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Bai 1 (5,0 diém) Giai hé phuong trinh :

20y
1/ si cos?y +
\/ 4 0052 \/:L’ +y
cos? x + 7, =\ /
sin? y Cos Tty

Bai 2 (5,0 diém) Cho day sb thuc (a,) xac dinh bdi:

an, + 2
20n

sin? Y+

ap=1vaa,y; =3— v6i moi n > 1.

Ching minh day (a,) ¢6 gi6i han hitu han. Hay tim giéi han do.

Bai 3 (5,0 diém) Cho tam giac khong can ABC'. Ki higu (1) 1a duong tron tam I noi tiép tam
gidc ABC va D, E, F lan lugt 1a cac tiép diém ctia (I) v6i cac canh BC,C A, AB. Dudng thing
di qua E va vuong goc v6i BI cit (I) tai K (khac E), dudng thang di qua F va vuong goc CT
cat (I) tai L (khac F). Goi J la trung diém K L.

a) Chitng minh D, I, J thing hang.

b) Gid st B,C cb dinh, A thay doi sao cho ty so = k khong doi. Goi M, N tuong tng la cac
giao diem IE,IF vé6i (I) (M khac E, N khac F) MN cat IB,IC tai P,Q. Ching minh
dudng trung truc PQ luon qua 1 diém cb dinh.

Bai 4 (5,0 diém) Cho trudc mot s6 s6 tut nhien duge viét trén mot duong thang. Ta thuc hien

cac bude dién s6 len dudng thing nhu sau: tai mdi bude, trude tien xéc dinh tat ci cac cip sb

ké nhau hién c6 trén dudng thing theo thit tu tit trai qua phai, sau dé dién vao giita mdi cip
mot sé bang tong ciia hai s6 thuoc ciap do. Héi sau 2013 bude, s6 2013 xuat hien bao nhiéu lan
tren duong théng trong cac truong hop sau:

a) Cac s6 cho trude la: 1 va 1000 ?

b) Cac s6 cho trude la: 1,2, ..., 1000 va duge xép theo thitc tu tang dan ti trai qua phai ?

HET

e Thi sinh khong dugce st dung tai liéu va may tinh cam tay.

e Giam thi khong giai thich thi thém.
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Bai 1. Giai hé phuong trinh véi x,y € R :

\/ sin® x + ! + ,/cos?y + t 20y
sin® x YT oty x4y

.1 y ] 20x
SIN"Y + ——5— +1/COS™X + ——5— = .
sin” y cos? x x+y

LOI GIAL Trudc hét ta chirng minh hai tinh chat sau:
Tinh chat 1: Cho x, y 1a cac 86 thitc sao.cho xy > 0. Khi d6

X y
< /2.
\/x+y+\/x+y—f

. ’ A X N S s A A A 2 -
Chirng minh tinh chat 1: Do . va — 1acdcsd thuc duong nén theo bat dang thuc

+y xX+y
AM — GM taco

X Yy X y
< /2 < /2.
\/x+y+\/x+y—f\/x+y+x+y—f

Déu bang xay ra khi va chi khi x = y.
Tinh chat 2: Cho 4, b 1a cac s thuc duong thda a + b = 1. Chiing minh rang

\/JH—%—I—\/ZH—%Z\/E.

Chitng minh tinh chdt 2: Binh phuong hai vé. ta dugc bat dang thic tuong duong

a+b+1+1+2\/5+?+ab+l210
a b b a ab
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Tir day suy ra tryc tiép tinh chat 2. Dau bang xay ra khi va chi khia = b = >

Quay lai bai toan. Cong hai phuong trinh theo vé va ap dung tinh chat?2 ta duoc

2 1 > 1 2
SIN"X + ——— + 4/ COS“X + 5= T 4/ COS
sin“x Ccos“X

Mit khéc ta lai ¢6 tinh chat 1 nén

20x 20y
<2
\/x+y+\/x—l—y vig

Tir day suy ra x = y va sin® x = cos?x, hayx—y—i4 + ki, k € Z. Thit lai vao hé

\/sinzy &k > 2/10.
sin’y

thiy thda man. Vay tat ca cac nghiém ctia hé phuong trinhlax = y = iz +km, ke Zm

Bai 2. Cho d3y sb thuc (a,, )xéc dinh bai:

a1 = 1
Ap42
Apt1 =3 — >

Chiing minh rang ddy (a,) c6 gidi han hitu han. Hay tim giéi han dé.

