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LOI NOI AU

Dién dan toan hoc Math.vn chua day hai tudi, nhung nhitng déng
gép cta cac thanh vién trén dién dan véi cong dong da dan dudc
khang dinh Dién dan la noi trao d6i hitu ich cta céc thay co gido,
cla cac em hoc sinh va nhitng ban yéu toan ... P& c¢é nhiéu bai
giang hay, da c6 nhiing 16i giai dep cho nhiing bai toan kho, da la
noi gap go trao doi nhiéu y tudng doéc ddo cho nhitng van dé tudng
chitng don gian ... Nhin lai hon mo6t ndm hoat dong, ching t6i thay
da c6 nhitng diu 4n:

e T6 chiic tudng thuat truc tiép dai hoi Toan hoc thé giéi 6 An
P9, noi tai ning va con ngudvi Viét Nam dude khang dinh bang
giai thudéng Fields caa Gidao su Ngo6 Bao Chau. Nhing thong
tin ciia Math.vn da dudc nhiéu trang web trich déng.

e T6 chiic thi thit nam 2010 véi 24 dé chat luong dudc da phan
hoc sinh va thay c6 danh gia cao.

TG chic giai dé thi dai hoc khéi A, B, D mén Toan c6 nhiéu 1oi
giai hay dudc cong bo s6m nhat.

Phat huy tinh than d6, nhan ky thi chon hoc sinh giéi Qudc gia Viét
Nam 2011, dién dan t5 chiic giai d¢ VMO 2011. Ching t6i tin tuéng
day 14 mot tai liéu tot cho cac ban hoc sinh dang va sé tham gia céc
cuoc thi chon hoc sinh gi6i tham khéo.
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BAI SO 1: BAT PANG THUC

Bai 1. Cho x la s6 thuc duong va n la sb nguyén duong. Chiing minh
bét dang thic

xn(xn+1 + 1) _ (x+ 1)2n+1
xt+1 2

Dang thiic xdy ra khi nao?

Loi giai 1. Ta st dung phuong phép quy nap theo n. Véi n = 1, bat

dang thiec cua ta tré thanh

3

x(x2+1) <(x+1
x+1 2

Theo bat dang thitc AM-GM, ta c6
2

1
2

2x)+(x2+1)
2

(x+1)*
g

x(x2+1):%-(2x)-(x2+1)<

Tu do suy ra

4
s+ _ S (x+1)3
x+1  x+1 | 2
Va nhu vay, bat dang thic da cho ddng véi n = 1.
Tiép theo, ta sé chiing minh rang néu bat déng thic ding cho n =k
(k € N*) thi n6 cing sé dung véi n = & + 1. That vay, theo gia thiet quy
nap, ta co
(.')C+ 1)2k+1 _ xk(xk+1 + 1)
2 xk+1
suy ra

x+1)2(k+1)+1 B (x+1)2

x+ 1)2k+1 - (x + 1)2 2k (xktl +1)
2 2 ~

2 2 xk+1

St dung danh gia nay, ta thiy rang viéc ching minh c¢6 thé dude dua
vé chiing minh két qua sau

(x+ 1)2 xk(xk+1 + 1) _ xk+1(xk+2+ 1)
2 xk+1 T xktli
B4t dang thic nay tuong duong véi

(x + 1)2 . (2 + Dk +1)
dx (k1412
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hay la
(x +1)2 . (x**2 + 1)(x* + 1)
4x T (xRt 41)2
Do(x+1)2-4x=(x-12va (" 2+ 1" +1) - "1 +1)2 = x*(x — 1)2 nén
ta c6 thé thu gon bat dang thiic lai thanh

1.

(x-1)2 S xF(x—1)2

4 T (@12

tuong duong
(x—1D? |1+ 1% -4 > 0.

Bat dang thic nay ding vi theo AM-GM, ta c6 (x**1+1)2 > 4a4+1.

Nhu vay, ta da ching minh dude néu khang dinh bai toan ding cho
n =k (k € N*) thi né cling ding cho n = & + 1. T day, két hop véi viéc
da xac 1ap duge tinh ding dan cua bat dang thic can ching minh
cho n =1, ta suy ra né ding véi moi sé nguyén dudng n (theo nguyén
1y quy nap). Ngoai ra, c6 thé thay dudc trong sudt qué trinh chiing
minh, dau déng thic chi xay ra tai mot diém duy nhat x=1. [

Loi giai 2. Ta sé ching minh két qua tong quat hon: Véi moi a,
b>0,thi

(1)

a+b 2n+1 anbn(an+1 +bn+1)
>
2 ) a +b"

Két qua bai toan da cho 1a trudng hop riéng khiea =x va b =1.

