai toan Fermat ndi
ti€ng, la ngudi dau tién dugc trao giadi bac ctia IMU.

Danh sach nhan giai thuong Fields.

2006 : Terence Tao (Uc/My), Grigori Perelman (Nga), Andrei Okounkov (Nga/My),
Wendelin Werner (Phap)

2002 : Laurent Lafforgue (Phap), Vladimir Voevodsky (Nga/My)

1998 : Richard Ewen Borcherds (Anh), Wiliam Timothy Gowers (Anh), Maxim
Kontsevich (Nga), Curtis T. McMullen (My)

1994 : Efim Isakovich Zelmanov (Nga), Pierre-Louis Lions (Phap), Jean Bourgain (Bi),
Jean-Christophe Yoccoz (Phap)

1990 : Viadimir Drinfeld (Lién X6), Vaughan Frederick Randal Jones (New Zealand),
Shigefumi Mori (Nhat Ban), Edward Witten (My)

1986 : Simon Donaldson (Anh), Gerd Faltings (Tay Buac), Michael Freedman (My)

1982 : Alain Connes (Phap), William Thurston (My), Shing-Tung Yau (Trung Quéc/My)

1978 : Pierre Deligne (Bi), Charles Fefferman (My), Grigory Margulis (Lién X), Daniel
Quillen (My)

1974 : Enrico Bombieri (ltalia), David Mumford (My)

1970 : Alan Baker (Anh), Heisuke Hironaka (Nhat), Sergei Petrovich Novikov {Lién X0),
John Griggs Thompson (Anh)

1966 : Michael Atiyah (Anh), Paul Joseph Cohen (My), Alexander Grothendieck (Phap),
Stephen Smale (My)

1962 : Lars V. Hormander (Thuy Bién), John Milnor (My)

1958 : Klaus Roth (Anh), Rene Thom (Phap)

1954 : Kunihiko Kodaira (Nhat Ban), Jean-Pierre Serre (Phéap)

1950 : Laurent Schwartz (Phéap), Atle Selberg (Na Uy)

1936 : Lars Ahlfors (Phan Lan), Jesse Douglas (My)

NGO QUANG HIEN - HOANG TRONG HAO (st)
* (Ng& 105 Ninh Xa, TP. B&c Ninh, Béc Ninh) ¢



LTS. Tir khi xuét hién dé€ lam vat ngang
gia chung, tién dugc luan chuyén khong
ngung. Ngén hang ra déi sau do giup cho*
céc dong luan chuyén doé thuan Igi va dam
béo. Khi tién duoc vay, ddc biét véi muc
dich kinh doanh, thi ngudi vay phai tré
thém mot khodn tién cho viéc sir dung s6
tién &y. S& tién trd thém doé goi la tién I4i.

S8 lugng tién duogc vay goi 1a phan
chinh, phan géc (principal) ; s6 tién phai
trd thém dé dudc str dung s6 tién 4y goi la
|ai, tién 1ai (interest).

Néu s tién Iai dugc tinh khéng thay ddi
trong cac nam thi dugc goi la lai don
(simple interest). Chling ta sé& biét khai
niém lai kép & bai viét khac.

Vi du. Khodn tién $2000 cho vay trong
5 nam vdi 1ai suat 3% méi nam. Tim s&
tién 1ai don va téng s6 tién thu vé.

L&i gidi. Tién 1ai trén $2000 trong 1
nam vdi lai suat 3% la

3
100

Tién 1ai trén $2000 trong 5 nam vdi lai

suat 3% la
3
100

S8 lugng tién thu vé = Tién gbc + Tién
lai = $2000 + $300 = $2300.

Vay tién 1ai la $300 va téng s6 tién thu
vé la $2300. |

Ghi nhd. Lai don bang phan chinh
(phan géc) nhan véi ti sudt Iai (theo phan
tram) va nhan véi s6 nam. Vay néu phan
chinh 1a P, phan lai 1a |, ti suat lai la R

x $2000 = $60.

x $2000 x 5 = $300.

phan tram véi khoang thoi gian vay 1a T

nam thi | = E
100
Cac tir ti€ng Anh thudng gap :
loan vay
borrower ngudi vay
sum téng
per annum  mbi nam
amount $6 lugng
interest ai, tién lai
rate ti suat, suat
principal _phan chinh, tién géc
period khoang thdi gian

Bai tap. Mot ngudi vay ngan hang, lai
suat theo nam giam tur 6%% xudng 6% do

d6 mbi nam phai tra lai it di $76. Tinh :
i) Téng s6 tién ngudi d6 da vay.
i) Tién 1ai phai trd méi nam véi ti suat

6—%.
2

Nam phan thudng cho nam ban c¢6 I&i
giai tét nhat.

| ——




Trén tap chi Todn hoc va Tuéi tré sé 304 (10/2002)
va 56 305 (11/2002) cdc tdc gid Nguyén Anh Thudn
va Nguyén Phuéc da phin tich cdch gidi mt sé
dang ddc biét cua phuong trinh bdc bén. Trong qud
trinh tim hiéu, t6i ciing phdt hién ra dwgc mot
hwéng gidi cdc phwong trinh dang nay, dong thoi
xdy dung hudng gidi cho mét s6 dang méi cia
phuong trinh bdc bon. B6 chinh la ni dung cva bai

viéet dudi day.

PHUONG TRINH BAC BON DANG DAC BIET

CAO NGOC TOAN

(GV THPT Tam Giang, Phong Dién, Thita Thién - Hué)

O DANG 1. Phuong trinh bac bén dang
ax*+b +ex’tbx+a=0,(a#0)

Dady la phuong trinh bdc bon c¢6 hé sé doi
xung va doi ximg léch.
Huodng gidi. D€ giai PT dang trén ta thuc hién
nhu sau:
Patdnphut=x"t1,suyraff=x"+2x*+ 1.
Liic d6

ax* +bx* +ex* tbx+a=0
a2+ D+ bx(P £ 1)+ (c2a)x* =0.
Do d6 af* + bxt + (c+2a)x* =0 (1)
PT(1) (4n ) c6 nghiém khi b* — 4ac F 8a*> 0.
Thay nghiém ¢ (phu thudc x) vao biéu thic
£ —t+ 1 =0 va gii PT nay ta tim duoc x.

% Thi du 1. Gidi cdc phuong trinh sau
a)x'-102+232-10x+1=0 1
b) 3x* - 8x - 34> + 8x+3=0 A (2)
Loigidi. a) Datt=x2+1= 2 =x*+ 22+ 1.
Lic d6, bién déi PT (1) thanh

(' +2%+ D) - 10x(2 + 1) + 212 =0,

hayla £ - 10xt +21x* =0

S(E-T)(¢t-3x)=0ot="Txhoact=13x.
‘ +
e Véit=Txtac6 ¥’ —Tx+1=0 x=7_;\/§.
345
5
Vay phuong trinh di cho c6 bon nghiém la
74345 35

Xjp=——"—; X34=——_—.
2

2

eVdit=3xtact X -3x+1=0& x=

b)Patt=x—1= £ =x"—2¢ + 1. Liic d6
bién déi PT (2) thanh

3(x* - 2% + 1) — 8x(2 — 1) — 28x* = 0, hay la
3 -8xt—-28=0 (1t + h)[t—%x)=0

& t=-2xhoic t=ﬂx.
3
o Véit=—2xtact X +2x—1 =0 x=—1++/2.
e Vi t=%x tacé '
+
3-14x-3=0 o x=z_—3@.

Vay PT da cho c¢6 bdn nghiém la

7458

3

.0

X1,2 '—_-—1'_*'_\/5 y X3a=



Y DANG 2. Phuong trinh bac bon dang:
2
x4 +ax3+bx?+cx +c—7:(), (@a=+0)
e

« D - J C
Hudng gidi. Dat 4n phu =x2 +—, suy ra

2¢ c?
P2=xt+—x2+—.
a a?
c?
Lic dé tacd x*+ax? +bx? +cx+—2=0 .

a
c2
(x“ +£x2 +—]+a.x(x2 ) ( _E}xz 0,
a a? a a
tuc 1a t2+axt+[b—-2—cjx2=0 ¢}
a
PT (1) (4n #) c6 nghiém khi —M 20.

a
Thay nghiém ¢ (phu thudc x) tim duoc vao

.2 ’ C N = N ~
biéu thic x?—¢t+—=0 va giai PT nay ta tim
a
duoc x.

% Thi du 2. Gidi phuong trinh
X+ 20 - 200 +4x +4=0
2
Loi gigi. Tac6a=2, b=-20,c =4, ——2—=4
a

3_
nen & 49b+8¢_10050.
a

Patt = x* +2 = £ =x* + 4x* + 4. Bién d6i PT
da cho thanh

(x* + 4x* + 4) + 2x(x* + 2) — 24x* = 0, hay 1a
P+2xt—-24 =0 (t-4x)(t+6x)=0
© t=4x hodc t = —6x.

eVGit=dxtaco 2 —4dx+2=0x=2+2",

® Vit =—6xtacox+6x+2=0 > x=—3+/7.

Vay phuong trinh da cho c¢6 bon nghiém 1a -
x1_2=21\/§; X3,4=—3i\/:7-.g

DANG 3. Phuong trinh bac bon dang
axt + 2abx + (a+ PP tbx+c=0,(@az0)

Huong gidi. Dat 4n phu ¢ = ax® + bx.
Lic d6 ta co
2+ 2abP + (Fa+ b2t bx+c=0

& (@ +bx)*+ (@ +bx) + ¢ =0, tic 1a

Pti+c=0 )
Giai PT (1) dé tim ¢, sau d6 thay vao biéu thitc
ax® + bx — t = 0 va gidi PT nay ta tim duoc x.
% Thi du 3. Gidi phuong trink

4x* + 520 + 171 + 13x =30 =0.

Loi gidi. Ta c6 & = 4, 2ab = 52, b =13, ¢ = -30,
suyraa=2.

Pat t = 222 + 13x, bién déi PT da cho thanh

(2x% + 13x)* + 2(2¢* + 13x) — 30 = 0, hay 12
£+t-30=0¢«t=5hoict=-6.

eVgit=5tacéd

27+ 13x-5=0 &

—13+\/20
4

®Véit=—6tacéd

2xX*+13x—-5=0¢ x=—6hoic x=—1—.

N

Vay PT da cho ¢6 bon nghiém la

—13+\/20 1

xa= oV e 2 x=—6.0
1,2 4 X3 2 4

Pé két thic bai bdo, moi cac ban hdy giai cac
bai tap twong tu, cung loai sau:

1. Giai cdc phuong trinh

Axt - -102-x+1=0;

b)x*+28 - 172 -2x+1=0;

)X =9 +16x* + 18x+4=0.

~ 2. Xét phuong trinh

25x* +206x° + 671x* —26x + m = 0.
a) Tim m dé phuong trinh trén c6 nghiém.
b) Giai phuong trinh khi m = — 42.
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"G DUNG PHUONG PHAP DONG BA
VAD GIAT HE PHLTNG TRINK

HOANG DUC NGUYEN

(GV. Truong THPT chuyén, Pai hoc Su pham Ha Néi)

Phuong phap déng bac hay con goi la phuong phap ding cap la mét phuong phéap
hay dudc st dung trong viéc giai hé phuong trinh. P6i véi phuong phap nay, ngudi ta
st dung gia thiét cta bai toan dé tim ra hé thuc lién hé gida cac bién ma & dé6 méi hang
t c6 cung bac. Hé thuc nay dudc st dung dé tim ra quan hé gidra cac &n béng céch
coi no la phuong trinh mét &n sé va cac tham s6 réi giai phuong trinh nay.

