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1. D& thi VMO 2012

1 Dé thi VMO 2012

1.1 Ngay thi nhat 11/12/2012

Bai 1 (5 diém). Cho déay sb thuc (x,,) xac dinh béi x; =3 va x, = n;Z (xy—1 +2) v6i

moi # > 2. Chitng minh rang day sb (x,,) ¢6 giéi han hitu han khi n — +co va tinh giéi
han do.

Bai 2 (5 diém). Cho céc cip sb cong (a,), (b,) va sb nguyén m > 2. Xét m tam thiic
bac hai Py(x) = x>+ agx + by, k = 1,2,3,...,m . Chiing minh rang néu hai tam thic
Pi(x), Py(x) déu khong cé nghiém thuc thi tit ca cac tam thiic con lai ciing khong c6
nghiém thuec.

Bai 3 (5 diém). Trong mit phang, cho ti gidc 16i ABCD ndi tiép dudng tron tam O va
¢6 cac cap canh d6i khong song song. Goi M, N tuong ting la giao diém cua cac dudng
théng AB va CD, AD va BC. Goi P, Q, S, T tuong tng la giao diém cac dusng phan giac
trong caa cac cap goc /ZMAN va Z/MBN, Z/MBN va /MCN, /MCN va ZMDN, /MDN
va ZMAN. Gia st bon diém P, Q, S, T d6i mot phan biét.

1. Chiing minh rang bén diém P,Q,S, T cung nam trén moét dudng tron. Goi I 1a
tam cua duong tron do.

2. Goi E 1a giao diém cua cac dudng chéo AC va BD. Chiing minh ring ba diém
E,O, I thang hang.

Bai 4 (5 diém). Cho s6 nguyén duong n. Cé n hoc sinh nam va n hoc sinh nit xép
thanh mot hang ngang, theo thit tu tiy y. M6i hoc sinh (trong s6 21 hoc sinh vita néu)
duge cho mot sb keo bang dung sé cach chon ra hai hoc sinh khac giéi véi X va ding 6
hai phia cta X. Chiing minh ring tong s6 keo ma tat ca 2n hoc sinh nhan dude khéng

1
vugt qua gn(nz —1).

1.2 Ngay thu hai 12/12/2012

Bai 5 (7 diém). Cho mot nhém goém 5 ¢o gai, ki hiéu 1a Gy, Gy, G3, Ga, Gs, va 12 chang
trai. C6 17 chiéc ghé dudc xép thanh mot hang ngang. Ngudi ta xép nhém nguvi da
cho ngoi vao céc chiéc ghé d6 sao cho cac diéu kién sau dudc dong thoi théa man:

1. Mbi ngudi ngdi ding 1 ghé.
2. Cac co6 gai xép theo dung thu tu 1,2,3,4,5.

3. Gifta Gy, G, ¢6 it nhat 3 chang trai.
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4. Gilta G4, Gs c6 it nhat 1 chang trai va nhiéu nhéat 1a 4 chang trai.

Héi c6 tat ca bao nhiéu cach xép nhu vay ? (Hai cach xép dudc coi 1a khac nhau néu
ton tai mot chiéc ghé ma ngudi ngdi 6 chiée ghé d6 trong hai cach xép 1a khac nhau).

Bai 6 (7 diém). Cho 4, b 12 hai s6 tu nhién 18 thoa man a 1a wéc ctia b*> + 2 va b 1a uéc
ctia 2% + 2. Chiing minh rang a va b 1a cac s6 hang ctia day sb tu nhién (v,) xac dinh
béi
v1 =0y =1,0440 =40,11 — 0y, Vn > 1.
Bai 7 (6 diém). Tim tit ca cac ham s6 f : R — R thoa man cac diéu kién:
1. f(x) la toan anh.
2. f(x) don diéu tang.

3. f(f(x)) = f(x)+12x,Vx € R.
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2 Loi giai cac bai toan VMO 2012

n+2

Bai 1 (5 diém) Cho diy sb thuc (x,,) xdc dinh bdi x; = 3 va x,, = (xp_1 +2) Véi

moi 1 > 2. Chitng minh ring day sb (x,;) c6 gidi han hitu han khi n — +4-co va tinh gidi han dé.