. . . ¢ 2
LOI GIAL Xétham so f(x) =3 — Xt

dao ham trén (1;2) va

vdi x € (1;2). Ro rang ham s6 nay lién tuc, c6

F(x) = (X+2)2£n2_ Lo ovre(1,2).

Va tir day ta suy ra ham s6 y = f(x) dong bién trén (1,2) va 1l < f(x) < 2,Vx € (1,2).
Tur gia thiét ta c6 ap = > > ay,ap € (1,2) vaayy = f(an),VYn € N*. Nén ag > ap va
as € (1,' 2).

Gia su g1 > dg va ag, ar+1 € (1;2), khi do f(ak—l—l > f(llk) va f(ak—H c (1,’ 2). Hay
k12 > A1 Vaagp € (1,2).



Vay theo nguyén ly quy nap ta dugc (a,) 1a moét day tang va bi chdn trén bdi 2 nén day
(a,) c6 gidi han hitu han, goi gidi han nay 1a x khi d6 x 1a nghiém cta phuong trinh
x+2 3
x=3-— z—x, X € |=
Bay gio ta chirng minh phuong trinh () c6 nghiém duy nhat 1a x = 2.
X+ 2

Thétvéydétg(x):x+2—x—3.Khidétacé
3
2+ 11— 2)lIn2 _ 22 41— 2)In2 _ 2v/2+1—4In2
g (x) = * §x+ )In >27 éH )In > f+2x = >O,Vx€[g,2].

Suy ra ham s6 y = g¢(x) dong bién trén [2,2], nén phuong trinh (x) ¢ toi da mot
3 '
nghiém trén [5,2]. Ma ¢(2) = 0 nén phuong trinh (x) ¢6 nghiém duy nhat la x = 2

trén [;,2].
Vay lima, = 2. [

LOT GIAL Trudc hét ta c6 nhan xét sau: Néu ham s6 y = f(x) ¢6 dao ham lién tuc trén
[a, b] thi véi moi u, v € [a,b],u # v ta cd

‘f(u)_f(v)‘ Smax|f’(x)|.
u-—o [a,b]
< x+2 as . x+2)In2—-1

bat f(x) = 1— oy Voix € [1,2], khi d6 f(2) = 0va f'(x) = ( )2x
0,¥x € [1,2]. Tir day suy ra f(x) < 0,¥x€ [1,2] hay x;Z <1,Vx € [1,2]. Do d6

, 42 1 1 1 3

— e <In2——<In2—--<?> ,
f(x) 92 In2 b - In2 5% = In2 1 < 4,Vx € [1,2]

Tir gia thiét ta c6'a, 1 =2 + f(a,) va bang quy nap ta dé dang ching minh dugc

an € (1,2),VYn € N*wvadoa,,1 —2 = f(a,) — f(2) suy ra

PELOEE
an - 2

|a11 la, —2|,Vn € N*.

. DT 3
Do c¢6 nhéan xét & dau bai va r[na}x fl(x) < 2 nén
12

3
’ﬂn+1 —2‘ < Z‘ﬂn — 2|,Vn € IN*.

Tur day suy ra
3 n—1
o< (2) e

Hay lima, = 2. n



Bai 3. Cho tam gidc khéng can ABC. Ki hiéu (I) 13 dudng tron tam I néi tiép tam gidc ABC
va D,E,F |a céc tiép diém cta (I) vé6i BC,CA, AB. Dudng thing qua E vudng géc BI cét
(I) tai K khéc E, dudng thing qua F vudng géc CI cit (I) tai L khac F. Goi ] I3 trung diém
KL.

a) Ching minh D, I, ] thing hang.

e ? 7 .AB 2
b) Giad si B,C co6 dinh, A thay d6i sao cho ty so6 aC = k khéng doi. Goi M, N tuong

(ng 13 cac giao diém IE, IF véi (I) (M khac E, N khic F). MN cit IB, IC tai P, Q.
Chiing minh dudng trung truc PQ ludén qua 1 diém c6 dinh.

LOI GIAL

Phan a). Theo tinh chat tiép tuyén cat nhau va gia thiét ta c6 cac day cung song song
v6i nhau, cu thé FL||[ED va EK||FD.

Do d6 DL = EF = DK nén D nim trén trung truc cta LK, vi I cing ndm trén trung
truc ctia LK cing v6i M 1a trung diém ctia LK dan dén I, J, D thang hang.

Phan b). Ké dudng phan giac trong AA’ ctia tam giac ABC va gia thiét c6 ngay A’
c6 dinh.
Gia str dudng thang EF cat cac dudng thang IB, IC 1an lugt & B/, C’ tuong tng.

