SO GIAO DUC VADAOTAO  KY THI CHQN HSG LGP 12 THPT DU THI CAP QUOC GIA
DPONG THAP NAM HQC 2011 - 2012

PE CHINH THUC

PE THI MON: TOAN

Ngay thi: 30/10/2011
Thei gian Iam bai: 180 phit (Khdng ké thei gian phdt dé)
(Pé thi gdbm c6: 01 trang)

Cau 1: (5 diém)
1) Cho a,b,x,y,z>0 va x+y+z=1. Ching minh rang:

4 4 4
(a+9j +[a+£j +(a+9] > 3(a+3b)*
X y z

2) Giai h¢ phuong trinh

J9+8x2y —x'y? = y(16y° —3x°y* +1)
1+4/16+ (x=2y)* =xX*(5y° = x*) +y
Cau 2: (4 diém)

Cho a la s6 nguyén dwong. Tim tit ca cac ham f :N" — N thoa man:
f(m+f(n)=n+f(m+a), vmneN
Cau 3: (5 diém) o
, 1) Cho duong tron (C) ban kinh R=1, A 1a mét di€m co dinh trén duong tron (C), v&
tiép tuyén vai (C) tai A, trén tiép tuyen do6 lay mot diém M sao cho AM =1. Mot duong thang
d quay quanh M cét (C) tai B, C. Pat AMB = q..
a) Tinh dién tich tam giac ABC theo «;
b) Tim o dé dién tich tam giac ABC dat gia tri 16n nhat. Tinh gia tri 16n nhat do.
2) Trong mit phang cho duong thing A, trén d6 1dy mot diém A c¢b dinh. Hai diém B, C
thay ddi sao cho AB=5, AC=3va dudng thing A 1a phan gi4c cia goc BAC. Tim tip hop
diém M d¢é ABMC Ia hinh binh hanh.
Cau4: (3diem) , ,
Chtrng minh rang ton tai hai s0 nguyén X, y khong chia hét cho 2011 va thoa man:
X +8043y” = 4.2011" (VneN*)

Cau5: (3 diém)

C6 bao nhiéu s tu nhién c6 7 chit s6 do6i mot khac nhau dang abcdefg thoa man diéu
kién s6 d6 khong c6 dang (a<b<c<d va d>e> f >g). HET

Ho va tén thi sinh: S bao danh:

Chir ky GT1: Chir ky GT2:
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SO GIAO DUC VA PAO TAO
DONG THAP

KY THI CHON HSG LOP 12 THPT DU THI CAP QUOC GIA

NAM HOQC 2011-2012

HUONG DAN CHAM DPE CHINH THU'C MON: TOAN

Ngay thi: 30/10/2011
(Hwéng din chAm gom cé: 06 trang)
Cau 1: (5 diém)

NOQI DUNG

DIEM

1) Tachimg minh: a, b, c>0thi a*+b*+c* >abc(a+b+c)
That vay theo bt déng thirc Cosi

a*+a*+b*+c'>4a’bc
b*+b*+c*+a*>4b%act=a"+b* +c* >abc(a+b+c)
c*+c*+b*+a* > 4c’ba

Diu xayra<>a=Db=c.
Ap dung (*):

69

(*)

0,50

VT:(a+b

y z

X

y

;j:[%gj‘z(ﬁgj“2(ng[aA][aﬁj{gam[Laiﬂ (1

z

0,25

3
:>VT2{a3’+a2b(i+i+1J+b—+ab2
X y z) xyz

X
Theo BDT Cosi: l+1

y ¢

9

1 1 1 1 11
(—+—+—H{3a+b[—+—+—
Xy yz Xz

)

o) 0,25

1 9
+=>———=—=
Z Xx+y+z 1

Xy
Ma:

0,25

X+Y+2Z
3

o

> 3/Xyz = Xyz s%:xiyzzﬂ

0,25

(1 1 1j
of —4+—+—
Xy yz Xz

Nén:

0,25

(2) < VT > (a°+ 9a’h + 27ab” + 27b%)(3a + 9b)

< VT > 3(a+3b)°.(a+3b) = 3(a+ 3b)".