Loi giai 1. Ta du doan day da cho gidm bing cach ching minh x,_; > x, v6i moi

n > 3 hay
n—+2 3
(xp-1+2) & xp1>14+—= (1)

Xp_1 >
n—1 n—1

A e 1 . 3 .. S
Nhu vay ta quy vé viéc phai chiing minh x,, > 1+ . v6i moi n > 2 bang quy nap:

e V6i n = 2 thi hién nhién dung.

2 2
. Véin>2thixn:%(xn1+2) > n;;l (nil

+1+2).

2
n;;l (%—1—3) > 1—1—%th:§1nh’|;hﬁx7Z > 1+%V6im()in > 2.
Nhu vay (1) dang, kéo theo day da cho gidm va bi chén duéi bdi 0 nén ¢6 giéi han hitu

han 14 [. Thay vao biéu thiic giéi han ta c6 [ = %(l +2)=1=1. |

Nhung ma

10 80

<o e . 67 . e e 1s .
Loi giai 2. Taco x, = 5 X3 = X4 = —, do do ta du doan day giam va chiing minh

27’ 27
n—+2
n—1

Xp_1— Xn > 0 v6imoin > 3.

Thay vay x, 1 —x, > 0< x;, >

» . 5
Voln:3tacox3>§.

n n+3
Gia st x,; > v6imoin > 3, taxét x,, 1 =
n n-1 2 = n+1 31 +3

Theo gia thiét quy nap ta cé

(xn +2).

s n+3(n+2 2)_n(n+3)>n+3
T 33— 1 - on2-1 no

Theo nguyén 1y quy nap ta ¢6 x,_; — x,, > 0 v6i moi n > 3 va hién nhién x, > 0 véi
moi 7 nén day s6 da cho c6 giéi han hitu han L.

A .« s . A ° 2 P 2 1
Lay gi6i han hai veé cua dang thic x,, = " J; (xp_1+2) taduge L = §(L +2)=L=
1. [ |

Bai 2 (5 diém) Cho cac cip sb cong (a,), (by) va sb nguyén m > 2. Xét m tam thifc bac hai
Pe(x) = x> +agx + by, k =1,2,3,...,m . Ching minh ring néu hai tam thdc Pi(x), Pn(x)
déu khdng c6 nghiém thuc thi tit ca cac tam thic con lai ciing khong c6 nghiém thuc.

Loi giai 1. Goi a,b 1 cac cong sai ctia hai cap sb cong (a,) va (b,) va gia sit P(x) c6
nghiém x = c v6i 1 < k < m nao do.
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Theo tinh chét cip s6 cong ta c6 Py (x) — Pe(x) = (m —k)(ax +b) va Pe(x) — P(x) =
(k—1)(ax +b).

Suy ra Py, (c) = (m —k)(ac+b) va Pi(c) = —(k — 1)(ac + b) nén P,(c).Py(c) < 0.
Nhung P,,(c) > 0 va P;(c) > 0 nén diéu suy ra ¢ trén 1a khong thé.

Vay khong c6 tam thic nao c6 nghiém. |

Bai 3 (5 diém) Trong mit phing, cho tit gidc 16i ABCD ndi tiép dudng tron tam O va cb
cic c3p canh dbi khéng song song. Goi M, N tuong tng I3 giao diém clia cic dudng thing AB
vd CD, AD va BC. Goi P,Q,S, T tuong (ing 13 giao diém cic dudng phan gi4c trong clia cic
cap goc ZMAN va Z/MBN,/MBN va /MCN,/MCN va /MDN,/MDN va /MAN.
Gia st bdn diém P, Q, S, T d6i mét phan biét.

1. Ching minh ring bbn diém P,Q,S, T cling n3m trén mét dudng tron. Goi I I3 tim cla
dudng tron dé.

2. Goi E I3 giao diém clia cic dudng chéo AC va BD. Ching minh ring ba diém E,O, I
thing hang.

Loi giai 1.

1. Xét (mod 7), ta co

(PT,PQ) = (PA, PB)
= (AP, AB) + (BA, BP)

_ %((AD,AB) + (BA,BC)).