Sau day la mét sé vi du.
Vi du 1. Giai hé phuong trinh

xX3+2xy2 +12y =0 (1)
x2+8y2=12. (2)

(Thi vao 10 THPT chuyén
DH KHTN HN 1993)
L&i giai. Thay (2) vao (1) suy ra

3+ 2xy? +y(x% + 8y9) =0
P o C+8yd) + (xy + 2xy?) =0
Do (x+2y)(x2 - xy + 4y = 0. (3)
+ TH1. Néu x = -2y thi tir (2) suy ra
12y2=12¢.{y=1:’x=’2
y=-1=x=2.

€80 00 CE0088080 00002 LELELIPCEEELIILNAEBOEOERERDROEETDOEES

Thit lai thda man (1).

+ TH2. Néu x2 — xy + 4y2 = 0 thi

_y_

X 2 04i»x=y=0

2
(X-X)Z-f-ﬂzoc:}

2 4
y=0

Thay vao (2) khéng thda man.
Vay hé da cho c6 hai nghiém la:
x;y)=(2;-1),(2;1).
Vi du 2. Giai hé phuong trinh
{ B-y3=7 (9
xy(x-y)=2. (2
Lai gidi. Tu (1) va (2) suy ra
20 - y%) = Txy(x - y)

& (X -y)2(x2 + xy +y2) - Txy] =0
o (X - y)(2x2 - 5xy +2y9) =0

+ TH1. x = y. Khi d6 (1) < 0x = 7: loai.
+TH2. 2x2 - 5xy + 2y2 = 0.
Khi dé (x — 2y)(2x - y) =
Xét x = 2y. Thay vao (1) ta duoc
7y3 =7 & y=1= x=2: thda man (2).
Xét y = 2x. Thay vao (1) ta dugc
-7x3 =7 © x=-1=y = -2: théa man (2).
Vay hé da cho cb hai nghiém la:
(x;y)=(2;1),(-1,;-2).
Vi du 3. Giai hé phuong trinh
x3—xy2+y3=1 Wl
axt 1yt =ax-y.(2)
(Thi vao 10 THPT chuyén
DH KHTN HN 2005)
L&i gidi. Tur (1) va (2) suy ra
ax* + y* = 03 - xy2 + y3)(ax + y)

& xy(x2 - 4xy + 3y?) =0
© Xy(x - y)}x - 3y) =

+ TH1. x = 0. Khi d6

(1) ©y3=1oy=1:thda man (2).
+TH2.y = 0. Khi dé

(1) & x3=1 © x = 1: thda man (2).
+ TH3. x = y. Khi d6
(e x®=1ox=1=y=1:thda man (2).
+ TH4. x = 3y. Khi d6 (1) = 25y° = 1

Y5 335

@y_—5-=>x_—— thda man (2).
Vay hé da cho cb bdn nghiém la:
: 3J’ s
(x;9)=(0;1),(1;0),(1:1), 5}



-------------------------------------------------

Vi du 4. Giai hé phuong trlnh
x+y)(x% +y?) =15 (1)
(x-y)x*-y*)=3. (2)
(Thi vao 10 THPT chuyén DH KHTN HN 2004)
Lai gidi. Tir (1) va (2) suy ra
(x +y)0? + y?) = 5(x - y)(x* - y?)

& (x +y)(2 +y?) = 5(x + y)(x - y)?
+ Néu x + y = 0. Khi d6 (1) khéng théa man.

+ Né&u x?2 + y2 = 5(x - y)2. Khi d6
2x2 - Bxy + 2y2 =0 & (X - 2y)(2x - y) =
Xét x = 2y. Thay vao (1) ta dugc
15y3 = 15 & y = 1 = x = 2: thda man (2).
Xéty = 2x. Thay vao (1) ta dugc
5x3 =15 & x = 1 = y = 2: thda man (2).
Vay hé da cho ¢b hai nghiém la:
x;y)=(2;1).(1;2).
Vi du 5. Giai hé phuong trinh
x3 -8x = y3 +2y
x2-3=3(y2 +1).
L&i giai. Bién ddi hé ta duoc
x3 - y3 =2(4x+y) (1)
x2 -3y2 = 6. ()

Do d6 3(x - y3) = (4x + y)(x? - 3y9)
e x(xX2+xy-12y9) =0
+ TH1. x = 0. Thay vao (2) ta dugc y2 = -2: loai.
+TH2. X2 + xy - 12y% = 0 & (x — 3y)(x + 4y) = 0.
Xét x = 3y. Thay vao (2) ta dugc
2=1@{y=1=>x=3
y=-1=x=-3.

I'hu’ lai théa man (1).
Xét x + 4y = 0 hay x = —4y. Thay vao (2) ta dugc

78 478

yz_i " 13 0 13
13 J78 4./78

T 13 13

Th lai thda man (1).
Vay hé da cho c6 bdn nghiém (x ; y) 1a: (3 ; 1),
- [_m—a | w—a] [m—s ﬁz?}

13 ' 13 13 ' 13

Nhan xét. Qua cac vi du trén, hi vong cac ban
sé rut ra dugc nhimg kinh nghiém khi gidi hé
phuong trinh bang phuong phap déng béac.

Bai tap tu luan. Giai cac hé phuong trinh sau:

2 _,2y_
N {Zy(x y?)=3x

x(x2 + y2) =10y.

X3y = 4!-
2) ’;
y-3x=4—.
y
3 2x3 +3x%y =5
y3 +6xy? =7.
(Thi vao 10 THPT chuyén
BPH KHTN HN 2003)

4) x2+y2+xy=1
x3+y3=x+3y.

(Thi vao 10 THPT chuyén
PH KHTN HN 2003)



B& dé. Trong mat phéng cho 4 diém A, B, C,
D. Khi d6 AB L CD khi va chi khi
AC? - AD? = BC? - BD?. (1)
Chimg minh. Goi X, Y th( tu la chan dudng
vubng goéc ha tir A, B xuéng CD.
B

-

C X Y D

+ Néu AB 1 CD thi X = Y. Theo dinh |i Pytago
ta c6 AC? — AD? = XC? - XD? = BC? - BD?.

+ Ngugc lai, gia st co (1).

Suy ra XC? - XD? = YC? - YD?.

Dat XC? ~ XD? = k

Suy ra XC2 - (XC + CD)? =k
CD2+k

2CD

CD2 +k

2CD

Luu y réng tlly theo gia tri cia tdng CD? + k am
hay khéng am ma ca XC va YC sé chi nhan cling
mét gia tri (vi XC, YC = 0).

Tur d6 suy ra XC = YC.

Tuong tu XD = YD.

Do d6 X = Y hay AB L CD.

B8 dé dugc chitng minh.

Vi du 1. V& phia ngoai AABC vé cac tam giac
BCD, CAE, ABF tuong iing can tai dinh D, E, F.
Ching minh réng cac dudng thdng quaA, B, C va
tuang ang vudng gbc véi EF, FD, DE déng quy.

L&i gidi. Goi P 1a giao diém clia dudng thdng
qua B vudng géc FD va qua C vudng goc ED.

Tu dé XC =

Tuong tu YC =

Mot phong phap ching minh
HAI DUONG THANG VUONG 60OC

TRAN BA DUY LINH (Pai hoc Kinh t& TP. H6 Chi Minh)

Trong bai viét nay chung t6i gidi thiéu dén ban doc mét' phuong phap
chimg minh hai dudng thang vudng goc voi nhau, ngoai nhimg phuong
phap ma ching ta thudng dung.

D
Vi BP L FD va CP L DE nén theo b4 dé ta c6

BFZ-BD?=PF2-PD?% CD?- CE2=PD? - PEZ

Céng theo vé hai dng thic trén suy ra
BF2 - BD? + CD? - CE? = PF? - PEZ.
Ma BF = AF, BD = CD va CE = AE nén
AF2 — AEZ = PF2 - PEZ

Tur dé theo b6 dé ta dugc AP L FE, ta c6 dpcm.

Vi du 2. Cho t& giac ABCD c6 AB = AD va
B, D la cac géc vudng. E, F 1a hai diém thay ddi
tuong Ung trén CD, BC sao cho AE L DF. Chimng

minh rang AF | BE. A
L&i giai.
B D
E
F
c
VIAE LDF nén AD?-AF2=ED?-EF%2. (1)

ViAB L BF va AD L DE nén theo dinh li Pytago
ta c6 AF? = AB? + BF?; )

(&)



AD? = AE? - ED?. 3)

Coéng theo V& cla (1), (2) va (3) ta dugc

2AD? = AB? + BF? + AEZ - EF2.

Ma AB = AD nén AB? ~ AE? = FB? - FE2.

Vay AF | BE, ta c6 dpcm.

Vi du 3. Cho AABC can & A cb géc Anhon. T
la trung diém cla cung nhé BC cla dudng tron
ngoai tiép AABC. P [a mét diém trén tia d6i cla
tia CB. Trén AB, AC |y tuong (g cac diém X, Y
sao cho t& giac AXPY la hinh binh hanh. Chimg
minh rang XY 1 PT. X

L&i giai. A

T v
Y
Ta c6 TX2 - TY2 = (TB? + BX?) - (TC2 + CY?)

=BX? - CY2 (viTB =TC) = PX? - PY2

Tu dé TP L XY, ta c6 dpem.

Vi du 4. Cho AABC ndi ti€p dudng tron tam O,
dudng kinh BK. Trén tia déi clia cac tia BA, BC
|8y tuong ing cac diém M, N sao cho AM = CN =
p (v6i p la nlta chu vi AABC). Goi | 1a tam dudng
tron ndi ti€p AABC. Chimg minh rang KI L MN.

Loi giai.

Ta c6 KM? — KN2 = (KAZ + AM?) — (KC2 + CN?)
= KAZ - KC? (viAM = CN) = BC2 - BAZ, (1)
Goi P, Q tuang (ng la chan cac dudng vudng

géc ha tir | xuéng AB, BC.

Ta c6 IM? - IN? = (IP2 + PM2) —
=PM2 - QN2 (vi IP = 1Q)
= (AM - AP)2 - (CN - CQ)?
=[(p - (P - BC)? - [(p - (p - AB)?
= BCZ- BAZ 2

Tu (1) va (2) suy ra KM2 — KN? = IM? - IN2.

Suy ra Kl 1 MN, ta c6 dpcm.

Vi du 5. Cho AABC c6 truc tam H. P la mét
diém nam trong tam giac. Goi L, M, N Ian lugt 1a
chan dudng vudng gbéc vé tir H xudng PA, PB,
PC. Gia str X, Y, Z theo tht tu 1a giao diém cla
cac dudng thdng HL, HM, HN véi BC, CA, AB.
Chimg minh rang X, Y, Z thdng hang.

L&i giai. Y

(102 + aN?)

N

/ “N ‘\L\\
=P\

-

AA. \\A

X‘7 VT C
4

Tu XH L PA, AH | XB, BH L AY, YH L BP ta
c6 XP? — XA? = HP? — HAZ;

AX? — AB? = HX? - HBZ;

BAZ - BY? = HA? - HY?;

YB2 - YP? = HBZ - HPZ.

Cong theo vé cac dang thic trén ta dudc
XP2 - YPZ = HX? - HYZ,

Do dé PH __ XY.

Tuong tu PH L YZ va PH | ZX.

Vay X, Y, Z cling n&m trén dudng thing vuéng
gbc védi PH nén chung thdng hang, ta c6 dpcm.

Bai tap tu luyén.