Dé thay (1) 14 mot bat dang thiic thuan nhéat cho hai bién q, b, vi vay
khéng mat tinh téng quat ta c6 thé chuin héa cho a + b =2. Khi dé
(1) c6 thé viét lai duéi dang f,(a, b) =0, trong dé6

fula, b)=a" +b"—a™b" (@' + b™*1).
St dung bat déng thiic AM-GM, ta c6

_ _ 2
ab(an_l+bn_1)(an+1+bn+1)< ab(an 1+bn 1)+(an+1+bn+1)

2
_(@+b)X@"+b" _ @+ 5"
4
tu do6 suy ra
(a” +b")?

n+1 n+1
a +b < .
ab(a1+pn-1)
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St dung danh gia nay, ta thu dudc

an—lbn—l(an + bn)2

fnla,b)=a" +b" - R )

n n
_ nalizn - [an—l +bn—1 _an—lbn—l(an +bn)]
a
a”+b"
=an 1(a, b). 2)

Tt (2), thuc hién cac danh gi4 lién tiép, ta cé

n bn
i fai(a, b) (1)

a"+b" a1+l

an 1+bn1 a2 4 pn- an 2((1 b)
__a "+ " .a” Lipn lma +b2
/an 1 pn-1 gn-2,4 pn-2

bn
_a —~f1(a, b) 3)

frnla, b) =

vV
:A”
B
>

Mat khéc, ciing theo bat déng thic AM-GM thi

1
fila, b):a+b—ab(a2+b2):a+b—§-(2ab)-(a2+b2)

112 2 12y12 4
za+b—— (2a)+(a”+57) :a+b—(a+b) =0.

2 2 8
Do d6, két hop véi (3), ta suy ra f,(a, b) =0 v6i moi n € N*. Il

Léi gidi 3. Ta chiing minh b6 dé sau
Bé dé. Cho a, b la hai sé thuc duong. Khi do, véi moi n =1, ta co

(ab

nZ
a+b) @)

iy

Chiing minh. Khéng mét tinh tong quat, ta gia st a +b = 2 va dat
a=1+x, b=1-xv6i 0<x<1. Bat dang thic (4) c6 thé viét lai thanh

[(1+x)(1- x)] [(1+x)”+(1 "] <2,

hay tuong duong

n(n+1)

1+(1+x) 7 (1 x)

g(x)—(1+x <2.
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Ta co
| =
_ n(n+1)(1+x)n _1( _x)n(n n n(n2— 1)(1+ )n(n 1)(1 x)n(n n_
=n(1+x)"(”+ 11— )" (1 - na)
va
(1-|—x n(n+1)] _
_ n(n2— 1)( )__1(1 x)n(n+1) n(n2+ 1)(1+x no-n )%_1
= —(1+x
= —n(1+x)
do d6

g(x)—n(1+x) (1-nx)—(1-x)"(1+nx)]
l-nx (A-x)"

1+nx_(1+x)n '

1+nx)

= n(l—x2

N A PR A £ 11— (1—x)"
T}I day ta thay g'(x) ¢6 cung dau véi h(x) = {705 — (7597 Linh dao ham
cua h(x), ta dudc

2n(1—x)" 2n 2n(1-x%)"! 2n
1+x)+*1  (1+nx)2  (1+x)2" (1+nx)2
2n 1 1 1 1 1
< - =2n - +
1+x)2"  (1+nx)? 1+x2)" 1+nx||[@Q+2)" 1+nx

' (x) =

<0

do theo bat dang thiic Bernoulli thi (1+x)" = 1+nx (chd ¥ réng n = 1).