4
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(ST,SQ) = (SD, SC)
= (DS, DC) + (CD, CS)

= %((DA, DC) + (CD, CB).)
Do d6 ta can chiing minh
(AD, AB) + (BA, BC) = (DA, DC) + (CD, CB).
Ma diéu nay hién nhién ding vi
(AD, AB) = (CD, CB) va (BA, BC) = (DA, DC).

2. Theo dinh ly Brocard, ta ¢c6 OE L MN. Vi vay ta sé chiing minh OI L MN.
Véi trudng hop cac diém nhu hinh vé (cac trudng hdp con lai hoan toan tuong
tw), ta thiy rang S 1a tAm bang tiép trong géc C cia ANCD nén NS 1a phan giac
ngoai cua CND.
Tuong tu, ta c6 P 1a tam bang tiép trong géc B cia AABN. Tt d6 suy ra NP 1a
phéan giac ngoai cta ANB. Vi vay N, S, P thang hang.
Ciing tit P 1a tam bang tiép trong géc B cia AABN, ta suy ra

1 —_—

A/P\N:90°—§-ABN:

- ADC = 180° - ADS.

Do dé A, D, S, P dong vién.

Vivay NA - ND = NS - NP hay N nam trén truc ddng phuong cta (O) va (I).
Tuong tu, ta suy ra MN la truc dang phuong ctia (O) va (I) hay MN_LOI. [ |

Bai 4 (5 diém) Cho sb nguyén duong 1. C6 n hoc sinh nam va 1 hoc sinh nit x&p thanh mét
hang ngang, theo thit tu tly y. M3i hoc sinh (trong sb 21 hoc sinh vira néu) dugc cho mét sb
keo bing ding sb cich chon ra hai hoc sinh khac gidi véi X va ding & hai phia clia X. Ching

. b A A \ LA > . A A 7 1
minh rang téng s6 keo ma tat cd 2n hoc sinh nhan dugc khéng vugt qué gn(n2 —1).

Loi giai 1. Bai nay ciing c6 thé giai bang quy nap theo cach sau. Ta dé dang kiém tra
khi n = 1 thi bai toan dung. Ré rang trong moi cach sap xép ludn ton tai it nhat mot
cap nam va nit canh nhau. Goi mét cip (nit, nam) 1a (A, B) va M 1a tong s6 keo ctia céc
hoc sinh con lai khi bé cip (A,B) ra, suy ra M < %(n —1)(n% —2n). Goi h, k lan lugt 1a
s6 hoc sinh nam va hoc sinh nit ding bén trai cap (A,B), khidén —h—1,n—k—11lan
luot 1a s6 hoc sinh nam va nit ding bén phai cip (A,B). Do d6 téng s6 keo cia 21 ngudi
chinh 14 M céng véi sb6 bd (nam, nit, nam) va (ni, nam, nit) c¢6 su tham gia ca A hoac
B. Bay gio ta dém s6 bo (nam, nit, nam) va (nit, nam, ni) ¢6 su tham gia ctia A hoéc
B. Ta xét cac truong hgp sau:
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e S6 b c6 ca A va B chinh 1a s6 bd (nam, A, B) va bo (A, B, nit), suy ra c6 I + (n—
k—1) bo.

e V6i I + k hoc sinh ding bén trai b6 (A,B) va (n —h —1) 4+ (n —k — 1) hoc sinh
ding bén phai thi c6 hk + (n —h — 1)(n — k — 1) cach chon b (nam, nit) vé cling
mot phia d6i véi (A, B) va v6i mbi bo nay cé ding mot bo két hop véi A hodc B dé
tao thanh bé c6 su tham gia cta caa A hodc B véi A, B khong nam gitia.

e Céc bd c6 A hodc B nam gitta ma khong c6 dong thoi A, B thicé h(n —h — 1) +
k(n—k—1).

Tut day suy ra s6 bd (nam, nit, nam) va (nit, nam, ni) c6 su tham gia cta A hoac B la:
h+n—k—1)+hk+n—h—-1)(n—k—1)+h(n—h—-1)+ (k(n —k—1)
=nn—1)—(h—k?+(h—k) <n(n—1).