Bai 1. Cho AABC nhon c6 cac dudng cao AD,
BE, CF va truc tdm H. FD cit AC tai N, ED cat AB
tai M. Goi O la thm dudng tron ngoai ti€p AABC.
Chimg minh rang OH 1 MN.

Bai 2. Cho hinh vuéng ABCD. Cac tia Ax, Ay
nam gilta hai tia AB va AD. Goi M, K 1a hinh chiéu
cta B, D 1&n Ax; L, N Ia hinh chiéu cla B, D 1én
Ay. Chimg minh rang KL 1. MN va KL = MN.

@




TRO CHJI

oaoc WIoT cach
- choico

- Ban cd: La mot hinh vé gém 3 dudng thang song song (goi Ia dudng co ban) va cac doan théng
vuéng géc véi 3 dudng thing dé dé tao thanh mét Iudi cac hinh vuéng béng nhau.

- Quan cd: Méi bén cb 3 quan cd.

Cha y. Ban cd c6 thé dung va 8 li, ban ¢d tudng... , quén cd c6 thé€ dung vién s6i, quan cd...

2) Cach danh

- Ban d4u, céc quan cd cla méi bén duge dat nhu hinh vé.

® O
¢ )\

) L)

- M6i bén, khi d&n lugt minh dugc phép di chuyén 1 quan cd. Cach di la chuyén quan ¢ dé tir nat
Iudi nay sang nut Iudi kia sao cho quan cd dé tién lai gdn quan cd cla déi thi trén cung dudng thdng
co ban.

- Bén nao dén lugt khong thé di chuyén dugc quan cd sé thua.

Cha y. Trong hinh vé trén, 8 trén 3 dudng co ban, cac quan ¢d 1an lugt cach nhau 8, 6, 4 nut Iudi.
d 1an chai khéc, ta c6 thé thay d8i cac s6 nay dé cé mét van chai khac.

3)van dé datra _

- Can tim mét chién lugc hop |i dé dén luct d6i phuong di, du cach nao cling thua.

4) Phan tich chién lugc

a) Dé tién theo dbi, ta chuyén tro chai trén thanh bai toan béc soi.

- Cé 3 déng sdi A, B, C vdi s6 vién tuong (ng 14 8, 6, 4.

- Dé&n lugt minh, ngudi choi chon mét déng con s6i, réi bdc di mét sé vién cha déng soi dé.

- Ngudi thua 1a ngudi dén lugt minh khéng con séi dé béc, titc 14 ngudi béc vién séi cudi cing sé
thdng cuéc.

b) Ta duing phuong phap suy luén tir cudi.

- Ta thdy, sau mét s6 lan bSc sbi thi chi con 2 d6ng con séi. Ta thdy néu s& séi & hai déng d6 ma
bang nhau thi ngudi chai tiép theo s& thua vi ngudi d6 cir béc bao nhiéu vién thi déi phuong ciing sé
béc bdy nhiéu vién va vién cudi cung luén do déi phuong béc.

- Gia stf ban la ngudi chai x va d6i thi 1a y. Ban x muén thang thi theo 18p luan trén, x phai bdc soi
sao cho dén luct y chi con hai déng sdi v6i s6 vién bang nhau. C6 hai trudng hop:

+ Dé&n Iugt x con ding 2 d8ng con soi vai s6 vién khong bang nhau. Khi d6 x chi can béc s6i & déng
nhiéu hon, vdi s vién dang bang hiéu s8 s6i ctia 2 déng.

+ Dén Iugt x con so6i d cd 3 déng, trong d6 ¢6 2 dBng cb cling s6 sbi. Khi dé x chi viéc béc hét s6
sbi & déng con lai.

5) Thuat toan

- Nhu vay, ta can tinh toan sao cho 8 titg cép 2 déng soi A va B hoic B va C ¢6 nhilng nhém soi




c6 s6 lugng nhu nhau. Nghia la tao ra & 2 cap (1a
2 d6ng sdi) c6 nhitng nhém tuong (ng (mbi cap
mét nhém). -

- Vi mdi déng sdi chi co thé tuong (ng véi mét
nhém khac nén chi cé thé c6 mét hodc hai nhém
khac loai nhau. S6 s6i & mdi nhém nay cb thé béc
tir 1 vién hay béc gon ca nhém. Do d6 phai chon
ra cac loai nhém cé sé lugng khac nhau. Ta goi
s6 luong béc 1 vién 1a nhém 1, sé lugng béc 2
vién 13 nhém 2. Nhém 3 khéng thé 1a 3 vién vi
nhu thé tuong (g véi 1 vién nhém 1 cong vai 1
vién nhém 2. Vay chon nhém 3 gém 4 vién.

- Nhu thé, khi bat dau vao cuéce chdi, ta thay:

+ Paéng A ¢6 8 vién gdbm 2 nhém 3;

+ Pdng B ¢b 6 vién gém nhém 2 va nhém 3;

+ Pdng C cb 4 vién gdbm 1 nhém 3.

O O
O O
O O

O O
O O
O O

O O
O O

O O

Nhan xét.

- Péng B va C déu c6 1 nhém 3 tuong dong,
théa man yéu cau.

- Péng B ¢6 1 nhém 2, can tim cach xuat hién
moét nhém 2 & dng A (vi déng A ¢b dén 2 nhém
3, qua thira so véi yéu cau cla chién lugc).

- Khi 18y di 6 vién sbi & dong A, ta sé ¢ su
tuong déng vé sé vién séi nhdm 2 & déng A va B.

00
00

O O
O O

O O
O O

- Dén lugt d&i phuong di (14 ngudi choi y), néu
suf tuong déng & nhém nao (nhém 2 hay 4) bi pha
va thi ngudi chai x sé khoi phuc lai.

Vi du 1. Néu ngudi chai y béc 1 vién sbi 8 déng
B thi ngudi chai x sé& nhat 1 vién sbi & déng A.

O O
O O

O O
O O

@)
@)

Vi du 2. Ngudi choi y bdc 3 vién sbi & dong B.

O O
@ O O
O O

N
Y

O O

Khi d6 déng A ¢6 1 nhdém 2 tuong déng véi 1
nhém 2 & déng B va déng B con 1 nhém 1. Vay
dé lai tao ra su tuong déng gitta cac nhém, ngudi
choi x s& nhat 3 vién s6i 8 déng C va 1 nhom 1 &
déng B sé tuong déng véi 1 nhém 1 clia dong C.

® @)

O O
O O

Vay ngudi choi x sé thang.
TOAN HOU (Ha N6i)

LTS. Tro chdi trén cho thay vdi bai toan cu thé
14 ba déng séi vdi sé vién tuong tmg 1a 8, 6, 4
vién thi ngudi chai trudc luén théng.

Ban doc hay th(r choi véi s6 déng séi nhiéu
hon 3 va méi Ian choi chon s6 vién khéc Ian trudc
réi tim xem chién lugc choi thé nao, ai la ngudi
chéc thdng, ngudi choi truée hay ngudi choi sau?

- Tro chdi trén ré rang la mét thut toan. Ta gia
sir ban dau cé n déng séi véi sé vién tuong tmg
la t, t,..., t. HGi diéu kién can va dd cia n va
ty ty... , t, d€ luén c6 mot thuét toan cho mot
trong hai ngudi choi (x hodc y) luén thing.

Mong nhan dugc phan héi tir déc gia.

15




BAI TOAN BIEU DIEN SO

THAN NGOC THANH (K51A3, Toan Tin, Dai hoc KHTN-Ha Noi)

Lich st bai toén biéu dién sé ghi nhan rét nhiéu diéu thu vi va mét trong sé dé la su
ra doi clia bai toan Goldbach - Euler. Nam 1772, nha toan hoc Burc Goldbach viét thu
cho Euler. Trong thu, 6ng mao hiém dua ra bai toén: Moi s6 tu nhién Ién hon 5 déu
biéu dién duoc dudi dang téng clia 3 sé nguyén t6. Euler tra I6i rdng, theo dng, moi
s6 chén 16n hon 2 déu biéu dién dudc dudi dang téng ctia 2 s6 nguyén t6.

R& rang 2 ménh dé 1a tuong duong va néu chung minh dugc mét trong hai ménh
dé thi sé chimg minh duoc ménh dé con lai.

200 nam sau dén nam 1937, nha toan hoc Lién X6 Vinogoadov d3 gidi quyét gén
tron ven bai toan do bang céch chimg minh rang moi s6 1é dti 16n déu cé thé biéu dién
dudc dudi dang téng clia 3 s6 nguyén t6. Cho dén nay, bai toan Goldbach - Euler van
chua giai duge hoan toan.

Ban thém vé gid thuyét nay xin phép dé€ dip khéac, bai viét nay chi dé cap dén mot
cach tiép can bai toan biéu dién sé tir goc dd nhimg hdng déng thuc. Cing can néi
thém réng, khai thac hang déng thirc 14 mét trong nhiing cong viéc bé ich khi hoc toan.

Xin bdt ddu bang nhimg hang dang thic don gian.

A. Tif nhiing héng déng thirc co ban.
1. Hing dang thic A:
(x+1)2-x2=2x+1.

Nhan xét 1. Trong héng dang thic A. cho x
nhan gia tri la nhimg s8 tu nhién ian lugt tir 1 dén
n, rdi céng cac két qua lai, ta dugc

[22 - 12+ [32 - 2% +.. + [(n - 1)? - (n - 2)9
+IM2—(n-1%=3+5+.+@2n-1).

Suyran?=1+3+5+.+(2n-1).

K&t luan 1. Moi s6 chinh phuong n? déu viét
dugc dudi dang téng clia n s6 tu nhién 1é dau tién.

Nhan xét 2. Trong hang ding thic A, cho x
nhan gia tri [an luot 1a k va k + 2, ta dugc

(k+12-Kk?=2k+ 1; (k+ 3)2 - (k + 2> = 2k + 5.

Suyrad=k?-(k+1)2-(k+2)2+(k+3)>~

Mat khac, ta cd cac két qua sau:

1=1%
2=-12-22_32 42
3=-1242%

4=12-22-32442
Xét s6 tu nhién n > 4. Theo cac két qua trén,
ta co thé biéu dién n theo n — 4 dudi dang
n=t12 41,22 + 32+ + K2,

vli k e N*:

viike N te{l;-1}, vie{1;2,.. Kk}

Chéng han, v8in=6tadudc 6 =2+ 4

=(-12-22-3%+ 4%+ (52-62-72+ 82).

Theo nguyén li quy nap, ta di dén két luan sau.
Két luan 2. Moi s6 tu nhién n bat ki déu cb

thé biéu dién duoc dudi dang

n=t12+t,22 + 1,22+, + t. k2,

te{l;-1}, vie{1;2;. kk.

2. Hing déng thirc B:
Bx=(x+1)3+x-13-x3-x3

Nhan xét 3. Vi n 1a mét sé tu nhién bat ki, ta cd

én=(n-13-(-13-n3-n3+0%

n-1=(n-13-(n-1)3-n3-n3+13

6n+2=6(n-1)-23

=nd+(n-2°%-(n-1)>°-(n-1)>3+23

6n+3=6(n-4)-3°

=(n-32+(n-5°-(n-4>°-(n-4)>3+33

6n+4=6(n+2) -2°

=n+3°%+mn+1)3-(n+2°—(n+2)°3-23%

6n+5=6(n+1)-13

=n+2%+n-(n+1)3-(n+1>3-13

22)



K&t luan 3. Moi s& tu nhién déu c6 thé duoc viét
dudi dang t8ng ctia 5 1ap phuong clia cac s6 nguyén.

3. Hing déng thic C:

@2x+1)2 = (2x - 1) = (@x)2 + (2x + 1)2 + (2x - 1)2.

