TONG HOP LOI GIAI
IMO 2012

Dién dan math.vn thuc hién

V&i muc dich cung cap cho cdc ban mdt tai liéu tham khao trong cong
viéc giang day mon Todn cho cac ki thi HSG va Olympic, chiing t6i tong hop
mot s6 15 gidi clia cac bai toan trong dé thi IMO nam nay. Céc 16i giai dudi
day dugc ching t6i chon loc tir cac dién dan vé toan nhu artofproblemsolv-
ing.com, forum.mathscope.org , math.vn cung v6i dap an chinh thuc cua
ban t6 chitc tai imomath.com. Chung t6i cAm on tat ca cac thanh vién da
tham gia thao luan vé dé thi ctia cac dién dan néi trén. Do von tiéng Anh c6
han nén viéc chuyén ngi cac 10i giai sé gap nhirng thiéu s6t, mong su goép y

ctia cdc ban d€ tao nén 13i gidi hoan chinh hon.

1 Ngay thir nhét

Bai 1. Cho tam gidc ABC va diém ] 13 tam dudng tron bang tiép trong géc A cla
tam gidc. Dudng tron nay tiép xic véi AB, AC, BC tai K, L, M theo thd tu. LM
cit BJ tai F, KM cit CJ tai G. Goi S, T 1an luot 13 giao diém cha AF, AG véi
BC. Ching minh ring M 13 trung diém cla ST.




LOI GIAI 1. Trudc hét ta c6 AFK] = AFM] (c.g.c), suy ra @ = ]/FZ\\/I
bé y thém

180° — BJC
——
Do do6 ti gidc JKFA noi tiép, suy ra ZP\] = XI?] =90° = FJ] L AS.

Diéu nay dan tdi FS = FA (1).

Lap luan tuong tu nhu trén ta ciing chitrng minh dugc AGC = XL\] =90° =
AT L GJ.

Diéu nay dan dén AT || FM (2).

Tir (1) va (2) ta suy ra M la trung diém ctia ST.

JEM = ML — MJF = 90° — (MJC + MJF) = — KAJ.

Cach lam khac nhu sau: Sau khi ching minh duoc FJ 1. ASva CG L AT ta
suy ra AB = BS va AC = CT.

B&i thé MS = AB+ BM = AB+ BK = AKva MT = AC+CM = AC+
CL = AL két hgp v6i AK = AL la xong. m

LOI GIAI 2 (Pap an chinh thuc). Do KM L B] nén KM song song voi duong

— — 1 —
phan giac ctia goc ABC, suy ra BMK = EABC.

— 1/\ R - . — ]_ — — .
Tuong tu ta c6 FMB = EACB dé dan den FMK = E(ABC + ACB) va ket
— — — 1 — —

hgp voi MF] + FMK = 90° ta suy ra MF] = ECAB = JAK.
Lai c6 FJ la duong trung truc cia doan MK nén ]\//IF\] = ]/FT<, do d¢ tu giac
AFK] noi tiép dan dén AS || KM.
Tar giac ASKM la hinh thang c6 SMK = AKM nén SM = AK.
Lap luan tuong tu ta cling c6 AL = MT va két hop voi AK = AL dé c6 két
luan MS = MT. ]



Bai 2. Chosb nguyén n > 3 va cac sb thuc duong ay,as,...,a,thdbamana,---a, =

1. Chitng minh ring

(14 a2)*(1+a3)®--- (1 +a,)" > n"

. , < ) 1 1

han sd .
phan so P 1)

Ap dung BDT Cauchy cho k s6 ta dugc a; +1 > k‘k/(k_a—llc)k_lhay (ax+ 1)k >
kk 22 33 n"

———a.Dodo VT > — ... ———— =n".

2 e W R (R S T B

Vi dau bang khong dong thoi xay ranén VT > n'.

. , Y Ls A Dk .
LOI GIATI2. V&i moi k > 2 ta xét ham so fy(x) = (x—; ) trén khoang
(0; +00).

. 14+ x)1((k—1)x—1
Ham s0 lién tuc va ¢6 dao ham f/(x) = (1+x) <(]§ )x )
X
: 1 k-
Do d6 ham nay dat cuc tiéu tai x; = 1 hay fr(x) > fi(xx) = =

Vay nén (a, +1)* (a3 +1)>...(a, + 1)" > n"azaz...a, = n".
Vi dau bang khong dong thai xay ra nén ta c6 BDT ding

(a2 +1)*(az +1)>...(a, +1)" > n".

LOI GIAI 3. V&i mdi k > 2 ta sé tim s6 thuc a 16n nhat dé (x + 1)F > ax voi
moi x € (0; 400).