Tu day theo nguyén 1y quy nap téng sb keo ctia 2n hoc sinh bé hon hoéc bing M +

nn-—1) < %n(n2 —1) (dpcm). [

Bai 5 (7 diém) Cho mét nhém gdm 5 cb géi, ki hidu 13 G, Ga, G3, G, Gs, va 12 chang trai.
C6 17 chiéc ghé dugc xép thanh mdt hang ngang. Ngudi ta x&p nhém ngudi di cho ngdi vao cac

chiéc ghé dé sao cho céc diéu kién sau dugc dong thsi théa man:
1. M3i ngudi ngdi ding 1 ghé.
2. Cac cb gai xép theo ding tht tu 1,2, 3,4, 5.
3. Giifa G1, Gy ¢6 it nhit 3 chang trai.
4. Giita G4, Gs c6 it nhit 1 chang trai va nhiéu nhit 13 4 chang trai.

H&i c6 tit ca bao nhiéu cich xép nhu vdy ? (Hai cach xép dugc coi 13 khic nhau néu tdn tai mét

chiéc gh& ma ngudi ngdi & chiéc ghé dé trong hai cach xép 13 khac nhau).

Loi giai 1. Nhén xét rang ta chi can dém cach sip xép céc vi tri ctia 5 ¢6 gai thoa céc
yéu cau cta dé bai, véi mdi cach xép dé thi sé c6 12! cach xép 12 chang trai xen vao cac
co gai.

Theo yéu cau dé bai, ta c6 khoang cach ca G; va Gs cach nhau it nhat phai 8 vi tri
nén ta dém:

1. Véivitri Gy =1, G5 = 9 ¢6 mét cach xép, khi d6 G, =5,G3 = 6, Gy = 7.

2. V6i vi tri G; = 1,Gs = 10: S cach xép bang (sb cach xép caa 6 bude 1) cong véi
(sb cach xép ma G, = 5) vabang 1+ 3 = 4.
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8.

9.

. Véivitri G; = 1,Gs = 11: Sb cach xép bang (sé cach xép ctia 6 budc 2) céng véi

(s6 cach xép ma G, = 5)va bang 4 + 6 = 10.

. Véivitri G; = 1,Gs = 12: S6 cach xép bang (sb cach xép cta budc 3) cong véi (sb

cach xép ma G, = 5) va bang 10 + 10 = 20.

. Véi vi tri G; = 1, Gs = 13: S6 cach xép bang (s cach xép caia budc 4) cong voéi (sb

cach xép ma G, = 5) va bang 20 + 14 = 34.

Ta thay sb cach xép ma G, = 5 bang (s6 cach xép ma G, = 5, G3 = 6) cong véi (sb
cach xép ma G, =5,G3 = 7,8,9,...).

Mat khac (s6 cach xép ma G, = 5,G3 = 7,8,9...) bang (sb cach xép ma G, = 5 clia
bude trude d6) va (sb cach xép ma G, = 5, G = 6) ludn bang 4 khi Gs > 12 (vi khi
d6 chi c6 cac cach xép G4 = (G5 —2), (Gs — 3), (G5 — 4), (Gs — 5)). Do dé

Gy =1,Gs = 14: Sé cach =34 + 14 + 4 = 52.
Gy =1,Gs = 15: S6 cach =52 + 18 + 4 = 74.
Gy =1,Gs = 16: Sb cach = 74 + 22 4+ 4 = 100.

Gy =1,Gs = 17: Sb cach = 100 + 26 + 4 = 130.

Vay v6i Gy = 1 thic6 1+ 4 + 10 +20 + 34 + 52 + 74 + 100 + 130 cach xép va Gy = 2 thi
s6 cach xép 1a bod di sb cubi trong day trén bang 1 + 4 + 10 + 20 + 34 + 52 + 74 + 100,
..., v6i G; = 9 thi sb cach xép 14 bé di 8 s6 cubi trong day trén =1.