Nhu vay, A(x) 1a ham nghich bién trén [0, 1). Suy ra A(x) < A(0) =

Vx € [0, 1). Ma g'(x) ¢6 cung diu véi A(x) nén ta cling c6 g'(x) < 0 véi
moi x € [0, 1). Do vay g(x) 1a ham nghich bién trén [0, 1). T 1y luan
nay, ta suy ra g(x) < g(0) =2, Vx € [0, 1). B6 dé dudc chitng minh. =

Quay tré lai bai toan. Theo (4), ta ¢6

b
(ab) 5 (a +bk)<2( ; ) , Ya,b>0,k=1, (5)
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suy ra
1
a® +b* ) 12

a+b>2ab) (6)

Trong (6), choa =x", b=1va k=211, ta dugec

n2
n (x’”l + 1) (12

x" +1=2x20+D 2

Tu do suy ra

2n+1
(n+1)2

5 =X 2(n+1)
xt+1 2

2"+ 1) - 2"+ 1) n@ntn) ("4 1
< - ) N
53D | X" 141 ) (n+1)
25 2+D) ( 5

Nhu thé, phép ching minh sé hoan tat néu ta chi ra dudc ring

2n+1 9 1
n@nid) ("L 4+ 1) )2 x+ 1)\
<
2

x 2(n+1)
2

Bat dang thic nay tuong duong véi

x+1\0D

n(n+1)

x 2 (x"+1+1)<2(

Pay chinh 14 két qua cta bat dang thic (5) 4p dung choa=x, b=1
va k =n+ 1. Bai toan dudc chiing minh xong. O

Nhan xét. C6 thé thay y tuéng tu nhién nhat khi giai bai nay chinh
la stt dung phép quy nap. Loi giai 3 tuy dai va phic tap nhung né
ciing ¢6 ¥ nghia riéng ctia né. That vay, qua 16i giai nay ta c6 thé thay
dugce bat dang thitc da cho van dung cho trusng hdp n 1a sé thuc tuy
v khong nhé hon 1. Két qua nay khong thé suy ra dude ti hai 16i giai
bang quy nap 1 va 2.
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BAI SO 2: GIGI HAN CUA DAY SO

Bai 2. Cho day {x,} duoc xdc dinh bdi

2n n-1

x1=1va x, = szl véi moi n = 2.

Chitng minh rang day y, = xp+1—%, c0 gidi han hitu han khi n — +oo.
Loi gidi 1. Tu gia thiét, ta suy ra v6i moi n =1, thi

n—-1 (n 1)2

e

Xn.

Do do

2(n +1) &

2(n+ 1) n=l
Xn+1l= "5 sz— ( n+zxi)
i=1

(n—1ﬂ
X
" 2n n

2(n+1)
= 2

_(n+D(n?+1)
= i~

Xn. (1)

n

St cong thite truy hoi vira tim dudce nay két hop véi phép quy nap, ta
sé ching minh
x,<4(n-1), Vn=2. (2)

Do x5 = (22 27%1 =4 nén dé thay (2) dung véi n = 2. Gia st (2) ding véi
n=%k =2, khidotaco

(E+1)(E%2+1) (B+1)(E%2+1)

Xp+1= 23 Xp < 73 4(k—-1)
4RZ-1)(k2+1) 4kk*-1) 4
= =3 == :4k—k—3 <4k,

suy ra (2) cing dung véi n = £+ 1. Tu day, ap dung nguyén ly quy
nap, ta c¢6 (2) dang véi moi n = 2.

Bay gio, ta sé di ching minh bai toan da cho, cu thé ta sé chi ra ring
vy, la day tang va bi chan trén.

e Chung minh y, tang. Theo (1), ta c6

n+1R%2+1) n2+n+1
yn:xn-k—l_xn:Txn_xn:—
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Do do
_(+1?+(+1)+1 n2+n+1
Yn+l1—Yn = (n + 1)3 Xn+l1— Txn
n?+3n+3 (n+1)(n?+1) n+n+1
= . X, — x
(n+1)3 n3 " ns "
2 2
+3n+3 +1
_%n [(n743n 434D o
n3 (n+1)2
Xn n+2 9 9 }
=31+ ——= +1)-(n“+n+1
n3{ (n+1)2 (n )=(n"+n+1)
X, [(n+2)(n2+1) 2%,
== |l -n =59 2>0.
n (n+1) n3(n+1)

Piéu nay chiing t6 y, la day téing.

e Chung minh y, bi chan trén. St dung (2), v6i moi n =2, ta co

n2+n+1 n2+n+1 4(n3-1)
Yn = Xp < 3 -4(n—1):—3 <
n n

4.
n3

Do d6 y1 < y3 <--- <y, <4, hay noi cach khac, day y, bi chan
trén bdi 4.