Ta xét ham s6 fi(x) = (x + 1)* — ax, ham s0 lién tuc va c6 dao ham f/(x) =
k(14 x)1 —a.

1
Suy ra phuong trinh f/(x) = 0 c6 nghiém xo = (%) R
1
Do d6 ham nay dat cuc tiéu tai xo = <%> .



kk
(k— 1)1

x véi moi x € (0; 4-00).

Bay gid ta can tim a d€ fi(xy) = 0, bdi thé chonén a =
k

(k—1)k1
Ap dung BDT nay cho cac s6 duong ay, as, . . ., a, ta duoc

Vay ta da chirng minh duge (1 4 x)F >

(a2 +1)*(az +1)°...(a, +1)" > n"azas...a, = n".
Vi ddu bang khong dong thai xay ra nén ta c6 BDT ding

(a3 +1)*(az+1)°...(a, +1)" > n".

Bai 3. Trd choi dodn ké néi dbi 13 mét trd chai gitta hai ngudi choi A va B. Quy
tic cha trd choi phu thudc vao hai sb nguyén duong k va n ma c3 hai ngudi choi
déu d3 biét trudc.

Bt dau trd choi, A sé chon cic sb nguyén x va N v6i 1 < x < N. A giif bi mat sb
x va néi s6 N cho B. B sé& cb thu nhan thdng tin vé sb x bing cich hdi A cic ciu
héi nhu sau : mdi cau hdi bao gdm viéc B xac dinh mot tp S tiy y cac sb nguyén
duong (c6 thé 13 mét tap da duoc nhic dén trong cau héi trudc dé) va hdi A xem
x ¢ thudc S hay khdng. Sau mdi cau hdi, A phai tra 18i c6 hodc khéng, nhung
c6 thé néi dbi bao nhidu 13n tuy thich, chi cé didu 13 phai trd I8i ding it nhit mét
trong sb k + 1 cau hdi lién tiép.

Sau khi B d3 hdi xong, B phai chi ra mét tap X c6 tdi da n sb nguyén duong. Néu
x e X, B th:fmg; néu ngudc lai, B thua. Ching minh rﬁng:

1. N&u n > 2k, B c6 thé ddm b3o mét chién thing.

2. V&i moi k da 16n, ton tai mot sb nguyén 1 > 1.99% sao cho B khéng thé dam

bdo c6 mot chién thang.

L3I GIAI 1 (Pap an chinh thirc). Ta c¢6 thé phat biéu lai bai toan mot cach
tuong duong nhu sau: Nguoi A chon mot phan tir x tir tap con S cua tap
cac s6 nguyén duong (v6i |S| = N) va ngudi B hdi mot day cac cau héi.



Cau hoi thu j bao gém B chon moét tap D; € S va nguoi A chon mot tap
P; e {Dj, D]C} Khi d6 v6i mdi j > 1 ta ludn c6

XEPjUP]’+1U"'UPj+k.

Nguoi B chién thémg néu sau mot s6 hiru han cac buéc anh ta cé thé dua ra
dugc moét tap X voi | X| < nsao cho x € X.

(a) Néu N > 2% + 1 thi nguoi B c6 thé xac dinh mot tap S’ C S vdi |S'| <
N —1saochox € S'.
Gia st N > 2" + 1. Budc dau tién ngudi B chon mot tap batky D; C S
sao cho |Dy| > 251 va |D$| > 281 Sau d6 nhan dugce tap P tir nguoi
A va B chuyén sang budc thit 2. Ngudi B chon mot tap D, C S sao cho
|D, N PE| > 282 va DS N PE| > 2572 Ngudi B cu tiép tuc theo cach nay
va dén budc thit j anh ta chon duge mét tap D; sao cho |D;jN P].C| > k=i
va|Df N PPl > 25,
Theo cach nay B nhan dugc cactap Py, P, ..., Prma |[(PLU--- U Pk)C >
1. Khi d6 B chon dugc tap Dy, chia diing mot phan tir khong thudce
tap P; U - - - U Pr. Do d6 ta ¢6 hai truong hgp sau:

e Néu A chon P, = Dl§+1 thi B léy S =S\ Dy, va khéng dinh duoc
ching minh.

e Néu A chon P 1 = Dy, thi B lap lai qua trinh & trén bé“mg cach dat
S1 = S\ Diy1 d€ nhan dugc mot day cac tap Prio, Prrs, - - ., Pogrr.
Khi d6 bat dang thiic sau luon ding:

151\ (Peya - Pors1)| > 1,
vi [S1] > 2k, Mat khac ta ¢
’(Pk+1 UPeoU---U sz+1)C >1,

va ta léy S’ = P U+ - U Popyg.