A , 1
Dau “="xdyra o x=y=z==

0,25
0.25

2)

0,25

o . ) . \/25—)(2——42=16 6 _3y2\5 |
Viét lai hé phuong trinh da cho vé dang (x°y—4) y y 4y

Trir vé hai phuong trinh ta duoc

0,5

25— (X2y —4)® =1+/16+(x=2y)* + (x* —4y®)? (*)

0,5
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Vi (/25— (x’y-4)> <5va 0,25

14416+ (x=2Yy)* + (x> —4y®)* >5 0,25

(X’y-4)"=0
Nén phuong trinh (*) ¢6 nghiém khi va chi khi { (x—2y)*=0 0,5
(x*~4y’)* =0
{X=2
=
y:l 0,5
Thur lai thiy hé phuong trinh dé cho ¢6 nghiém 1a (x,y)=(2;; 1).
Cau 2: (4 diém)
NQI DUNG PIEM

Piéu kién can: 0,50
Gid sir ton tai ham s f thoa mén f(m+ f(n))=n+f(m+a), vmneN (*)
a) Ching minh fla don anh
vn,n, eN" thoa man f(n,)= f(n,) tachimg minh n, =n,. That vay:
Taco: f(m+f(n))=f(m+f(n))=n+f(m+a)=n,+f(m+a)=n=n,
Vay f1a don 4nh.
b) Tim mdi quan hé gitra f (L), f(2), f (3), f (4),..., F (n)
vmneN taco: f(f(m)+f(n)=n+f(f(m+a)=n+m+f(2a) (1) 0,25
vp,qeN" sao cho m+n=p+q tacé:

F(f(p)+f(@)=p+f(f@+a)=p+q+fa) (2) 0.25
Tu(l)va(2)tasuyra: f(f(m)+f(n))="f(f(p)+f(a)) 0,25
Vi fla don anh nén tasuy ra: f(m)+ f(n)= f(p)+ f(q) 3 0,25
Te(3)tasuyra: f(2)—f()=f3)-fF(2)=Ff(@)-f@3)=..=f(n)-f(n-1) 0,25
Vay f(), f(2), f@3), f(4),..., f(n) 1ap thanh mot cp s6 cong véi cong sai d trong dd d e Z 0,25
vad=0.Vay f(n)=f@Q)+(n-1d. (4)

c) Tinh d va f()
i) T (*) cho n=1 taduge: f(m+f(1))=1+f(m+a) (5) 0,25
Tur (4) va (5) ta suy ra:
f@Q+(m+f@)-1)d=1+f@)+(m+a-1)d= f()d-d =1+ad-d = f(l):a+% 0,50
Vi f(1) nguyén va anguyén nén d =+1 0,25
i) Voi d =—1 thi f())=a—1= f(n)=-n+a. Ham sé khong thoa vi véi n>a thi f (n)<0. 0,25
Void=1thi f()=a+1= f(n)=n+a. 0,25
Picu kién di: R rang ham s6 ndy thoa man yéu cau cua bai toan. 0,50

Vay c6 duy nhat ham s6 fthoa yéu caula f(n)=n+a
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Céau 3: (5 diém)

NOI DUNG PIEM
1)
Hinh vé:
a) Tinh S5 theo «a:
Tir gia thiét ta suy ra dugc a e (O; %) . Goi H 1 hinh chiéu vudng goc cua A trén BC. Ta c6
1 1 . 1 .
S uasc :EAH.BC:EBC.AM sma:EBC.sma 0,25
Ta.c6: ABC —a+ MAB —a + ACB => BAC — - ( ABC + ACB) 7 -« + 2.ACB
Mat khac theo dinh ly Sin ta co6: BE\ =2R = BC =2sin (a +2.ATC\B) 0,25
sin BAC
Suy ra: S,gc =sin a.sin(a+2.@)=sin oa.\/l—cos2 (a+2.ATCT3) 0.25
Trong tam gidc ABM va ABC ta co:
AB = _AM\ — sina = AB.sin ABC (AB:ZRsinKC\B) 025
Sina  sin MBA J
— sina = 2sin ACB.sin ABC 0,25
= sina = 2sin Aﬁ.sin(a + Aﬁ) =CoSa —cos(a + ZA/\C\B)
= cos(a +2Aﬁ) =CcoSa —Sina
Viy S :sinoc.\/l—(cosoz—sinoz)2 —sina~sin2a Véi ae| 0:X
< AABC 2 0,25

b) Tim a dé S,,,. dat GTLN va tim GTLN nay.
Xét S .. va su dung bat dang thirc Cosi ta duoc:
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: : : 4
4[sm2a+sm2a+sm2a+3.coszaj 27