Nhan xét 4. Thyc hién tuong tu nhu nhan xét
1, ta thu dugc

n n-—1

@+ =Y @2 +2Y (k+19% +(@n+12%

k=1 k=0

K&t luan 4. Moi s6 1ap phuong 1€ (2n + 1)3 b4t
ki déu c6 thé viét dugc duéi dang téng clia 3n + 1
s6 chinh phuong khac nhau.

4. Nhém héng dang thuae D:

2(a? + b%) = (a + b)2 + (a - b)?;

(a2 + b2)(c? + d?) = (ac + bd)? + (ad - bc)?;

(a2 + b?)2 = (a2 - b?)? + (2ab)2.

Nhan xét 5. Goi S |a tap hgp cac s6 tu nhién
n c6 dang p? + g2. TUr 3 hing ding thirc trén ta
c6 két luan sau.

K&t luan 5. N&u x, y € S thi 2x, 2y, xy, X2, y? € S.

B. Mt s bai toan img dung.

Bai toan 1. Chimg minh rang mét s la Iy thifa
clia 2 khong thé 1a tdng clia 2010 s 1é lién tiép.

Lai giai. Theo hing déng thirc A, diéu kién bai
toan tuong duong véi viéc ta phai chilmg minh
phuang trinh 25 = (n + 2010)2 — n? (1) v& nghiém.

Ta thay (1) < 252 = 1005(n ~ 1005). (2)

R rang (2) v6 nghiém, ta c6 dpcm.

Cha y. Ban doc hay thir suy nghi vé bai toan
mét s6 [a ITy thira cha 2 khéng thé [a tdng cla
2010 s6 tu nhién lién tiép.

Bai toan 2. Tim s8 nguyén khéng 4m n nhé
nhéat c6é dang
n=t12+ 4,22 + 1,32+ + £,,20062 + t,,,,20072,
véite {1;-1}, vie {1,2;..,2007}.

Loigidi. Taco 12 +22-32+ 425262 + 72=Q,

Theo nhan xét 2, ta c6 thé chon 8 sd chinh
phuong lién tiép dé tdng dan dau c6 gia tri 0 1a

K2 —(k+1)2-(k+2)2+(k+3)2-(k+4)2+
(k+5)2+(k+6)2-(k+7)2

Vi 2007 = 7 + 250-8 nén n nho nhéat bang 0.

Bai toan 3. Chimng minh rang moi s6 tu nhién
n 16n hon 7 déu c6 thé viét duge dudi dang téng
cla 2 s nguyén t6 cling nhau va khéac 1.

(2"9 Bay Area Mathematical Olympiad)
Lai gidi. + Néu n 1é, n = 2k + 1, ta dugc
n=k+ (k+ 1).
+ Né&u n chan, n = 2k.
Xét k chén, ta dugc n = (k + 1) + (k — 1).

Xétklé, tadugcn=(k+2)+(k-2).

Bai toan 4. Chirng minh réng téng clia hai lap
phuong lién tiép a = n® + (n + 1) ¢6 thé viét duoc
dudi dang téng clia 3n s6 chinh phuong.

L&i giai. Sr dung héng déng thitc

x+ 12— (x =13 =202+ (x + 1)% + (x - 1)2
va thuc hién tuong tu nhu nhan xét 1, ta tinh dugc

n n-1
n®+(n+1° =322 +2. 3 k? +n? +(n+1)°.
i=1 i=1 :

Bai toan 5. a) Chimg minh ring moi Iy thira clia
5 déu |a s6 Pytago, nghia la s6 5", véin € N*, luén
viét dugc dudi dang téng clia 2 s6 chinh phuong.

b) Chitng minh réang phuong trinh

X2 + y2 + 22 — 452010

trong d6 x, y, z la cac s6 nguyén khac nhau déi
moét, ¢b nghiém nguyén duong.

Lai gidi. a) Taco 5= 12 + 22,

Theo két luédn 5, ta suy ra dpcm.

b) Ta c6 45= 32 + 62.

Theo két luén 5, ta suy ra 452010 ciing ducc
viét dusi dang a? + b?.

Hon nifa, vi 452910 13 sG1& nén a = b.

Theo tinh chat chia hét cho 3 clia mét sé chinh
phuong ta suy ra ca a, b déu chia hét cho 3.

S{r dung hang déng thirc

2 2 2
a2 + b2 = 2a-b . 2b-a . 2a+2b .
3 3 3

ta thdy ré rang 3 s6 chinh phuong & vé phai déu
phéan biét.

Vay phuong trinh da cho cé it nhat mét nghiém
By 7 [122-b1 12b-a] 2a+20)

3 3 3

Suy ra dpcm.

Két luan. Cé I& con rat nhiéu hang dang thirc
nita van dang chifa dung nhitng diéu tha vi che
cac ban kham phé tiép. Trong khuén khé bai viét,
t6i xin phép dugc dimg qua trinh khai thac & day.
Hen gap lai cac ban & cac bai viét khac.




U DUNG KIEN THUC DA 0
BE GIAI MOT 50 BAI TOAN HiNH HoC

CAO QUAC CUSNG (GV. THCS Vinh Tudng, Vinh Phuc)

S dung céc kién thite dai sé chung ta cé thé gidi dugc mét s6 bai toan

hinh hoc mét cach ngén gon, ré rang. Trong bai viét nay, chung toi gidi thiéu
vdi cac ban mét s6 bai toan hinh hoc dugc gigi nhé sit dung cac kién thire

dai sé.

Bai toan 1. Cho M Ia moét diém nam trong
AABC sao cho MA: MB : MC = 1 : 2 : 3. Biét
AABC vuéng can tai B. Tinh s do gbc AMB.

L&i giai. Dat MA = a thi MB = 2a va MC = 3a.

Cach 1. Vé AMBK vuéng can tai B (v8i K, A
nam ciing phia d8i v6i BM).

A

C
Ta thdy AABK = ACBM (c.g.c) = AK = CM = 3a.
Vi AMBK vudng can tai B nén BMK = 45° va

KM = 2a+/2 (theo dinh Ii Pytago).

Suy ra AM? + MK2 = 9a? = AK2.
Do d6 AMK =90° (theo dinh Ii Pytago dao)

Vay AMB = AMK + KMB =135°,
Céach 2. Vé ABMP vuodng can tai B (véi P, C
nam ciing phia d&i v6i BM). (Ban doc tu gii)

Bai toan 2. Cho hinh chit nhat ABCD c6

AB =5 cm va BC = 2 cm. | |a mét diém thay ddi
trén canh AB. Vé IN L DC, IM L AC (N € DC,
M e AC). Xéac dinh vi tri ca | dé dudng thang AN
1a tiép tuyén cla dudng tron ngoai ti€p ABMN.
Lo# gidi. Vi IBC =IMC =INC =90° nén nim
diém B, M, N, |, C thudc dudng tron dudng kinh

IC. Lai vi BCN =90° nén BN la dudng kinh clia

0000000000000 0000000080080000000000000600 0000000000000 00000000 0000000000000 0000000000000000000000

duong tron ngoai ti€p ABMN.
Do d6 diém | can tim thda man AN L NB.
Theo dinh Ii Pytago ta c6 ANZ + NBZ = AB?
& (A2 + INY + (BIZ + IN?) = AB2
< AIZ + (AB - Al + 2BC? = AB2.

PatAl=athia?+(5-a)2+8=25
©a’-ba+4=0ca=1a=4
A I "B
M
D N c

Vay cb hai vi tri clia di€ém | trén canh AB théa
man diéu kién bai toan 1a Al = 1 cm va Al =4 cm.

Bai toan 3. Cho AABC vuéng can tai A. M ia
mét diém thay d8i trén canh BC. Ha MH L AB,
MK L AC (H € AB, K € AC). Tim gia tri |6n nhat
cla t8ng S = MH* + MK* theo AB = a.

L&i gidi. Ta thay MH + MK=BH + HA=BA=a.

B

A K C



V@i x, y 1a hai s6 thuc bat ki, ta ¢ Bai toan 5. Cho hinh thang ABCD ngoai ti€p
(x - y)z >0=x2+ y2 > 2xy = 2(x2 + y2) > (X + y)2_ duong tron tam O, vGi AB // CD, AB > CD va
AD + BC = 2010 cm. Budng trung binh MN cla

Dang thifc xay ra khi va chi khix = y. hinh thang chia hinh thang d cho thanh hai hinh

Ap dung ta c6 2(MH? + MK?) > a%; thang c6 ti 88 dién tich Ia 3 : 7. Tinh d6 dai hai
2(MH? + MK*) > (MHZ + MK2)2.  canh day cla hinh thang.
4 Lai giai.
Suyra S> _an_. D <
8
a4
T d6 Sy, = 5 khi MH = MK hay M 1a trung
diém BC. M N

Bai toan 4. Cho hinh vuéng ABCD canh a. N
la mét diém thay ddi trén canh AB. CN cat DA tai
E. F 1a mét diém trén AB sao cho CF L CN. Tim .
vitricta N d€ S, ¢ = 3S,50p

A B
L&i gidi. Pat BN = x (v6i 0 < x < a). . :
PatCD=x,AB=y (0 <x<Yy).
E ViMN=22Y nan tir gia thiét ta c6
X+y 3 x+y
Xt —"=—(——+Yy)y=9x .
A N B . 5 =75 ey

Ma ABCD la t giac ngoai ti€p nén
x +y=AD + BC = 2010.
Suy ra x =201 cm, y = 1809 cm.

Bai tap ap dung.

Bai 1. Cho hinh thang ABCD vuéng tai A c6 day
D C nho AB va BC =213 cm, CD=9cm, BD=5cm.
Ta thdy ACBF = ACDE (g.c.g) = CF = CE. Tinh d6 dai cac doan thing AB va AD.

Bai 2. Cho AABC nhon c¢6 AB = 15 cm,
BC = 14 cm, CA = 13 cm. Tinh d6 dai ba dudng
cao clia tam giac.

Bai 3. Cho nifa dudng tron (O) dudng kinh
SEA=22"X 5 AB =2R M la mot diém thay ddi trén nita
ED DC EA+a a X dudng tron. Tim vi tri cia M dé chu vi tam giac

_ 2 AMB I6n nhat.
Suy ra ED=EA+AD:M+a=i.
X X
Ap dung dinh |i Pytago vao ADEC ta c6
4 2,2 _4 '
CE2 = cD? + DE2 =a2+a—2=3"—;a_. 3)
X X
Tu (1), (2) va (3) suy ra
2 2,2 , .4 _3
a“(a-x) a‘x“+a” a’(a+x)
ACFE ” 2 2

Do d6 28crg = 2ASgac + Secr)

= EACD + CE.CF = aEA + CE2. (1)
Vi AN // DC nén theo dinh li Talét ta c6
EA AN EA _a-x

a3(a+x) _

3a2
2x2

Do d6 Spcrg = 3Spgcp

oalt+ax-6x2=0o a=2x

Vay diém N can tim 13 trung diém ctia AB.
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- PHEP CHIA HET
TREN TAP SO NGUYEN

NGUYEN DUC TRUONG (GV. THCS Da Tén, Gia Lam, Ha Noi)

Cac bai toan vé phép chia hét trén tap s6 nguyén la loai toan co ban, hay
va la trong tam ciia phan S6 hoc. Trong cac ki thi chon hoc sinh gidi cac cap

cting nhu thi tuyén sinh (TS) vao cac Idp chuyén, chon, cac bai toan nay luén
duge chu trong bdi tinh Iégic cao.