(b) Gia st p va g la hai s6 nguyén duong thdaman 1.99 < p < g < 2. Ta
chon kg sao cho

ko
P <. _1 k_ k>
(q) <2 ( 2) and pF—1.996 > 1.

Ta sé ching minh v6i mdi k > ko néu |S| € (1.99, p¥) thi c6 chién thuat
dé A chon dugc cac tap Py, P, ... (dua trén cac tap Dy, Ds, ... ma B cho

biét) théa man v6i méi j dang thirc sau ludn dung:

Gia st rang S = {1,2,...,N}, A sé xac dinh mot day cac N-bo sau:
(X)52y = (xfl,xfz,...,xﬁv).f)au tientadatx? = x) = --- =% = 1. Sau

d6 chon tap Pj va ta xac dinh x' ™! dua trén x/ nhu sau:

j+1 1, néUZ €S
X —= . . .
l g-x, néuigs§.

Bay gidr A ¢6 thé dé B chién thing néu if x| < g% véi mbi cap (i,f). Véi
N X 2 M g v

mét day x, ta dinh nghia T'(x) = Y x;. Bieu d6 du dé A chac chan rang
i=1

T (x/) < g* v6i moi j.
Chuyrang T (x°) = N < pF < g~

Bay gio ta sé ching minh v6i x/ cho trude thoa man T (x/) < gF, va mot
tdp Dj;1 thi A ¢6 thé chon P4 € {Dj+1, D]-CH} sao cho T (x'™1) < g~

Goi y la day duoc dinh nghia nhu day x trong truong hop Py 1 = Djq,

va tuong tu z la day dugc xac dinh trong truong hop Piy1 = D7 . Khi

C
j+1
do ta co

T(y)= )_ qx}+|Dju|

: -1 C
zeD].+1
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T(z) = Z qxf:+ ‘D]-CH’.

Két hop hai dang thic & trén ta c6:

T(y)+T(z)=q-T(¥)+N<q"+pF

chuy dén cach chon s6 ko ta dugc

k
min {T (y), T ()} < 1 ¢+ 5 < ¢

N[

2 Ngay thu hai

Bai 4. Tim tit c3 cic ham sb f:+Z — Z sao cho véi tAt ca cic sb nguyén a,b,c

thda man a+b+c=0 déng thiic sau day diing

fa)* + f(b)* + f(c)* = 2f(a) f(b) +2f (D) f () +2f (c) f (a).

LOT GIAI 1 (Pép an chinh thitc). Thay 2 = b = ¢ = 0 vao dang thic dé c6
3f(0)2 = 6f(0)2 = f(0) = 0. Tiép theo thay b = —a, ¢ = 0 ta dugc f(a)? +
F(—a)? = 2f(a) f(—a) hay (f(a) — f(—a))> =0 = f(a) = f(—a).

Néu f(a) = 0 voia € Z nao d6 thi véibatky btacéa+b+ (—a—b) =0
nén f(a)? + F(b)? + fla+ b = 2£(b)f(a-+b),suyra (F(b) — fla+ b))’ =0,
hodc f(a+b) = f(b). Vay néu f(a) = 0 vdia # 0nao dé6 thi f la mot ham
tuan hoan chu ky a.

Thay b = a va ¢ = 2a vao dang thirc da cho ta duoc f(2a) - (f(2a) — 4f(a)) =
0. Chona = 1dé co f(2) = 0 hoac f(2) = 4f(1).

Truong hop 1. Néu f(2) = 0 thi f 1a mot ham tuan hoan chu ky 2 va ta c6
f(n) = f(1) v6i moi n 16. Dé dang kiém tra rang véi méi ¢ € Z thi ham

_J 0, 2|n,
ﬂ@{azw
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thoa man cac diéu kién cta bai toan.

Truong hgp 2. Néu f(2) = 4f(1) va f(1) # 0. Ta sé ching minh bang quy
nap khang dinh f(n) = n*- f(1).