Tt hai két qua vita chiing minh trén, ta dé dang suy ra két qua can
ching minh. O

Nhan xét. Khi lam bai toan nay, c6 1& cac ban hoc sinh déu khong
khé dé tim ra cac tinh chat

2
1= (n+D(n +1)x

* X
n+ PE]

ne

* y, la day tang.

Va khi d6, cong viéc con lai sé chi la tim ra mét chan trén cho y,. Co
thé néi day chinh 1a yéu t6 quan trong nhat cia bai toan. Viéc tim ra
danh gia (2) c6 thé dudc giai thich nhu sau: Ta biét ring ham phan
thuc f(x) = % v6i g(x), h(x) 1a cac da thic dong bac va a(x) > 0 thi
bi chan trén béi mét hing s6. Ma quan sat céng thic truy hoi caa
yn, ta thay rang % 12 ham phan thic theo n véi n? +n+11a da
thiic bac 2 va n? 1a da thiic bac 3. Tu day ta chdt c6 mot y tuéng 1a
danh gia x, v6i ham da thic bac nhat theo n (chiéu <) vi khi d6 y, sé
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bi chén trén bsi mot ham phan thic véi ti 12 da thic bac 3 va mau
cting la da thtc bac 3, va nhu the theo tinh chat virta nhac lai 6 trén,
ta biet chac rang y, sé bi chan trén béi mét hang so.

Véi y tudng nhu vay, ta mong mudn c6 mét danh gia dang x,, <an+b.
Ngoai ra, tit cong thiic truy hoi trén cia x,, ta ciing nghi dén viéc
thiét 1ap danh gia nay bang quy nap (vi nhu thé 14 don gian hon ca).
Nhu thé, ta can phai chon cac sb thuc a, b sao cho

(n+1nZ2+1)

3 (an+b)<a(n+1)+b.
n

Thuc hién phép khai trién, ta viét dudc bat dang thiic nay lai thanh
—(a+bn(n+1)—b=0.

Pé diéu nay dung véi moin =1, ta can cé a+b <0 va 2(a+b)+b <0. Va
tat nhién, dé don gian, ta chon ngay a +b5=0va b <0, tica=-b>0.
Khi d6, ta thu dudc bat dang thic dang

x, <a(n-1).

Ta thay rang néu cé a sao cho danh gia nay ding véi mét sb ny nao
d6 thi danh gia cting sé dung v6i moi n = ng (do ly luan trén). Va nhu
thé, ta chi cAn xét mét vai gia tri » nhé va chon a sao cho bat dang
thic dung véi cac gia tri d6 1a dude. Ngoai ra, ta thiy bat dang thic
sé khong dudc théa mén véi n = 1, nén ta sé xét véi n = 2. Khi dé, bat
déng thic tré thanh 4 < a. Va rat don gian, ta nghi ngay dén viéc
chon a = 4. Pay chinh 1 nguoén gbc ciia viéc thiét 1ap (2).

Loi giGi 2. Ap dung gia thiét da cho & dé bai, ta c6

2 n n—1 2 2
n°x,+1 (n-1x, Wm+DHn+1)
= = 4+ = + = . 3
2t 1) glxk Xy glxk Xy, o 3 Xn. (3)
Tu do suy ra
n+n+1 .. Xn
Xntl=Xp = ———5—Up VOl Up = —. 4)
n n

Do (3) nén ta co

Up+1 = 7 un:(1+—2)un.
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Mit khac, dé thay x, >0, Vn € N* nén ta ciing ¢6 u, >0, Vn e N*. Vi
vay, ta c6 thé dit Inu, =v,. Khi d6

1
vn+1:vn+ln(1+—2 >v,, VneN".

n

Vay {valnen 12 day téng. Bay gio, st dung bat dang thic co ban
In(1+x) <x, Vx>0, ta thu dudc

1
Un+]_<vn+_2.
n
Tu day ta co
(n=1? 1 (=1 q 1
vp,<vi+1+ —<vi+1+ =v1+2- , Vn=2
ne kZ:Z B2 1 kZ:Z Ek—-1) ' -1

Piéu nay ching td {v,}nen: bi chén, hon nita do {v,} 12 day ting nén
ta suy ra dudc {v,} hoi tu. Vi u, = e’ va ham f(x) = e* la ham lién tuc
N8N {Unknery+ cling hoi tu. Tt Iy luan nay két hop véi lim 22+

(4), ta suy ra diéu phai chitng minh. O

=1va



BAI SO 3: HINH HOC PHANG

Bai 3. Cho duong tron (0), duong kinh AB. P la mét diém trén tiép
tuyén ciia (0) tai B (P # B). Puong thing AP cdt (O) lan thi hai tai
C. D la diém dbi xiing ciia C qua O. Duong thang DP cat (0) lan thi
hai tai E.