Vay sb cach xép 5 ¢b gai théa man yéu caula 1.9+ 4.8+ 10.7 +20.6 + 34.5 4+ 52.4 + 74.3 +
100.2 + 130 Nén sb cach xép 1a (1.9 + 4.8 + 10.7 + 20.6 + 34.5 + 52.4 + 74.3 + 100.2 +
130).12! = 1161.12!. [ |

Ldi giai 2. Panh s6 thi tu cac ghé tir trai sang phaila1,2,...,17.
Goi x; 1a s6 chang trai dudc xép bén trai Gy, x, 1a s6 chang trai ¢ gitta G; va Gy, x3 1a

s6 chang trai 6 gitta G, va Gs, x4 1a sb chang trai 6 gitta Gs va Gy, x5 1a sb chang trai &

gitta G4 va Gs, x4 12 s6 chang trai dudc xép 6 bén phai Gs.

Khi d6 bd so (xq,x2, ..., X¢) hoan toan xac dinh vi tri cac cb gai va ta co6:

1.

2.

3.

X1+x2+ - +x =12.
3§x2.

1§X5§4.

Déi bién v, = xp — 3 vays = x5 — 1 ta dude x + y2 + X3 + X4 + Y5 + X6 = 8 Vi cac 4n

khong Am va c¢6 thém diéu kién ys < 3.

Tiép theo, st dung bai toan chia keo ctia Euler 6 dang x; + Yo+ x3+x4+x6=8—ys
ta duge dap sb (phan phan ghé cho cac ¢d gai) 1a C}, + C}, + Cf, + Ca = 1161.
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Vi con c6 12 chang trai c6 thé hoan d6i vi tri 6 12 chiéc ghé danh cho ho nén s6 cach
xép théa man yéu cau bai toan 1a 1161.12!. [ |

Loi giai 3. Goi k 14 s6 hoc sinh nam gifta G; va G,, suy ra c6 Alfz cach chon k hoc sinh
nam trong 12 hoc sinh nam va xem day la nhém mot.

Goi 1 12 s6 hoc sinh nam gitta G, va Gs, suy ra cé Aﬁ’sz cach chon / hoc sinh nam
trong 12 — k hoc sinh con lai va ciing xem day la nhém hai.

Cubi cung ta xem G; 1a nhém ba.

Xép ba nhém nay cung v6i 12 — i — k hoc sinh con lai tao thanh mét day gom 15 —

L . . . , . (15—h—k)! )

h — k vi tri theo thi tu nhém 1, nhém 2, nhom 3, suy ra cé (3—') Hay co6
15— h —k)! ) '

Alfz-Alfz_k~(53—,) = 12!'C%57h7k cach xeép cac hoc sinh sao cho ¢6 k hoc sinh nam

6 gitta Gy, G, va ¢6 h hoc sinh nam 6 gitta G4, Gs.
Vay s6 cach xép théa yéu cau dé bai la

4 12—-h

Yo ) 121cis = 12! Zc = 121(C, — C3) = 1161.12!.
h=1 k=3

Bai 6 (7 diém) Cho a,b 13 hai sb tu nhién 18 thod m3n a 13 udc cla b2 + 2 va b 13 uéc cla
a® + 2. Ching minh ring a va b 1 cic sb hang clia ddy s6 tu nhién (v;,) xac dinh béi

1 =0 =1,0440 =40,11 — vy, Vn 2> 1.
Loi giai 1. Tu gia thiét ching ta c6:

Up+3 + Uny2 _ Up+42 + Un —4Vn e ZJF
Un41 On

2 A ~ . 2 N Y
w10, Vay day wy, = v,420, — v, la day hang,

| = wy = 2. K& hop véi v, + v, = 4v,,,1 d€ c6 cdc cip

Tu dé ma ¢6 v, v, — U%_H = Up130p41— 0
X A . 2
dan den w, = v,420, — V)
(Vn42; Uny1) va (v,41; vy) déu la cac cap nghiém nguyén duong ctia phuong trinh

x> —4xy+y*+2=0 (E).