Bai viét nay sé hé théng cac phuong phap chimg minh chia hét trén tap hop
s6 nguyén va mét s6 van dé lién quan.

I. PHUONG PHAP XET SO DU
Dé chitng minh biéu thitc A(n) chia hét cho k,
ta xét moi trudng hgp vé s6 du khi chia n cho k.
Vi du 1. Chitmg minh rang (CMR):
a) ab(a + b) chia hét cho 2, Va, b e Z.
b) A = n(n? +1)(n? + 4) chia hét cho 5, Vn € Z.
L&i gidi. a) Ta xét hai trudng hgp sau.
+ Néu a hodc b chia hét cho 2 thiab : 2.
+ Néu a va b cling khéng chia hét cho 2 thi a,
bcunglé. Suyra(a+b):2.
Vayab(a+b):2, Va,be Z
b) + Néun=5kthiA:5.
+ N&u n = 5k + 1 thi n? chia 5 du 1.
Suyra(n?+4):5 DodoA:S5.
+ N&u n = 5k + 2 thi n? chia 5 du 4.
Suyra(n?+1):5 DodoA: 5.
VayA:5 vVne Z.
Vi du 2. Cho a, b € Z théa man (a2 +b2) 3.
CMR a va b cling chia hét cho 3.
(TS chuyén Ha Noi - Amsterdam,
vong 2, 2003)
Gdi y. S8 a2, b2 chia cho 3 du 0 hoic 1.
Vi du 3. Cho x, y, z |a cac sé nguyén thda man
X-yNy-20(z-x)=x+y+z M
CMR (x +y+2z):27.

(Thi HSG I6p 9, TP. H6 Chi Minh,

vong 2, 1995)
Lai giai. + Néu ba s6 X, y, z khi chia cho 3 ¢c6
cac s6 du khac nhau thi cac hiéu x —y,y -z, z - x
cung khéng chia hét cho 3.
Ma(x+y+2z):3néntlr(1) suyravédli
+ Né&u trong ba s6 X, y, z chi ¢é hai 8 chia cho 3
¢6 cling s& du thi trong ba hiéu x -y, y -z, z - X
chi c6 mét higu chia hét cho 3. Ma x +y + zkhong

chia hét cho 3 nén tir (1) suy ra vé Ii.
Vay X, v, z khi chia cho 3 c6 cung sd.du.
Suy rax -y, y -z, z - x clng chia hét cho 3.
Tur (1) suy (x+y+2): 27, ta cd dpcm.
Bai tap van dung.
Bai 1. a) Tim s& tu nhién n dé (2" - 1) 7.
b) CMR 2" + 1 khong chia hét cho 7, Vn € N.
(Thi vé dich Toan Quéc té, 1964)
Bai 2. Cho ab = 19911992, véi a, b € N. Héi
téng a + b c6 thé chia hét cho 1992 hay khéng?
(TS chuyén Ha Néi - Amsterdam,
vong 2, 1991)
Bai 3. CMR khong ton tai cac s6 nguyén X, y, .
zthdaman x3 +y 3+ 28 =x +y + z + 2005.
(TS chuyén Ba Ria - Viing Tau, 2005)
Bai4.CMR (p— 1)(p + 1) : 24, v4i p 1a mbt s6
nguyen t6 I6n hon 3.
(Thi HSG Idp 9, Phu Tho 2004)

Bai 5. Tim s6 t nhién n dé (n? + n+ 1) : 2010.

i. PHUONG PHAP PHAN TiCH THANH TiCH

Dé chimg minh biéu thifc A(n) chia hét cho k,
ta phan tich k ra thira s, k = pq. :

+ Néu (p, q) = 1 thi ta chitng minh A(n) chia hét
cho p va A¢n) chia hét cho q.

+Néu (p, q) # 1 thi viét A(n) = B(n)C(n) va chimg
minh B(n) chia hét cho p, C(n) chia hét cho q.

Vidu1.CMRP=2a% -ab%:30,va, be Z

 (Thi HSG I6p 9 toan quéc, 1985)

L&i gidi. Ta cb 30 = 2.3.5, véi 2, 3, 5 doi mot
nguyén t6 cling nhau; P = ab(a? + b%)(a? - b?).

Ta chimg minh P chia hét cho 2, 3, 5 bang cach
xét cac trudng hop ciia a, b nhu phuong phap .

Vi du 2. a) CMR

x+y+2°2-x3-y3 -2 =3(x + y)(y + 2)(Z + X).




b) CMR Va, b,ce ZthiA=(a+b+c)®-(a+b

-c)®-(a-b+c)®-(c+b-a)dchia hét cho 24.
(TS chuyén BH Su pham ngoai ngir, 2002)
Gdi y. b) Ap dung a) ta dugc A = 24abc.
Vi du 3. CMR néu n 1a sé tu nhién chan 16n
hon 4 thi P = n* — 4n% — 4n2 + 16n : 384.
(Thi HSG Idp 9 toan quéc, 1970)
Goi y. Pat n = 2k. Ta viét 384 = 1624 va
P =n(n —4)(n - 2)(n + 2) = 16k(k — 2)(k - 1)(k + 1)
réi chimg minh (k — 2)(k - 1)(k + 1) : 24,
Bai tap van dung.
Bai 1. CMR (a* - 1) i 240, v6i moi k nguyén
duong va a 1a s6 nguyén t6 16n hon 4.
(Thi HSG TP, H6 Chi Minh, vong 1, 1995)
Bai 2. CMRn® - n+2 khéng chia hét cho 6,
vne N. ‘
b) CMR (n®-n) : 24, vne N, nlé.
(TS PTNK DHQG TP. H8 Chi Minh, 1996)
Bai 3. CMR (23" +1 4+ 2"(n®-n) : 30, Vn € N.
(Thi HSG TP. H6 Chi Minh, vong 1, 1990)
Bai 4. CMR (n* + 6n% + 1102 + 6n) : 24, Vn € N*.
(Thi HSG toan quéc, 1974)

ll. PHUONG PHAP TACH TONG

D& chitg minh A(n) chia hét cho k, ta c6 thé
bién d8i A(n) thanh t8ng clia nhiéu hang tr rdi
chimg minh méi hang tir déu chia hét cho k.

Vidu1.Choa,,a,,..., a4 € N ¢ tdng bang

1994-1995. CMR P =a$ +a3 +... +ajg95 : 3.

(Thi HSG Idp 9, Ha Néi , vong 2, 1995)
Goiy. XéetQ =P —(a; +a,+... + 819g5)

=(a} —aq) + (@3 —az) +... + (alogs — a1005)-
Vdiaec Nthia®-a=(a-1)a(@a+1):3.
Vidu2.CMR (a®+ 5a) 16, Vae N.
(Thi HSG Idp 9, Ha Noi, 2009)
Goiy.a3+5a=(a® —a) +6a.
Vi du 3. CMR A} 2005, v6i
A=1.2.3... -2004(1+1+1+... +L).
2 3 2004
(TS chuyén Ha N6i - Amsterdam,

vong 2, 2004)

1

Goiy. 1+1+-1—+... t—=

2 3 2004
_ 2005 N 2005 - 2005
1.2004 2-2003 1002-1003°

Bai tap van dung.
Bai1.Choa,b,ce Z.CMR (@ +b%+c%) : 3

khi va chi khi (a + b + ¢) 3.
Bai 2. CMR m : 1997, véi m, n € N, thda man
m 1 1 1 1 1 1
+ o + - + .
1329 1330 1331
(Thi HSG I6p 9, Ha Né6i , vong 2, 1998)
Bai 3. CMR (n®+ 17n) 1 6, n € N.
(TS THPT chuyén, PH Vinh , vong 2, 2005)
Bai4. CMRT S vaiT =1°+25+. +n°
Sn=1+2+...+n.
(TS chuyén BH Su pham Ha Néi,
vong 2, 2001)
Bai 5. Cho a, b, ¢, d la cac s8 nguyén t& 16n
hon 2 va théa man (a® + b® + ¢® + d% 1 40. CMR
(a+b+c+d): 40.
(Thi HSG Q. Péng Pa, Ha Nobi, 2005)

IV. PHUONG PHAP sU DUNG HANG DANG
THUC
Nhiéu bai toan ta c6 thé sir dung két quéa cla
cac hing déng thitc md rong sau (v6i a,be N)
a" - b" chia hét cho a - b, véia # b;
a" — b" chia hét cho a + b, v6i n chan va a # -b;
a" + b" chia hétchoa + b, véinlé vaa=-b.
Vidu1.CMRA = 5"5" + 1) -6"(3" + 27 : 91.
(TS chuyén DH Su pham Ha Néi,
vong 1, 1997)
Goiy.91=713;25-18=12-5=7=A_ (7,
25-12=18-5=13=A, :13.
Vidu2 CMR22(22+1_1)_-1:9, vVne N*.
(Thi HSG I6p 9, TP. H6 Chi Minh,
vong 2,1991)
.GOiy. (4"~ 1) :3=4"-1=3k+1.
Vi du 3. Cho s& M = 19931997 . 19971993,
a)CMR M 15.
b) Tim chit s6 tan cung cla M.
(Thi HSG I6p 9, TP. H6 Chi Minh,
vong 1, 1992)
Ggiy.a) 15=3.5;(1993 - 1) : 3,(1997 + 1) : 3
=M :3;(19932+ 1) : 5, (19972 + 1) i 5= M : 5.
b) Vi M chan nén chir s& tan cling cia M la 0.
Bai tap van dung.
Bai 1. Téng 2139 + 392" ¢6 chia het cho 45

khéng? Giai thich.
(TS chuyén toén, Quéc hoc Hue, 1986)

Bai 2. CMR (46" + 296.13") : 1947, Vn € N*,

nlé.
(Thi vé dich Hunggary, 1947)
(Xem tiép trang 19)




PHEP CHIA HET ... i theo trang 7

Bai 3. CMR (2'% + 3105 chia hét cho 7, 11, 463.
(Thi HSG Iop 9, Hau Giang, 1990)

Bai 4. CMR (5%" %2 4+ 220 +3) : 44,
(TS chuyén toan, Pai hoc Vinh, 2004)

Bai 5. CMR (2903" - 803" — 464" + 261") : 1897.

(Thi Vé dich toan Hunggary, 1978)

V. PHUONG PHAP DUNG NGUYEN Li
- DIRICHLE ‘

Vi du 1. CMR t6n tai s6 tu nhién n khac 0 théa

man (13579" - 1) : 313579

(Thi HSG I6p 9, Ha Nbi, 2006)

Lai giai. Xét 313579 56 c6 dang 13579!, véi t =

1, 2,..., 313579 Kni chia cac s6 nay cho 313579 ta

nhan dugc 313°79 5@ dur déu khac 0. Do db tén tai
hai s6 13579/, 13579 (i > j) c6 cling s& du.
Suy ra n’=i - j thda man (vi (13579, 3) = 1).
Vi du 2. Chimg minh réng trong 52 s& nguyén
duong bt ki luén ludn tim dudc 2 sé c6 téng hodc
hiéu chia hét cho 100.
(TS chuyén PH quéc gia Ha Noi,
véng 1, 1989)
Ld&i gidi. 52 s6 khi chia cho 100 c6 s6 du thudc
51 nhém Ia {0}, {1; 99}, {2; 98},... , {49; 31}, (50}.
Do d6 ton tai hai s6 cé sé du cling nhém. Hai s8
nay c6 hiéu chia hét cho 100 (néu sé du bang
nhau) ho#c cb téng chia hét cho 100 (néu sé du
khac nhau).