Khi do ta co Bac A
B'IC = b+ =90° — 5= B’EC.

Do dé tu giac B'EIC ndi tiép va suy ra BB’ L B'C.

Chirng minh tuong tu ta c6 CC' L C’'B, két hop lai ta suy ra ti gidc B'CBC’ ndi tiép
duong tron duong kinh BC vai tam la H.

Mat khac EF||PQ va EF L AA’ nén dudng trung truc ctia PQ va B'C’ déu song song
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voi AA'.
Goi H’ 1a diém déi xing v6i H qua A’ thi H' ¢6 dinh va suy ra H' nam trén duong
trung truc cia PQ. ]

Bai 4. Cho truéc mét sb sb tu nhién du0c viét trén mét dudng thgng Ta thuc hién céc buéc
dién sb len dudng thang nhu sau: tai mdi budc, trudc tién xac dinh tit ¢ cac cdp s6 ké nhau
hién co trén dudng thang theo thir tu tur trai qua phai, sau dé dién vao giifa mdi cip mét sd
bang tong cla hai so thudc cap dé. Hoi sau 2013 budc, s6 2013 xuht hién bao nhiéu 1An trén
dudng thing trong cac trudng hop sau:

a) Céc sb cho truéc 13: 1 va 1000?
b) Céc sb cho trudc 1371,2;..., 1000 va dugc xép theo thiic ty ting dan tir trdi qua phai ?

LOT GIAL Ta xét bai toan véi hai sé nguyén ban dau trén duong thang la x > y > 0.
Dat Dag3(x,y) 1a sdcac $6 2013 xuét hién trén duong thang sau 2013 budc. Trude hét
ta c6 cac nhan xét va dinh nghia sau:

o Cac 86 xuat hién trén dudng thang sau cac budc déu c6 dang mx + ny va ta ky
hiéu so nay la (m; n).

e Dé dang chiing minh bang quy nap sau k budc c6 2F + 1 s6 trén duong thang.
Va trtr s6 ding chinh gitra 1a (1,1) thi cdc s6 & nira dau c¢6 m > n va nlra sau c6
m < .

o Dn(x,y) = D2013(x,y),Vn > 2013.

Dinh nghia quy trinh Oclit vdi phép toan trir: Goi (a,b) = 1 v6i a,b 1a cac sd nguyén
duong.

e Mot bude Oclit 1a mot quy tac bién déi (a,b) = (a — b,b) véia > b.
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e Ta dat Oc(a,b) = k néu ta thuc hién dung k budc Oclit dé bién déi (a,b) = (1,1).

Bé dé 1: Sau k buéc thi moi sb (m; 1) déu thdéa man (m,n) = 1, xuat hién t6i da ding
mot lan va c6 Oc(m,n) < k — 1.

Chitng minh bing quy nap: Ta c6 cac sb xuat hién trén duong thang sau k budc
v6i hai s6 ban dau 1a a,b chinh 1a hop thanh theo thu tu cta cac s6 thuc hién sau
k — 1 budc vdi cac cdp s6 ban dau 1a x,x +y va x + y,y. Do tinh dbi xing cta cac
sO, nén ta xét cac sd thudc nira dau. Khi d6 véi moi sb (m;n), m > n déu ton tai
m’,n’ sao cho mx +ny = m'x +n'(x +y) véi (m',n’) = 1va Oc(m’,n') < k—2. Do
m=m'+n",n=n"va(mn)=m +n',n) = (m,n")nén Oc(m,n) < k =1. Vay theo
nguyén ly quy nap b dé 1 dugc ching minh.

Bo dé 2: Dat S, = {(a;b)|(a,b) = 1,0c(a,b) = k — 1}. Khi d6 |S| =25 L.

Chitng minh bing quy nap: Ta c6 v&i moi (a,b) € Sy thi (a+ b,b) va (a,a + b) déu thuodc
Sk+1 va nguoc lai. Vay theo quy nap bé dé 2 duge chitng minh. Tirbé dé nay néu dat
T = {(a;b)|(a,b) = 1,0c(a,b) <k —1} thi |T| = 2F — 1.

B6 dé 3: S6 nghiém nguyén duong (x;y) véi (x,y) =4 ctia phuong trinh x + 2y = h
o(h)

5
Bo dé 4: Goi T la sb cac s6 2013 xuat hién trén duong thang sau 2013 budc. Khi d6
T =2Dyn3(1,2) — 2.

Chitng minh: Ti gia thiét ta cé:

999

T = Z D2013(k,k + 1)
k=1

Ma Dog13(k, k +1) = Dao1a(1,k) — Dro13(1, k+1) = Doma(1,k) — Dag13(1,k +1) (do
nhan xét 3).
Nén T = 2D3013(1, 2) = T2013(1,1000) = 2D5013(1,2) — 2 (dpem).