Lai thiy rang a> + b> +2 : ab, tic 12 ton tai s6 k € Z* sao cho cap (a; b) 1a nghiém cta
phuong trinh:

x? —kxy +y*+2 =0 (%).
Xét phuong trinh (x), gia stt k € Z* 1a s6 1am cho né c¢6 ciip nghiém nguyén duong.
Khi d6 ta gia st cap (xo; vo) 1a cap thoa xo + yo dat gid tri nhé nhat, do tinh dbi xting
nén ta c6 thé gia st xo > yo. T viée x5 — 4xoyo + y3 + 2 = 0, theo dmh ly Vlette ta dan

dén 2 + yo : Xo va ¢6 cap nghiém nita cadm sinh la (x§; yo) v6i x§ = p yo. Mat khac
0
lai thay rang hé yy < xq thé thi:
F> o+ 1) =y5+20+1>y5+2

8
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2 + 12 x2 e e w el .
Vay x5 +yo = 0 4 Yo < x_O + yo = X0 + Yo, diéu nay trai véi gia si da dat ra! Tic
0
s 18 A ‘A N L1 9% A +x% T R T
la bat bude xp = yo, tuy nhién diéu d6 lai dan dén —— =k € Z+. Tic la x§ 1a uéce
X
0

cia 2, cho nén la xy = yp = 1, tic k = 4, cho nén hé 4; b théa yéu cau dé bai thi né phai
la nghiém cua (E).

Bay gio gia st (x; y) 1a cap nghiém cta (E) véi x > v, ta dé ¥ rang Z[v/3] c6 nhém céc
don vi la

Us={-(2-v3)" (2-v3)"; - (2+v3)"; (2+V3)": nen}.

Vay nén tu viéc (E) chinh la (x -2y — y\/§> (x -2y + y\/§> = <1 - \/§> (1 + \/5),
sau khi lay chuén (lwu y rang 4 < N(z) # 8 Vz € Z[v/3]\ U, ) ching ta sé dan dén:

X —2y—yV3= (1—\/5) <2—\/§>n; X —2y+yV3= (1—1—\/3) <2+\/§)n; n € NN.
T d6 (cting cong thite truy hoi clia v,) ma rat ra: x = v,,,q; Y = Uy [
Loi giai 2. Goi a,b 14 hai s6 nguyén duong 1¢, khi d6 ta c6 cac tinh chat sau

1. Néu a = b 14 hai s6 thoéa diéu kién bai toan thia = b = 1.
2. a,b thoa diéu kién bai toan < ton tai k chén, k > 4 sao cho a2 + b? + 2 = kab.

3. Néu ton tai bd (a,b) véi a > b 1a hai s6 nguyén duong 18 thoa a? + b*> +2 = kab
thi (k—1)b <a < kb.

4. Néu c6 b (a,b) véi a > b,k > 4 thoa phuong trinh a®> + b*> +2 = kab thi bd
(b, kb — a) gobm cac s6 nguyén ducng 1é théa phuong trinh a? + b + 2 = kab.

Tré lai bai toan. Gia sit ton tai moét bd (a, b) thoa diéu kién bai toan tiic 12 ton tai k sao
cho a,b théa phuong trinh a2 + b + 2 = kab, ti tinh chat 1 khong giam téng quat ta c6
thé gidstia >b>1.Datu; =a,u, =bvau, =ku,_1 — ty_s.

Theo tinh chit 4 va bang quy nap, ta ¢6 néu u; > up > --- > up > ugy1 thi bo
(s 1, Ur12) gOm cac s6 nguyén duong 18 théa phuong trinh a? + b2 + 2 = kab.

Gia st up > up, 1, ¥k € IN* thi (u,) 12 mot day gidm thuc su, ma diéu nay lai khong
thé vi day (u,,) gom céc sb nguyén duong 1é.

Do d6 ton tai m nhé nhat sao cho u,, = 1,1, tic 1a bo (1, 1,,,1) gdm cic sb6 nguyén
duong 18 théa phuong trinh a? + b + 2 = kab, két hop véi tinh chat 1 suy ra u,, =
Uye1 = 1vatu day suy ra k = 4.

bat v, = upio-n,1 < n < m+1,suyrav; = v, =1, v, = 4v, 1 —v,-2,V3
n<m+1vav, = bv,.1 = ahay a,bla hai sé6 hang cta diy s6 v; = v, =

| ENanlVAN

Uy =40, 1 —0,_9,Y3 < n.
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Bai 7 (6 diém) Tim tit c3 cic ham sb f R — R thoa méan cac diéu kién:
1. f(x) la toan anh.
2. f(x) don diéu ting.
3. f(f(x)) = f(x) +12x,Vx € R.