Danh cho cac nha

toan hoc nho

TIEP TUC BAC NHfING NHIP (\IﬁU NOI D01 BO
LUONG GIAC VA HINH HOC

PGS. LE QUAC HAN (Khoa Toan, Pai hoc Vinh)

Trong nhilng ndm gén day trén hai tap chi Todn hoc & Tuéi tré va Todn Tubi tho xuét
hién mét sé bai bao ban vé méi lién hé gilta Lugng gigc va Hinh hoc. N6i dung‘cda céac
bai béo d6 tap trung vao hai vén dé chinh:

1) Sir dung hé thirc Iuong trong tam giac va trong dudng tron dé suy ra cac cong thore
luong giac don gian.

2) Sir dung dinh nghta ham s6 ludng giac clia goc nhon va céac hé thiic co ban (ching
han cos? 2a =1, taga-cotga = 1...) d€ gidi mét s6 bai toan hinh hoc don gian.

Trong bai bao nay, théng qua viéc gidi mét s6 bai toan hinh hoc hay lugng giac tuong
déi phuc tap, chung téi muén giup déc gia thay ré hon mai lién hé hai chiéu gitta Ludng
giac va Hinh hoc.

D€ hi6u sdu séc bai bdo nay doc gig can hiéu khai niém lugng giac cla goc a bat ki.

o+ sin

Truée hét, xin nhéc lai mét sé két qua sau.

Két qua 1. Néu diém M thudc cung nhd BC clia
duding tron ngoai ti€p AABC déu thi MA=MB + MC.

Két qua 2. ChoAABC 6 BC=a, CA=b,AB=c. .

Thé thi A Q c

a) a2 = b2 + ¢ - bc < BAC = 60°.

b) a2 = b2 + c? + bc < BAC =120°.

K&t qua 3. Gia sir AB la day cung clia dudng
tron (O ; R) cang cung 2a. Khi d6 AB = 2Rsinao. . .

Céc két qua 1 va 2 da dugc chimg minh trong Bai toan 1. Gia st M la mot diém trén dudng
tap chi Toan Tuéi tho & nhimng s6 truéc.

B

* tron ngoai ti€p tam giac déu ABC canh bang a.

Ta chiing minh két qua 3. P4t MA = x, MB =y, MC = z. Chimng minh rang
Vé dudng kinh AC.

Khi d6 AC = 2R va ABC =90° (géc noi tiép
chan nlra dudng tron).

a)x? +y? + 22 = 2a2.
b) x* + y* + z* = 2a%.
AR AB Lai gidi. a) Khong mat téng quat, gia sir M nim
Theo gia thiét ACB = o nén sino: = AC 2R~ tréncungnhd BC. Theo kétqua 1,tacox =y +z.

Do d6 AB = 2Rsina: (dpcm). Ma AMB = ACB = 60° = ABC = AMC




2 2 2 2_,2 2

nén a‘ = x° + y° — Xy, a = x* + z°- — xz (do ap

dung két qua 2 cho cac tam giac MAB va MAC).

Do d6 2a2 = 2x2 + y2 + 22 - x(y + 2)

=2x2 +y2 + 22 - x2 = x2 + y2 + 22 (dpcm).
A
[0
X
B C
y z
M

b) Ap dung hang déng thirc
(a+b+c)2=a2+b2+cz+2ab+2ac+2bc
ta dugc
202 +y2 - xyR =ty + B2 2y - 20
at=(2+ 22— xz2=x+2* + 3x%2 - 23z - 2.
Tirdé 2a% = 2x* + y* + 2% + 3x4(y2 + 22) - 2x3(y
—2x(y3 + 29). 1)
Cha y ring X = y + z nén 2x3(y + z) = 2x* va

+2)

3x2y2 + 22) - 2x(y® + 29
= 3x2(y2 + 22) - 2x(y + z)(y2 +2z2 - yz)
= 3x%(y? + 2%) - 2x%(y? + 22 - y2)

X2y + 22 =x4.

=x%y2 +Z2 + 2yz) =
Do dé tir (1) suy ra 2a* = x* + y* + z* (dpcm).

Nhén xét. Goi R la ban kinh cla (O).

KhidsR-2.23_2 __ g5
3 2 3
E)atMAB o thi

MAC = 60° — o; MCA = 60° +a.
Theo két qua 3, ta c6

x = 2Rsin(60° + o) = ——sm(60° + o).

NE]

8 sinct; z = 22 sin(60° — o).

BB

Thay vao cac hé thifc trong bai toan 1, ta dugc

Tuong tu: y =

sin? ot + sin%(60° — o) + sin?(60° + ) =

*)

i
.hlco N w

sin o+ sin*(60° — o) + sin*(60° + o) =

Bai toan 2. Qua tam O cla dudng tron ngoai
ti€p AABC déu canh a dung mét dudng thang d
ty y. Goi x, v, z la cac khoang cach tu‘A B, C
dén d.

Chimg minh cac hé thirc:

a) 2(x2 + y2 + z2) = a?

b) 2(x* + y* + %) = a*

L&i giai. Ta c6 OA = . Dat BOl = a.

NE]

Ta dugc COK = 60° — o; AOH =60° +

> X = AH = OAsIn(60° + &) = —sin(60° + o).
( ) = J§ (
Tuong tu: y = —sino; z = sin(60° - ).
5 N
Thay vao (*) ta dugc dpem.
A
K

@ |o

B C
Két quéa trén khéng phai la ngoai Ié. Hay xét
thém bai toan sau dé cling ¢ niém tin clia ban.
Bai toan 3. Gia st d 1a mét dudng thang tiy ¥

" trong mét phang chita tam giac déu ABC canh

bang a. Goi A,, B, C, la chan cac dudng vudng
goc ha tirA, B, C xubng d. BatA,B, =x, B,C, =y,
CA=z

Chimg minh cac hé thirc:

a) 2(x2 + y2 + 29 = 3a2.

b) 2(x* + y* + %) = 9a%.




L&i gidi. K& BH L AA,, CK L BB, . Goi | 1a giao
diém cla CK véi AA,. D3t CAH = .

Khi d6 BAH = 60° — o; CBK = 60° + 0.

Do d6 A,B, = BH = asin(60° - o);

B,C, = CK = asin(60° + o); C,A, = Cl = asinc.

Thay vao (*) ta dugc dpcm.

A

Bai tap tu luyén.

Bai 1. Chimg minh cac hé thic:

| w

a) cos2a +cos2(60° — o) +c0s%(60° + o) ==.

b) cos*o + cos*(60° — o) +cos H(60° + o) =—.

Al N

Bai 2. Tir két qua bai toan sau, hay suy ra cac
hé thlc lugng giac tuong Ung:

“Néu M la mét diém trén cung nhé BC cia
dudng tron ngoai ti€p AABC déu va H, |, K [a chan

dudng vuéng géc ha tir M xuéng BC, CA, AB thi
1 1 1,

MH M MK

Bai 3: Cho H 1a truc tdm AABC déu, ndi tiép
dutng tron (O ; R). Chitng minh rang:
a) OH2=R%*(1 -8 cosAcosBcosC).

b) cos AcosBcosC < %
Déng thirc xay ra khi nao?

Bai 4. Cho AABC nbi ti€p dudng tron (O ; R) va
ngoai ti€p dudng tron (I ; r). Chimg minh rang:

a) OF =R? 1-8sin2sinBsin |,
2 2 2
b) sin-ésinEsinE < l
2 8
Déng thic xay ra khi nao?
Bai 5. Cho AABC ndi ti€p dudng tron (O ; R) va
G la trong tam tam giac d6. Chimg minh rang:

a) 062 =R? [1 —g—(sinz A +sin?B + sin? C)J.

b) cos?A + cos?B + cos?’C > %
Péng thitc xay ra khi nao?

Bai 6. M 1a mot diém tiy y trén dudng tron.
ngoai ti€p luc gidc déu A A,AA,AA.. Ching
minh cac hé thirc:

a) MA? +MA3 +MAZ = MA3% + MAZ + MAZ.
b) MA? +MAS +MAZ =MAS + MAS +MAZ.
Gidi bai toan tuong tu, tdng quat héa.




1AM GIAC CAN VA i 50 LUONG GIAC

NGUYEN BUC TAN (TP. H6 Chi Minh)

LR R

Tam gi4c vuéng dudc coi la bltu béi cia tf s6 lugng giac. Tuy nhién, mét s6
bai toan lién quan dén t/ s6 luong giéc lai duoc hé trg dic luc bdi tam giac cén.

Bai viét nay sé trao d&i véi ban doc mét s6 bai toan vé tf s6 lugng giac co
16i gidi dep nh& su c6 mét cla tam giac cén.

Sau day la mét sé vi du.
Bai toan 1. Tinh tg15° ma khéng dung bang Trdé MC=+/3+2. - .
s6 va may tinh. o MB 1
Lai giai. © Vay tg15 _tgc_ma__J?TZ:z—\/E.

Céch 1. Xét tam giac ABC can tai AcéAB 2 . ) o .
Bai toan 2. Tinh cos36° ma khong dling bang

va A =30° s6 va may tinh.
Ha BE L AC (E € AC). L&i gidi. Xét tam giac ABC can tai AcBC=1
A va A =36°,

Ki hiéu BD la dudng phéan giac ciia géc B.
Ha DE L AB (E € AB).

A

E
_ B Cc
Ta c6 BE = 1 va AE =3 = EC =2-/3.
Vi EBC =90° -8 =2 - 15° nen ~ ‘
2 B c
- ~ T~ O—A
tg15°=§—cE;='2—\/§. Tath’éyB=C=E—0—é-=72°.
Céch 2. Xét tam giac ABC cén tai A c6 AB = 2 Suy ra DBC = DBA = 36°.
va C =15°. : Tir d6 cac tam giac DAB, BCD tuong img cén
Ha BM L AC (M e AC). taiD,B. -
" SuyraAD =DB =BC = 1..
Pat AB =AC = 2x (x > 0).
A Vi BD la dudng phan giéc clia géc B nén
DA BA - 1 2x
_:—@
DC- BC  2x-1 1
B C  =4x?-2x=1e @x-12=5
Ta c6 MAB = 2C = 30°. 1+J" J5

& X = (théa man); x = 1=V (loai).

SuyraBM=1va AM=+3.
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= cosEAD _-ALE-J‘-_”‘/_

AD 1 4

Bai toan 3. Cho géc «, v8i o < 45°. Ching
minh ring sin2o = 2sinacosa. .

Lai giai. Xét tam gidc ABC can tai A cb
AB=AC =1va A =20.

Ha AD L BC, BE L AC (D € BC, E € AC).

Vay cos36° =

A
E
-
B D C
WSKB=%=avéBD=BTC nén xét tam giac

ABD vuéng tai D, ta ¢cb
smoc—§2=BD CoSQL = — AD =AD.
AB AB

Suy ra 2sinacosa = 2BD-AD = BC-AD =28 ABC
Mat khac ta co

sin2a = sinBAE = % =BE =BE-AC = 2Spgc.
Suy ra dpcm.
Bai toan 4. Cho tam giac ABC. Chimg minh

S . A_. B . C 1
rang sin—sin—sin—<—.
2 2 2 8
Lai giai. Ki hiéu a, b, ¢ la chiéu dai tuong (ng
cla cac canh BC, CA, AB.
Trén tia d6i cla tia AC Iy diém D sao cho

DA=c.
"Ha CE 1 BD (E € BD).

D

Theo b4t ding thitc Cési ta c6 b +c > 2\/bc.