Tro lai bai toan.
Cau a: Tir cac b3 dé trén sb cac sb 2013 xuat hién trén dudng thang sau 2013 budc
chinh 1a s6 nghiém ctia phuong trinh

¥ + 1000y = 2013, (x,y) = 1.

R6 rang hé nay c6 hai nghiém 1a (13,2) va (1,1012). Vay c6 2 s6 2013 xuat hién trén
duong thang.

Cau b: Sau k budc trir hai s6 (0;1) va (1;0) thi 2F — 156 con lai déu c6 Oc(m, n) < k—1
ma theo bd dé 2 thi c6 tat cala 2K — 156 ¢6 Oc(m, n) < k — 1 va do méi s6 xuét hién t6i



da mot 1an nén cac s6 (m;n) c6 Oc(m,n) < k — 1 déu xuat hién trén duong thang sau k
budc ding moét lan. Khi dé theo b dé 3 va bs dé 4 thi T = ¢(2013) —2 = 1200 — 2 =
1198. ]

Ngay thu hai, 12/1/2013
Bai 5. Tim tit ca ham s6 f: R — R théa f (0) = 0; f (1) = 2013 va

=) (F(P@)-F(PW)) =@ -FO) (P -FW)
ding véi moi x,y € R, trong d6 f2 (x) = (f (x))?

LO1 GIAL Choy = 0déma c6 xf (f%(x)) = f3(x), tit 46 néu ching ta nhan 2 vé voi
xy va gian luoc di sé c6:

) + v (x) = xyf()f(y) (F(x) + f(y)).
Thay y = 1 v6i k = 2013, chung ta co:

F3(x) + 1327 = kx (f (x) +k)f(x).
Tur day dan dén duoc:
(f(x) = kx) () <Wx) =0,
Nhu vay, chiing ta thay 1a hodc f(x) = kx hodef?(x) = k?x véi moi x. Hé véi x ¢ {0; 1}
ma f2(x) = k®x (tat nhién x > 0), tir viéc xf (f2(x)) = f3(x), (*), ching ta cé:
xf(kPx) =Kkxf(x).
Tir d6 f2(k%x) = k*f?(x) =Kk°x, ma vi f2(k’x) € {k®x?; k*x}, cho nén diéu nay chi c6

thé xay ra vdi va chi voix =

=

= =

Néu f2 (%) = k2 (%) = k thi tir () sé co:
H0 =k (7).

k:kf(%).

Titc 1a dem dén sy mau thuan sau: f2 (%) —k=1.
Vay f(x) = 2013x vdi moi x € R. ]

Ma f(k) = k?, cho nén dan tdi:

Bai 6. Cho tam gisc nhon ABC ndi tiép (O) va D thudc cung BC khéng chi diém A. Dudng
thing A thay déi di qua truc tdm H cda tam gidc ABC cit dudng tron ngoai tiép tam giac
ABH, ACH tai M,N (M, N khic H).



a) Xac dinh vi tri cGa dudng thﬁng A dé dién tich tam gidc AMN I6n nhét.

b) Ki hiéu dy la dudng thang qua M vudng géc DB, d, 13 dudng thing qua N vudng géc
DC. Ching minh giao diém P clia dy v3 do lubn thudc 1 dudng tron c¢b dinh.

LOI GIAL Phan a). e

Ta dé dang ching minh dugc AMH = ABH = ACH = ANH.

Do do6 tam giac AM = AN va cung tu trén ta suy ra MAN = 2A nén dién tich tam
giac AMN chi phu thudc vao AM.

Ma AM 16n nhét khi va chi khi AM la duong kinh ctia (ABH) hay duong thang A
vudng goc voi AH.

Phan b). - -
Trudc hét ta thiy rang MPN + BDC = 180° nén MPN = A.

Xét dudng tron tim A ban kinh AM, 6 N € (A; AM) va MAN = 2A = 2MPN nén
Pe (A AM).

Ké duong thang d qua A va song song v6i BD suy ra d c¢6 dinh, vad 1 di. Cung véi
AM = AP suy ra P d6i xting v6i M qua d.