Thay rang khang dinh ding véi n € {0,1,2}. Gia st rang khang dinh dung
voimoii € {1,2,...,n} va ta sé€ chung minh né dang véi n + 1. Bay gio ta
thaya = 1,b = n,c = —n — 1 vao dang thic da cho dé co:

fQP4+ntf(1)° 4+ f(n+1)> =2nf(1)* +2(n* +1)f(n+1)f(1)

& (fr+) = (D)) - (fn+1) = (n=1)*(1) =0.
Néu f(n+1) = (n—1)2f(1) thiddta =n+1,b=1—n,vac = —2 vao
déng thuc da cho thi

2(n —1)* (1) +16f(1)* =2-4-2(n — 1)2f(1)* +2- (n — 1)*f(1)

suyra (n—1)2=1=n=2.Dodé f(3) = f(1). Thay ticpa = 1,b = 3, va
¢ = 4 va dang thitc da cho thi c6 ngay f(4) = 0 hoac f(4) = 4f(1) = f(2).
Néu f(4) # 0 thi ta dugc

f2)2+ f(2)* + f(4)* = 2f(2)* + 4 (2)f(4)

nén f(4) = 4f(2).
Ta da chiing minh f(4) = f(2) dé dan dén f(2) = 0 két hop vai f(1) # 0 thi
f(4) =0nénham f c6 chuky4.Khido6 f(4k) =0, f(4k+1) = f(4k+3) =,
va f(4k +2) = 4c. Dé dang th lai ham nay théa man cac diéu kién cta bai
toan.
Vay cac ham sb thdéa man yéu cau bai toan 1a f(x) = cx®? véic € Z; f(x) =
0, 4|n,
0, 2|n . . .. <
{ vdic e Z;va f(x) = c, 21mn, vdic € Znao do. m
e 2 4c, n =2 (mod 4)



Bai 5. Cho tam gidc ABC v6i ZBCA = 90° va D la chan dudng cao ha tir C. Cho
X 13 mdt diém n¥m & mién trong doan thdng CD. Cho K I3 diém trén doan thing
AX sao cho BK = BC. Tuong tu, L I3 diém n3m trén doan thfang BX sao cho
AL = AC. Cho M 14 giao diém cia AL va BK. Ching minh ring MK = ML.

LOI GIAI 1. Ta ké cac duong théng lan luot di qua A, Bvuéng goc vai BX, AX
va chiing cat nhau tai H. Khi d6 X la tryc tdm cta tam gidc ABH, suy ra
HX 1 ABhay H nam trén dudng thang CD.

Goi E la giao diém ctia AX va HB, F la giao diém cta BX va HA, ta c6
HE.HB = HF.HA. (1)

Mat khac AC> = AL?> = AD.AB = AF.AH dan dén tam giac ALH vuong tai
L va cing ¢6 HL?> = HF.HA (2)

Lap luan tuong tu ta c6 HK? = HE.HB (3).

Két hop (1), (2), (3) ta suy ra HL = HK dan dén hai tam gidc vuong HLM va
HKM bang nhau va c6 ngay MK = ML. |

LOI GIAI 2. Ta dung cac duong tron (A; AC) va (B; BC) ching cat nhau tai C
va J.
Do AB la dudng nbi tim ctia 2 duong tron néi trén nén AB | CJ, suy ra CD

9
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1a truc dang phuong cta hai duong tron.
K& tiép tuyén tai L véi duong tron (A; AC) cat duong thang CD tai I, suy ra
t gide ILDA noi tiép dé c6 DLA = DIA. (1)

Ta lai thady AD.AB = AC? = AL?> nén AL la tiép tuyén cta dudng tron
(BLD) dé c6 DLA = ABX. (2)
Tir (1) va (2) din dén BX | AInén AX | BI = BAX = BID (3).
Chitng minh tuong tu ta cling c6 BK la tiép tuyén ctua duong tron (ADK) dé
6 BKD = BAX. (4)
Tix (3) va (4) ta duoc ti giac BDKI ndi tiép dé c6 BK L IK = IK la tiép tuyén
ctua duong tron (B; BC).
Mit khac IL? = IC.I] = IK? nén hai tam giac vudong ILM va [KM bang nhau
dé dat duoc ML = MK. m

L3I GIAIL 3 (Pap an chinh thirc). Vi AL? = AC? = AD - AB nén céc tam giac
ALD and ABL dong dang va do d6/ALD = /XBA.
Goi I 1a diém nam trén tia DC (I khong thudc doan DC) sao cho DX - DI =

10



BD-AD.Vi/ZBDX = ZIDA = 90°nén ta c6 AIAD ~ ABXD hay ZXBD =
/AID,do d6 ZALD = ZAID va cac diém I, A, D, L nam trén mot duong
tron. Diéu nay suy ra ZILA = 90° nén IL? = AI? — AL? = AI> — AC?.