Suy ra sin-':— <

2Jbc
B b C_ ¢
Tuong ty sin— < ——; sin— < ——.
2 2Jca’ 27 2Jab
Nhan theo v€ cla ba bé't dang thic trén ta
C b c 1

A . B
dugc smzsm —sin—

22J_2J—2J_8

Tir 6 suy ra dpcm.

Bai tap tu luyén.

Bai 1. Tinh sin15° cos15°, sin22°30,

c0s22°30’, tg67°30’, cos72° ma khong diing bang
s8 va may tinh.

Bai 2. Cho goéc a, v8i o < 45°, Chitng minh
ring cos2a = 2cosZo — 1.



MOT S0 CACH DOT BIEN

TRAN BA DUY LINH (Pai hoc Kinh t6 TP, H6 Chi Minh)

Tir nhilmg diéu kién ban d4u clia bai toan, bdng moét s6 phép déi bién ta
c6 thé lam cho bai toan cén giéi quyét tré nén don gian hon. Bai viét nay sé
diém lai mbt s6 cach d6j bién tir quen dén la.

Dang 1. Khi gap diéu kién bai toan la x,, X,,...,
X, > 0 VA X,X,... X, = 1 thi phép dSi bi€n ma chiing
ta hay lién tudng tSi nhat la: Dat

ay | az a; )
Xi=| 2| ixp={ 2 X, = =
aq as an

véi a1, ay,..., @ , 00> 0.

Vidu 1. Cho a, b, c1a cac s8 thuc duong thda
méan abc = 1. Chimg minh rang (CMR):

a_, b , ¢ .3 (1)
ab+1 bc+1 ca+1 2
LdlglélDéta=— —!- =£(v6ix,y,z>0).
y z' X
Bién déi (1) ta duoc
Mo N , ¥ .3 (g

Xy+yZ YZ+ZX ZX+Xy 2
Patu =yz + zx, v=2x + xy, t = xy + yz. Khi d6
2Xy=v+t-u 2yz=t+u-v,22x=u+v-t
u+v—-t v+t-u t+u-v

Ta duge (1) & + + >3
t u \

= (E+l)+(9_+i)+(l’_+}_)2 6: dung do bat
vV u t u t v .
déng thirc (BDT) Cési. -
Vi du 2. Cho a, b, ¢ va d 12 cac s6 thuc duong
théa man abed = 1. CMR:
1 1 1 1
+ + +
a(l1+b) b(1+c) c(1+d) d(1+a)

>2. (2)

Lai gidi. Dt a=2Xb=2,c=t d=Y (vix
y X z t
y, z, t > 0). Bién déi ta dugc

2 e y + X + z + t
x+z z+t y+t x+y
) 2 2 2
y TR S S t =2
Xy+zy zx+tx yz+tz xt+yt
Taco(x+y+z+t)2<

=2

&

[(xy +zy) +(zx +tX) +(yz +tz) +(xt +yt)].x
y2 x2 22 t2
X + + + X
Xy+zy zX+tX yz+tz xt+yt

2 2 2 2
X Y4 t
y &

+ + >
Xy+zy zx+tXx yz+tz xt+yt

Suy ra

S (X+y+z+ t)2
(Xy + zy) + (zx + tX) + (yz + tz) + (xt + yt)
Ta chimg minh
(X +y+Z+1)?
(xy + zy) +(zx + X) + (yz + tZ) + (xt + y1)
That vay, bién d&i (a) thanh
x2+y2+ 722 + 2> 2(yz + xt)
e x-1)2+ (y = 2)2 2 0: ding.
Vi du 3. Cho x, y, z Ia cac s6 thuc duong théa:
1

—_—
(x+1)2+y2+1

>2. (a)

man xyz = 1. CMR:

+ 21 ot 21 5 L
Y+ +z°+1 (z+D°+x“+1 2
Lai giai. Ta co
1 B 1 1

X+ 02 +y2 41 x2+y242x 42 2y +x+1)
Viét hai BDT tuong tu, suy ra VT(3) <

1 1 . 1
< — + . (b)
2xy +x+1) 2yz+y+1) 2zx+z+1)
Da?ntx=i,y:9-,z=E (vbia, b, ¢ > 0) ta dugc
c

VP(b) =—, suy ra dpcm.

V| du 4 Cho a, b, ¢ 1a cac sé thuc du’cmg thda
man abc = 1. CMR:

a(b? - vb) +b(c? —Vc) +c(@Z - Ja) = 0. (4)

L&i giai.




2 2 Z2

x2

pita=>_p=Y ¢c=
‘ y2 2

Bién d8i, nhan hai vé& clia BDT vdi x%y?z2, ta
dugc

(véix,y, z>0).

1 1
e —+—+—2 + +
X8 y8 28 x3y3 y3z3 2353
1 1 1 1 1 1 A
o (.__.?)2 (_?—_3)2 (—3--——3)2 20: dang.
) S y® z z° X

Dang 2. Khi bai toan cho diéu kién x,y,z> 0
Va X +y +Z+ 2 =xyz, ta bién déi thanh

1 +' 1 1
x+1 y+1 z+1
roi dat a = 1 b= 1 ,C= 1.
x+1 y+1 z+1
1-a b+c
Khidéat+tb+c=1va Xx=——=—;
a a
1-b c+a 1-c a+b
y= = yZ= = .
b b c c

Vi du 5. Cho x, y, z la céc s thuc duong thda
man xy + yz + zx + 2xyz = 1. CMR:
-1—+-1—+-1—24(x+y+z). (5)
Xy z

Leoi giai. T gid thlet suy ra —1-+ L +— L +2=— 1
Xy z Xyz’
Pat x = a,y= b,z= c
b+c c+a a+b
vaa+ b+ c=1.Khidé (5) trd thanh
b+c+c+a+a+b24 a N b N c .
b+c c+a a+tb

,Vv6ia,b,c>0

a b c
Vi(b+c)2z4bcnén +4tx 4
b ¢ b+c
Suy ra _a_+§_2 4a.
b ¢ b+c

Viét hai BDT tuong tu réi cong theo vé, suy ra

dpcm.
Vi du 6. Cho x, y, z 1a cac s6 thyc duong théa
man x+y+z+ 2 =xyz. CMR:

2(J/xy +yz +VzX)<x+y+z+6. (6)
L&i giadi. VGichu y
2Axy + Yz V) = (WX + Yy +4Z)2 - x-y -2
ta dua (6) vé dang
VX +ly +¥z < \2(x +y + 2+ 3)
oVx+Jy +¥z < 2[x+ ) +(y + )+ (Z + D]

Theo cach d4t &n phu trén, ta dugc BDT tuong
duong 1a Vﬁ)+c +\[c+a [a+b
a

W ©
1 1
s\/(—+ 5 —+ J[(b+c)+(c+a)+(a+b)] dlng.
a
Vi du 7. Cho x, y, z 1a cac s6 thuc duong théa
man xy + yz + zx + xyz = 4. CMR:

X+Y+2Z2Xy+yz+zX. .
L&i gidi. Bién ddi gia thiét trd thanh

XYy Yz zXx -,xyz_y
22 22 22 222
Tudé,détx_——zg—,y=—£b— Z=—2£r, vdia,
b+c c+a a+b

+ b,c>0vaa+b+c=1.Khidé6 (7) trd thanh

a b c
+ +
b+c c+a a+b
2ab N 2bc e 2ca

“(b+c)c+a) (c+a)a+b) (a+b)b+c)

Bién ddi ta dugc a(a - b)(a - ¢) + b(b - ¢)(b — a)
+ c{c — a)(c — b) = 0: dung (vi day la BDT Schur).

Bai tap tu luyén.

Bai 1. Cho n > 3 va x;X,... X, =1. CMR:

1 + 1 tot ! >1.

14+ X1+ XX 1+ X5 +XoX3 1+ Xp, + XpXy

Bai 2. Cho x, v, z la céc s6 thuc duong théa mén
X+y+2z+2=xyz. CMR:
a)xy+yz+zx22(x+Yy +2).

b)&+ﬁ+&sgm.

Bai 3. Cho x, v, z 1a cac s6 thuc duong thda
man xy + yz + zx + 2xyz = 1. CMR;:

a) xyz <~
<5

b) xy +yz + zx 2%.

Bai 4. Cho a, b, ¢ 1a cac s8 thuc duong. CMR:

b+c c+a a+b_ a b c :
+ + > +

b+c.c+a a+b

9
+—.
a b, c 2




Zl’nq dung clia
-dinh 1 Phéc ma nho
V6o bdi todn chia hét

PHAM HUY HOANG
(HS. 9A5, THCS Gidng V6, Ba Binh, Ha N6i)

Trong quaé trinh hoc toan G cdp THCS, ching ta dugc hoc nhimg dang
toan vé chia hét. Binh Ii Phéc ma nhd la mét céng cu rét tét d€ giai
nhimg bai toan dang nay. Sau day t6i sé gidi thiéu djnh If dé6 cung mot

s6 Umg dung vao nhimg dang toan trén.

Tru6c hét xin nhic lai Ii thuyét.

Pinh nghia. Cho a, b, n ia cac s6 tu nhién va
n > 0. Hai s6 a, b dugc goi la dong du véi nhau
theo médun n néu (a - b) : n.

Ki hiéu 12 a = b (mod n).

Bay gi, xin phét biéu, khéng chumg minh dinh
Iif Phéc ma nhé.

Dinh li. Cho p la mét s6 nguyén t6 va n la mot
$6 tu nhién. Thé thi nP = n (mod p).

Dac biét, khi (n, p) =1 thinP ~1=1 (mod p).

Bai toan 1. Cho hai s6 ty nhién a, b nguyén
t8 cling nhau. Gia sif p 1a mét udc nguyén té 1é
cta aZ + b2. Chimg minh ring p= 1 (mod 4).

L&i giai. Ta chitng minh bang phan chimng.

Gia sirp =3 (mod 4). Bat p = 4k + 3.

Néu a : p hodc b : p thi cd a va b déu chia hét
cho p (viaZ+ b? i p va p 1a s6 nguyén t8): v6 li
vi(a, b)=1. ) ‘

Vay a, b déu khéng chia hét cho p.

Do d6 (a, p) = (b, p) = 1.

Theo dinh I Phéc ma nhd, tacé aP ~ 1= 1 (mod p)

hay a*+2=1 (mod p).

Tuong tu b* *+2 = 1 (mod p).

Suy ra a**2 1 p¥+2 = 2 (mod p).

Mt khac a%k+ 24 b +2_ (a2)2k+1  (p)2%k+1,
la s& chia hét cho a2 + b2, tifc Ia chia hét cho p.

Do d6 2 : p: vd li vi p 1a s8 nguyén t8 1&.

Vay p =1 (mod 4), ta c6 dpcm.

Chu y. Tur bai toan trén ta thu dugc moét két

qua tuong tu:

Néu p Ia mét s6 nguyén t6 1& c6 dang 4k + 3
va a2 + b2 i p thi c& a va b déu chia hét cho p.

Bai toan 2. Cho hai s8 tu nhién a, b théa méan
a>bvaa+b 2. Chimng minh riing a2 - a - b?
khoéng phai 1a s6 chinh phuong.

L&i giai. Gid siraZ — a — b2 =n? (v6in €. N).

Suy ra 4a? — 4a - 4b? = 4n? hay

(2a - 1)2 - (2b)2 = 4nZ + 1
& (2a—-1+2b)(2a—1-2b) =4n? +1.
& [2(a + b) - 1][2(a + b) — 4b — 1] = 4n2 + 1.

Via+b:2nén2a-1+2b,2a—-1-2bdéu
la cac s6 |1& chia 4 du 3. Do d6 ton tai uéc
nguyén t6 1& cha mbi s c6 dang 4k + 3.