Ma M € (ABH) nén P nam trén duong tron la anh ctia (ABH) qua phép ddi xing truc
la duong thang d. n



Bai 7. Tim tht c3 bd sip tht tu <a, b,c, a’,b’,c’) théa

ab+a'b =1 (mod15)
ac+a'c =1 (mod15)
be+b'c =1 (mod15).

Véi a,b,c,a,b,c € {0,1..14}

LOT GIAL Trudc hét dé don gian ta quy u6c x = r( mod p) la x = r néu tadang xét
trén mod p.
Ta xét trong mod 3, hé nay goi la hé (I)

ab+a'b’ =1( mod 3)

bc+b'c =1( mod 3)
ca+ca’ =1( mod 3).

Ta co cac truong hgp sau

1. a,b,c,a’, V', c" € {1,2}, khi d6 trong 3 s6 4, b, ¢ phai c6 hai s6 bang nhau, khong
gidm tong quata = bsuy raa’ = b'. Khi d6 a> + 4> =1( mod 3), do a?,a"? = 1(
mod 3) nén phuong trinh v nghiém. Vay trong 6 so6 nay phai c6 it nhat mot sb
bang 0.

2. Khong gidm tong quat, gia st a = 0. Ta xét cac truong hop sau:

e a=b=c=0khidoa" =0t = vaa?=1(suyracéhaisda). Vay trong
truong hop nay cd tat ca la 2.2 = 4 nghiém ké ca hoan vi hai bo.
ea=b=0vac#0,khidoa =V =" vaa? =1 (suyracé haisb a'). Vay
trong truonghgpnay c6 tat ca 1a 2.3.4 = 24 nghiém ké ca hoan vi hai bd.
ea=0,bec#0khidétacéat =ac’ =1vabc+b?=1,dob? =1nén
be = 0( mod 3) (v6 ly). Vay trong truong hop nay hé vo nghiém.
Vay hé phuong trinh (I) c6 tat ca 1a 4 + 24 = 28 nghiém.
Xét trong~mod 5, hé nay goi 1a hé (II)

ab+a'b’ =1( mod 5)
bc+0b'd’ =1( mod 5)
ca+c'a =1( mod 5).

Ta xét cac truong hop sau:
1. a,b,c,a’, b, c" # 0 tir hé phuong trinh suy ra ab, be, ca € {2,3,4}.

e Néu trong 3 s6 4, b, ¢ c6 hai s6 bang nhau, gid stta = bsuy raa’ = b/, khi d6
a® + 4> = 1. Ma phuong trinh nay v6 nghiém (do a,b,¢,a’,V',c" # 0). Vay
trong truong hop nay hé (I1) vé nghiém.
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e Ba s6 a,b,c d6i mot khac nhau, suy ra ab, bc,ca cing d6i mot khac nhau.
Khong gidm tong quét ta gia st ab = 2,bc = 3, ca = 4, hé nay c¢6 hai nghiém
1a (1,2,4), (4,3,1) va tng v&i moi bo nghiém nay c6 dung hai bo (4,0, ')
théa man hé phuong trinh. Vay trong trudng hop nay c6 tat ca la 2.4.3! = 48
nghiém théa hé (II).

2. Trong 6 86 a,b,c,a’,b,c’ c6 it nhat mot s6 bang 0. Khong gidm téng quat gia su
a=0,khidod,bt/,c #0.

ea=b=c=0khidéa’ =V = vaa?=1(c6haisba). Vay trong trudng
hgp nay hé c6 2.2 = 4 nghiém ké ca hoan vi.

ea=b=0,c#0,khidéa =0 = vaa? =1 (cé haisda). Vay trong
trudng hop nay hé 6 3.2.4 = 24 nghiém ké ca hoan vi.

e 1=0,b,c#0,khidéa’t) =a'c’ =1,bc+b?=1.Dob,c,b #0vab? =1
hodc b2 = —1nén b'? = —1,bc = 2. Ta ¢6 b c6 4 cach chon va ing vdi méi b
thi c6 ding mot ¢, b’ ¢6 hai cach chon va ung wdimoéi b’ c6. dung mot a’. Vay
trong trudng hop nay c6 tat ca la 3.2.8 = 48 nghiém ké ca hoan vi.

Vay hé nay c6 tat ca la 4 + 24 + 48 + 48 = 124 nghiém théa hé (II).
Trd lai bai toan. V&i moi bd s6 (x,71,72) théa x = (< mod 3) va x = ro( mod 5)

luén ton tai duy nhat r sao cho x = r( mod 15). Do d6 s6 nghiém ctia hé ban dau la
28.124 = 3472. n
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