Loi giai 1. C6 ngay f 1a song anh trén R, vi vay tit £(f(0)) = f(0) dan dén f(0) = 0,
nhu viy cung véi tinh tang thi f(x) > 0 Vx > 0 va f(x) < 0 Vx < 0. Lai clng
vi 1a song 4anh thé nén f kha nghich, va ta gia st nghich ctia f 1a ¢, dé ma c6 x =
g(x) +12¢(g(x)) Vx € R.

Pt hop cap n caa g tai gia tri x € R 1a g,(x), ta c6 ngay cong thic truy hoi:

fo(x) =x; g1(x) = g(x); 12gn42(x) + gu+1(x) — gu(x) =0Vn € N.

Tu day ma co6 dudc:

g(x) =+ ( * 381 "(:;i(’?) -

Vif(x)>0Vx>0,vaynén g(x) >0Vx>0vavivay gn,(x) > 0Vx >0 tudo:

Pig(x) = 11380 | x—4(x) ( 4)”—1.

7 7 3

Tu day 4¢(x) = —x Vx > 0, kéo khong véi n dt 16n 4"~ 1¢,(x) < 0 thi bd me cudc dvi!
Truong hop x < 0 suy luan tuong tu véi chd ¥ réang gn(x) <0Vx <0, dédan dén két
qua cua chung tala4g(x) =xVx € R. Tacla f(x) =4x Vx € R. [

Loi giai 2. Ta dé c¢6 f song anh va f(0) = 0, do f tidng nén f(x) > 0,Vx > 0 va
f(x) < 0,Vx < 0. Két hop véi tinh song anh cta f ta dudc f 1a mot song 4nh tit R+
vao R va tit R~ vao R™. Ta xét khi x > 0, tit tinh chét 3 va tinh chat 1 ta suy ra
f(x) > x,Vx > 0 va tir day ta cling suy ra dude f(f(x)) < 13f(x),Vx > 0. Két hop véi
tinh chat 1 ta dugc:

x < f(x) <13x,Vx >0, (x).

Ta c6 cac tinh chat sau cua ham f

o Néu f(x) > kx,¥x > 0k > 0) thi f(f(x)) = f(x) +12x < f(x) + = (x), két hop

v6i tinh chét toan anh trén R* suy ra f(x) < (1+ %)x, Vx > 0.
e Néu f(x) < hx,¥x > 0(h > 0) thi f(f(x)) = f(x) +12x > f(x) + 1h—2f(x), két hop

2 12
v6i tinh chat toan anh trén R™ suy ra f(x) > (1+ W)x, Vx > 0.

10



2. Lai gidi cac bai toan VMO 2012

batg(x) =1+ % va xét hai day s6 (a,) va (b,) thod a; = 1,b; = 13,4, = g(b,_1), by =
g(a,_1). Ta cht y rang ¢ 12 mot ham gidm dong thdi a; < by nén (a,) 12 mot day ting,
bi chan va (by,) la day giam, bi chan. Nén cac day (a,), (b,) hoi tu, dat a = lima,, b =
lim b,;, suy ra hé

12
=1+ =
a +1b2
b=1+—.

a

Tu day suy ra a = b = 4. Mit khéc tit (%) va cac tinh chat a va tinh chat b ta dugc:
apx < f(x) < byx,Vx > 0.

O day do hai day (a,), (b,) khong phu thudc x, nén 14y giéi han ba vé va két hop véi
tinh chat 4 = lima,, 4 = lim b,,, khi dé ta dudc

f(x) =4x,Vx > 0.

Trudng hgp x < 01am hoan toan tuong tu ta dude f(x) = 4x, Vx < 0. Thit lai thiy théa
man. Vay f(x) = 4x 1a ham duy nhat can tim. [

11
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