Tirc 1a 4n? + 12 c6 udc nguyén t6 1@ c6 dang
4k + 3: vo li do bai toan 1.

vay a? - a - b2 khéng phai 1a s chinh
phuong, ta cé dpcm.

Nhan xét. Tu bai toan 2, ta ¢ bai toan hé qua
sau. :

Bai toan 3. Cho hai s6 tu nhién a, b théa méan
a>b>0vaa+b:2. Chimg minh ring phuong

" trinh sau c6 nghiém tu nhién va cac nghiém déu

khéng phai Ia s6 chinh phuong
x2-(@2-a+ 1)x-b2-1)- b2+ 1)2=0. (1)
Lgi giai. Ta cb
Mex?2-@2-a+1)x+@2-a+1)b¥+1) -
-2+ 1)2=0
(Xem tiép trang 8)




6’0” THIE(I

ThS. NGUYEN vAN NHO (NXBGDVN)

Trong mét s6 bgo TTT2 & ndm d4u tién (ndm 2003), chung t6i c6 gidi thiéu cudc thi nay. Pay Ia
cuéc thi dugc Ho6i Toan hoc Canada va Trung tam Giao duc Toan hoc va May tinh Canada ph6i hgp
t8 chure, voi su tai tro clia tdp doan tai chinh Sun Life. Cudc thi nay danh cho tét ca cac hoc sinh

THPT (Semor high school) tai Canada.

Trong s6 bao nay va hai s6 béo sau, chung téi tuyén chon nhimg bai phti hgp tcr cac nam 2006,

2007, 2008 va 2009 dé€ gidi thiéu cing cac ban.

Bai 1. (2006) Cho f(x) ia ham s6 théa man f(2x + 1) = (x — 12)(x + 13), v6i moi s6 thuc x.

Hay tinh gia tri clGa f(31).

Bai 2. (2006) Cho tam giac ABC véi M 1a trung diém BC. Biét ABM = 15° va AMC = 30°.

Tinh s6 do géc BCA.

Bai 3. (2006) Xac dinh tat ca cac nghiém (X, y) clia hé phuong trinh

-5—2=12
y
L-2

X|w X|p
+ +

2

<

Bai 4. (2006) Tim s cac s6 nguyén n théa man déng thdi 3 diéu kién sau day :

* n gdm toan cac chir s6 0 va 1
* n chia hét cho 6;

+0<n<10.

Bai 5. (2006) Gia sit n va D la cac s6 nguyén saochon>0va0<D<9.
Tim s6 n, néu biét T;_o = 0,(9D5) = 0,9D59D59D59D59D5...

(Tiép theo trang 20)

ox?-@2-a+1)x+ %+ 1)@Z-a-b9)=0
e x2-[(b?+1) + (@2 -a-bI)x + (b% + 1){a2 -
a-b%)=0 ’
ex,=b?+1;x,=a’-a-b2

Via>bnéna?-a-b?= (@a+b)a-b)-a

>a+b- a_b>0nenx2>0

Vay (1) c6 2 nghiém déu 1a s& tu nhién.

Néu x, 1a s6 chinh phuong thi t6n tai s6 tu
nhién n dé b2 + 1 = n2 hay (n + b)(n - b) = 1.

Suyran+b=n-b=1.

Dodéb=0:voli

Vay x, khong phai la s6 chinh phuong.

Theo bai toan 2 thi x, cling khong phai la s6
chinh phuong, ta c6 dpcm.

Bai toan 4. (TTT2 s6 82) Tim gia tri nhd nhat
ctia bidu thitc A = x2 + y2, & d6 x, y la cac s6
nguyén duong thda man A : 2010.

L&i giai. Ta c6 2010 = 2.3.5.67.

Vi 3 va 67 la nhitng s6 nguyén t6 dang 4k + 3
nén x va y déu chia hét cho 3 va 67.

Suyrax:201,y:201. ‘

Pat x = 201m, y = 201n.

" Suy ra A= 201%(m?2 + n?).

Ma A ; 2010 nén m2 + n? : 10.

Suy ra m?2 +n? > 10.

Do d6 A > 2012.10.

Ta thdy m? + n2 = 10 khi (m; n) = (1; 3).

Vay A . = 201210 = 404010, x4y ra khi

(x; y) = (201; 603).




Danh cho cac nha

toan hoc nho

VE DEP CUA SO HOI QUY

NGUYEN MINH HIEU

(HS. 12A1, trudng THPT chuyén Pai hoc Khoa hoc Tu nhién Ha Néi)

TTT2 d3 nhiéu 1an dé cap dén vé dep clia cac con s6 nhu sé than thién, s6 héi quy...
Bai viét nay tiép tuc trinh bay mdt s6 vé dep khéc clia s6 h6i quy.

Trong tap cac sé tu nhién ta gap rét nhiéu sé
cb tinh chat tha vi: LAy tat ca cAc chir s6 clla n6
r&i thuc hién mét s6 phép tinh toan sé hoc theo
dang thir tu clia cac chir s6 d thi lai duge s6 ban
dau. Ngudi ta goi nhitng s8 nay la s hdi quy.

Chéng han 24 = 23 + 42

81=(8+1)%

145 = 1) + 4! + 5;

2427 =2"+ 42 + 23 + 47

$4 hdi quy dang liiy thira

Nha toan hoc Hardy da phéat hién cac sé hdi
quy dac biét sau ‘

153 = 13 + 5% 4+ 33,

370 =33+ 73+ 0%,

371=33+ 73+ 13,

407 =43+ 0%+ 75

Cac s6 nay déu c6 3 chir s6 va bang téng cac
lap phuong clia 3 chir s8 cla nd.

Sy tring hgp nay lam ngudi ta kinh ngac. Va
ngac nghién hon 1a sau khi dugc xem két qua
trén cGia Hardy, mot ngudi da tim dudc két qua
tuong tu cho sé ¢ 4, 5, 6 chit s6 ia

1634 = 14 + 6% + 3% + 4%

54748 = 55+ 451+ 7° + 45 4 85;

548834 = 5% + 45 + 86 1 85 + 3% 1 48,

Ngudi ta goi nhitg s8 tu nhién c6 n chit s
thda man tinh chat: bang téng cac lily thita bac n
cla cac chit s6 clia n6 1a s hdi quy dang lay
thira. ’

V&n dé dat ra la v6i s6 tu nhién n nhu thé nao
thi tén tai s6 héi quy dang nay va véi sé n dé thi
¢b bao nhiéu s6 héi quy théa man?

Nam 1986, gido su Diluna ngudi Mi da khéo léo
chimg minh dugc su hitu han clia s6 n nhu sau.

Gid slt A,, = a4ay... a, la mot s6 hdi quy dang
Idy thira. Nhu thé A > 10"~ 1va

A, =af +aj +... +aj <n9".
n-—1 n 10 ¥
Suy ra 10 < n9" hay ry <10n.

n
Khi n rat i6n thi su tang clia (E-J sé nhanh
han 10n. 9

10 60
Hon nifa ta c6 (—9—) < 556,4798 <10-60;

1061 ,
(?) >618,3109 >10 -61.

e (10Y"
Vay véin > 61 thi ry >10n. ™

Vay s8 hdi quy dang liy thira c6 t6i da 60 chit
s0.

Chu y. Ta ¢c6 thé chimg minh (*) bang phuong
phap quy nap toan hoc.

Nh& may tinh, nam 1975, Diluna da théng ké cac

. s6 hdi quy dang liy thira dau tién 1a: 1, 2, 3, 4, 5, 6,

7, 8, 9, 153, 370, 371, 407, 1634, 8208, 9674,
54748, 92727, 93084, 548834, 1741725, 4210818,
9800817, 9926315, 24678050, 24678051.

Tu'y nhién, cho dén nay, ngudi ta van chua tim
dugc hét cac s8 hdi quy dang nay.

S48 hdi quy dang dai ximg

Ngusi ta thudng goi nhitng s6 hdi quy loai nay




la s& héi van. D6 la nhitng sé tu nhién doc xudi
hay nguoc thir tu déu cho cling mét s6. Chang
han nhu cac s6 121, 2442,...

Ngudi ta nhan thdy cé nhimng s6 tu nhién dem
cdng vdi sb viét theo thlr tv ngudc lai clia s6 d6
dé duoc s8 méi, ri lai tiép tuc thuc hién qua trinh
d6 thi sau mét s8 Ian thuc hién ta sé dugc sd hdi
quy dang d6i xitng.

Chéng han 83 + 38 = 121;

68 + 86 =154, 154 + 451 = 605, 605 + 506 = 1111.

Cau hoi dat ra 1a: C6 phai tat ca cac s6 tu
nhién déu cb tinh chat trén?

Bai toan nay van chua cb cau tra 16i.

Ban dau, ngudi ta kiém tra timg s6 mét, tif nhd
dén 16n. Tuy nhién, khi tinh d&n sG 196 thi da thuc
hién téi 5000 budc ma van chua dugc s héi quy.

Sau nay, ngudi ta phat hién ra rang trong
100000 s6 tu nhién dau tién, cd6 5996 sd sau
nhiéu buéc thitc hién ciing van chua ra dugc s6
héi quy.

Tuy thé, cling véi su phat trién cda cong nghé
théng tin, ngudi ta tin ring cang ngay sé cang tim
dugc nhiéu s6 hdi quy dang ddi ximg nay.

Mot van dé khac lién quan dén sd hdi quy ddi
x(mg la mdi lién hé cha sé nay véi s6 nguyén t6.
Ta thdy, cac s6 hdi quy ddi ximg ¢ nhiéu hon 1
chit s8 ma la s& nguyén t3 thi déu phai co 1é chit
s8 (vi néu c6 chén chit s6 thi s6 nay sé chia hét
cho 11). Viéc nghién citu vé sé hdi quy ddi ximg
la s6 nguyén t8 van chua dat dugc nhiéu thanh
tuu. Ngudi ta da tim ra dugc mét sé tinh chat dac
trung cla dang s6 nay. Van dé dit ra 1a c6 hiu
han hay v6 han s6 h6i quy ddi x(ing la s6 nguyén
t6? Cau hdi nay ciing chua cb 18i giai.

Cac nha toan hoc da tim ra mét s6 héi quy doi
xiing dac biét 1a s6 19391. S6 nay la s6 nguyén

t& va khi viét 5 chit s clia né (theo ding thir tu)
trén moét mat déng hé thi du doc cac sé cb 5 chir
s6 theo chiéu nao, bat diu tir s8 nao ciing déu
duoc moét sé nguyén t6.

M6t van dé khac l1a méi lién quan clia s héi
quy d8i ximg véi sb l1a Ity thira cha mét s6 tu
nhién.

" C6 nhitng s8 héi quy d8i ximg khi binh phuong
hay llly thifa bac cao ciing thu dugc s8 héi quy dbi

xtng.
Chéng han nhu
12 = 121;
222 = 484;
1112 = 12321;
11112 = 1234321;
113 = 1331;

1113 = 1367631.

Mét tinh chat nita dugc néu ra la: tich hai s6
héi quy ddi ximg la s6 hdi quy déi ximg.

Chéng han

111121 = 13431;

111-131 = 14541;

121-212 = 25652,

121.141 = 29892.

Tuy nhién c6 bao nhiéu cip sé thda man tinh
chat nay van Ia cau hdi con bd ngd.

Cac ban thay d4y, cé nhimg van dé trong toan
hoc tudng nhu don gian nhung that khé gidi
quyét. Biét dau sé c6 ban doc cGa TTT sau nay

sé tra 18i dugc nhitng cau héi trén.
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