(@) Chitng minh rdng AE, BC, PO déng quy tai M.

(b) Tim vi tri ciia diém P dé dién tich tam gidc AMB la 16n nhdt.
Tinh dién tich lén nhat do theo R la ban kinh cua (O).
Lai gidi. Trudc hét xin nhic lai khong ching minh bé dé sau

Bé d@é. Cho hinh thang ABCD, AB | CD. Gid st AC ¢t BD tai O va
AD cdat BC tai I. Khi do, OI di qua trung diém AB va CD.

p
C
F
MX /g
A
5 B

Quay trd lai bai toan:

(a) Goi F la giao diém ctia AE va BP. Tu tinh chat géc néi tiép va
duong cao cua tam giac vuong ta de thay LAEC = ZABC = /BPC,
vay ti giac CPFE noi tiep. Tu d6 suy ra

/CPE=/CFE, /PCE=/EFB.
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Céng cac dang thiic géc véi chia § ZCEP =90°, ta suy ra
90°=/CPE +/PCE = /CFE + /EFB=/CFB,

hay CF L PB, va do d6 CF | AB.

Goi M 1a giao diém ctia CB va AE. Ap dung b8 dé cho hinh thang
ABFC, ta c6 MP di qua trung diém AB hay MP di qua O. Vay AE,
BC, OP dong quy tai M, do la dieu phai ching minh.

(b) Ap dung dinh 1y Menelaus cho tam gidc APO véi C, M, B thing

hang, ta dé thay
oM CA

OP CA+2CP

Tu dé6 ta co
Suaz _OM _ CA

Spag  OP CA+2CP’

Suy ra
CA CA

ca+2cP P4 3 /amc
_BC-PA CA  4R* R?
T2 28BC 42 V2
Péng thiic xay khi PB = v2R. O

SmaB =SpaB-




BAI SO 4: TOAN ROI RAC

Bai 4. Cho ngi gidc 16i ABCDE c6 cdc canh va hai duong chéo AC,
AD c6 dé dai khong vuot qud /3. Trong ngi gidc 16i lay 2011 diém
phdn biét bét ki. Chitng minh rdng ton tai mét hinh tron don vi c6
tdm nam trén canh cla ngi gidc 16i ABCDE va chita it nhdt 403
diém trong s6 2011 diém da cho.

Loi giai. Trudc hét ta chiing minh bé dé sau

Bé dé. Cho diém I ndm trong tam gide XY Z ¢6 dé dai cdc canh nhé
hon /3. Khi do,
min{IX, IY,IZ}<1.

Chiuing minh. That vay, vi Z/XI1Y +/YIZ + /ZIX = 360° nén trong ba
goc /XIY, /YIZ, /ZIX phai c6 mot goc khong nho hon 120°. Gia st
/XTY =120° thi trong tam giac AIXY, theo dinh 1y cosin ta c6

3=>XY2=IX?2+IY%2-2IX-IY cos /XIY
>IX2+1Y2+1X-IY =3min{IX?, IY?).

Tu day dua dén min{IX, IY} < 1. B6 dé dudc chiing minh. [ |

Quay trd lai bai toan. Theo gia thiét thi cac tam gidc AABC, AACD,
AADE déu c6 ca ba canh nhé hon v/3, ma méi diém trong 2011 diém
gieo trong ngii gidc ABCDE déu thudc mién trong ctia mot trong ba
tam gidc nay nén theo bé dé, méi diém phai cach mét dinh nao d6
cua ngi giac mot khoang khong 16n hon 1. Theo nguyén ly Dirichlet,
c6 mot dinh ctia ngii gidc c6 khoang cach khong 16n hon 1 dén it nhat
[29117 = 403 diém. Tu d6 ta c6 diéu phai ching minh. 0



20

DIEN DAN TOAN HOC MATH.VN