4 . . .
S¥ac :§.S|n2a.smza.5|n2a.(3.cosza)£§ " =% 0,25
[27 0,25
Suyra: S, <4=— 1
y AABC 64 ( )
BDT (1) xay ra ddu “=" khi va chi khi sin?a =3cos’a < tan’a =3 < tana =3 < a =% 0.25
27 . T
Vay MaxS, . = 4= khi a==.
dy AABC 64 a 3 0,25
2
) AY
A X
- >
Chon hé Oxy sao cho A=0 vatruc Ox=A. (theo hinh v&) 0.25
Gia str toa do ctia B(Xg,Ys) » C(X.,Yc) Va M(x,y) :
TacO AB=5< xi+y:=25
o Yo 0,25
AC=3 < x +Yy:=9
Vi Ax la phan gidc cua goc BAC nén néu (AB) c¢6 phuong trinh y = kx thi (AC) ¢6 phuong
trinh y =—kx tir do ta co 0,5
X2 +k°x2 =25 va x¢ +k*x¢ =9
Suyra
2 25 2 9
Xg =—— Xe =——
1+k Vv 1+k 0,25
Yo T ke Yo T e
Do Ax I3 phan gidc BAC nén YeYe <0= Xz%. >0, Vi vay
15 15k?2 0,5
Vi ABMC Ia hinh binh hanh nén AM = AB + AC 0,5
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64
2 2 2
X" =Xg +Xe +2Xg X =

= 2 2 2
b PRt
y=Ysgt+¥
°ooe y2=Y§+Y§+2yBYC=m
) X2 yZ
Vay tap hop diém M la elip c6 phuong trinh : 6_4+T =1
0,25
Gidihan: Vi x* = N 612 =0 nén elip bo di 2 diém (0, 2) va (0, —2)
+
Cau 4: (3 diém)
NQI DUNG PIEM
Tacd x* +8043y” =4.2011" < x* +(4.2011-1) y* = 4.2011" 0,25
Dit a=2011, ta chimg minh ludn ton tai hai s6 nguyén x,y khong chia hét cho a va thoa
man x°+(4a-1)y*=4a" 025
a) Néu n=1: thi dé thiy x=y=1 thoa man yéu ciu cua bai toan. 0,25
b) Gia st bai toan dung véi n=k (k>1):3x,y/a va x*+(4a-1)y’ = 4.2 (1) 0,95
c) Xét n=k+1:
2 T(4a-1)v 7T 2 2 0,25
() o 42" =ax* +a(4a-1)y’ = (ij + (4a-1)y +(4a-1) (ij J{Xj
2 2 2 2
B 2 2
(Lg_l)y} +(4a —1)( X; yj = X2+ (da-V2  (2)
x—(4a-1)yY (x+yj2 ) 2
———== | +(4a-1)| —=| =X, +(4a-DyY. 3
(D a2 - xiea-nr @ s
~1 - —(4a-1
Ve x oXrUashy oy xoy ooy x-(asly o x4y
2 ) 2 2 2
Tu (1) = x,y cung tinh chan, 1¢ suy ra X,,Y,, X,,Y, la cac so nguyén.
NgoairaY,+Y,=x [ a =Y, Y, phai c6 it nhat mot sé khong chia hét cho a. 0,5
+Néu Y, /athi X,-Y,=2ayia = X,/a
két hop v6i (2) suyra X, VA Y, thoa yéu cau bai toan trong truong hop n=k +1 0,25
+ Néu Yzla thi X,-Y,=2ay‘a = X,/a
két hop v6i (3) suyra X, VA Y, thoa yéu cau bai toan trong truong hop n=k+1 0,25
Vay bai todn dung Vne N*. 0,25
Cau 5: (3 diém)
NQI DUNG DIEM
S6 ¢6 7 chir s6 khac nhau ( khong c6 chir s6 0 ding dau) 1a: A — A° =544.320 0,5

5/6




Ta tim 6 ¢6 7 chit s6 khac nhau thoa diéu kién (a<b<c<d va d >e> f >g).
Trwong hop 1:

Chon 7 chir s6 bat ky khong co chir s 0: c6 C! céach 0,25

Sau d6 xép 7 chit s6 d6 vao 7 vj tri abcdefg , khi d6
+ Vi d 13 56 16n nhat nén co: 1 cach xép 0,25
+ C6 C2 cach xép 3 vi tri cho abc 0,25
+ CO6 C? cach xép 3 vi tri con lai cho efg 0,25
Vay c6 C;.C.C: =720 thoa truong hop 1 0,25

Trwong hop 2: o ,

Chon 7 chtr s6 bat ky phai c6 chir s6 0: ¢ C¢ céch 0,25
Tuong tu truong hop 1 ¢d C2.C7.CJ =840 thoa trudng hop 2 0,5
Vay co: 544320 —(720+840) =542.760 $6 0,5

HET
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