Ching minh tuong ty IK?> = BI? — BC? va ZIKB = 90°. Do IC 1 AB nén
ta c6 AI*> — AC? = BI?> — BC?, do d6 IL? = IK? dan dén IL = IK. Cung vdi
ZILM = ZIKM = 90° ta két ludn AILM = ALKM hay MK = ML. |

Bai 6. Tim tit ca s6 nguyén duong 1 sao cho ton tai cic s6 nguyén khéng am
ai,a»,...,4, thdoa man

1 1 1 1 2 n

%—i—ﬁ—F +27n ?EJrﬁJr---Jr%:l.
LOI GIAI 1 (Pap an chinh thirc). Pat M = max{ay,...,a,}.Khidétaco 3™ =
1.3M-a1 4 9. 3M—a ... 4 . 3M-an =142 4 ... 4y = ”+1

1) 1a s 18 nén n = 1 (mod 4) hodc n = 2 (mod 4).

(mod n). Suy
ra
Bay gid ta sé chiing minh voi moi n € N ¢6 dang 4k + 1 hoac 4k + 2 (voi
k € IN nao do) ludn ton tai cac s6 nguyeén 4y, ..., 4, théa man phuong trinh
da cho.
V6i mot day a = (ay, 4z, ...,4,) ta dat

L(a):%Jr%Jr +2in va R(a):%Jr%Jr +3Zn.
Gia st v6i n = 2m + 1 ton tai mot day a = (ay, ..., a,) cac s6 nguyén khong

am théa man L(a) = R(a) = 1. Xétday so a’ = (4}, ...,a)_ ;) dugc xdc dinh

nhu sau:

. aj, ifj g {m+1,2m+2}
Ame1+1, ifje{m+1,2m+2}.
Khi d6 ta co , ,
NN _
L(a) _L(a)_zamﬂ + 'W—l
and

y m+1 m+1 2m+2
R (a) - R<a> - 3‘1m+1 + 3(Zm+1+1 + 3am+1—0—1 _ 1

Diéu nay suy ra néu khang dinh ding véi 2m + 1 thi né cling dung véi 2m +
2.

11



Bay gio gid sit khang dinh ding véi n = 4m + 2 v6i m > 2 nao d6, va gia st

a = (ay,...,q4m+2) la day n cac sO nguyén khong am tuong ung. Ta sé xay

dung motdaysaua’ = (a},4,,...,4a, théaman L (a’) = R (a') = 1, diéu
8 y 1742 4m—+13

do ching minh khéng dinh dung véi 4m + 13.

Dinh nghia:
( A2 +2,
aj+—1,
a;- = a +1,
Ami2 + 3,
aﬁ

\

Bay gio ta co

1
L(a')=L(a)—
PéE kiém tra R (a
R(a") - =R
An+2
m—+ 2
trong do

Vi méij € {2,3,4,

ifj=m+2
ifje{2m+2,2m+3,2m+4,2m+5,2m+ 6}

ifj € {4m+4,4m+6,4m + 8,4m + 10,4m + 12}

ifjec {dm+3,4m+5,4m+7,4m+9,4m + 11,4m + 13}

otherwise.

1 1 & 1 & 16

6
Dp+2 N Z; 292+ T 2m42+2 +],§ 2 +j+1 +; 22 +j+1 T 2am42+3

j=
= R(a) = 1. Ta viét

m+2, 4m+3, dm+5, dm+7, 4m+9, dm + 11, 4m+ 13

a a, Aot i
+ R amtjr T4m+2j | _p 2m+j )
] 2m+j, dm+j 2m+j

ci, ..., C d d
dy, ..., di 1 k

5,6} ta co

3‘12m+]’+1 3a2m+]'+1 302m+j

R( Ty Voo ) _R< Ao ): 2m+j  Am+2j 2m+j

2m+j, 4m+j

2m+j

S6 hang thit nhat ctia biéu thirc R (a’) — R(a) bang 0 vi

R Tysor Uiz Ogiss Qi Bamyor  Ogpetns i R
m+2, 4m+3, dm+5, dm+7, 4m+9, dm+ 11, 4m+ 13

12

/ / / / / /
( m+2' Agm+3r Aamasr Qaui7r Ogmeor Qa1 gmeas

A2
m—+ 2

= 1.

)



Com+2  &dm+2j+1 m+2 _
© 3aAmpat2 Z 3am2+3 N 3mi2

Do d6 R (a') = 0 va khang dinh diing v6i 4m + 13. D€ kiém tra c6 cac day sb
c6dodail, 5, 9,13, val7. Ta chon cac day la:

(1), (2,1,3,4,4), (2,3,3,3,3,4,4,4,4), (2,3,3,4,4,4,54,4,54,5,5),

(3,2,2,4,4,5,5,6,5,6,6,6,6,6,6,6,5). -
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