Ql. sO PHUD

A. TOM TAT GIAO KHOA

I. SO PHUC
Dinh nghia 1

* S6 phic z 12 mot biéu thic c6 dang z = a + bi, trong d6 a va b 12 nhimg s
thwc va i 12 56 thod man i’ =-1.

* | dugc goi 12 don vi do, a |2 phdn thuc va b 1 phdn do cia sé phic z.

* Tap hop cac sb phirc dugc ki higula C.

Ddc biét :

* S6 phitc z = a + 0i c6 phén 4o béng 0 dugc coi 1a sb thuc va viét 1a
z=a+0i=a

* S6 phirc z = 0 + bi ¢6 phén thyrc bing 0 dwoc goi 12 sb 4o (hay s6 thuén a0)
va viét 1a

z=0+bi=bi
*1=0+lLi=1
* S6 0 =0+ 0i vira 12 sb thuc vira 1a sb 4o.
Dinh nghia 2
Cho hai s6 phicz=a+bivaz’=a’+b’i(a,b,a’,b’e R).
z=2 < a=avab=>b’.

AY
I1. BIEU DIEN HINH HQC SO PHUC TRONG
MAT PHANG TOA PQ OXY N S Ry

M3i sb phirc z = a + bi dugc biéu dién béi diém E
M (a ; b) trong méit phing toa d6. E

M3i diém M(a ; b) biéu dién mot sd phirc E
z = a + bi, ta ki hiéu la M(z). Miit phﬁng toa do véi \ .
viéc bidu dién sé phirc con goi 1a mit phing phirc. O a X




III. PHEP CONG VA PHEP TRU SO PHUC
1) Phép cong
- Dinh nghia 3
Véiz=a+bi,z”=a’ +b’i ta dinh nghia :
z+z =a+a’ +(b+b)i

2) Tinh chit
e Tinh chdt két hop
z+2)+2’=z+(@2Z+2"),Vz,2,27C
e Tinh chat giao hodn
z+z2’ =7 +z,‘ Vz,z2 e C
o Cong voi 0
z+ 0=0+z Vze C.
"Véi moi_sé phirc z = a + bi, ta goi sb dbi cua z 13 -z, ki hiéu —z = —a — bi,
thitacoz+(-z)=(-z)+z=0.
3) Phép trir
Dinh nghia 4

Véi hai sb phirc z, z’, ta dinh nghia z— 2z’ = z + (-z°).
Néuz=a+bivaz' =a’ +b’i(a,b,a’, b’ € R)thi
z-z’=a—-a +(b-b’)i.
4) Biéu dién hinh hoc ciia phép cdng va phép trir

* Trong mit phing phirc, ta ciing coi vecto U= (a ; b) biéu dién sb phirc
Z=a+bi. '

Nhu vdy sb phic z duoc biéu dién bdi diém M ciing c6 nghia 1 duoc biéu
dién bai vecto OM .

* Néu vecto u, u' lan luot biéu dién cac s phirc z, z’ thi :
u+ u' biéu dién s6 phitc z + z’;

AR IY W TS S ,
u — u' biéu dién so phirc z—-2’.
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IV. PHEP NHAN SO PHUC

1) Tich cia hai s phirc
Dinh nghia 5
Véiz=a+bivaiz’=a’+b’i(a,b,a’,b’e R), tadinh nghia
zz’ = aa’ —bb’ + (ab’ + ba’)i.

2)Chuy
*Voike Rvaz=a+bi(a,b € R)thikz=ka+kbi
*0z=0,Vze C.

3) Tinh chat ciia phép nhin

e Tinh giao hodn : 22’ =7z, Vz,Z’ € C

o Tinhkéthop: (22)2°=2(2'2"),V z,2’,2" € C

e Nhan voi 1 : lz=zl1=2z, Vze C.

Nhur viy ta c6 thé thue hién cac phép tinh cong, nhin cac sd phirc nhu phép
cOng, nhan cac s6 thyc. Dic biét 12 cic hing ding thirc van ding trong trudmg hop
s0 phuec.

V. SO PHU'C LIEN HQP VA MODUN CUA SO PHUC
1) S6 phirc lién hgp

Dinh nghia 6

Sé phirc 1ién hop cia sb phitc z = a + bi (3, b € R) 1a sb phirc a — bi,
ki hiéu 1 z.




z=a+bi =a—bi
Nhdnxét:*z.z = (a+bi)(a~bi) = z.z = a*+b?
* z vi z dugc bidu didn béi hai diém déi ximg nhau qua truc Ox.

2) Médun ciia s6 phirc
Dinh nghia 7

Mbdun ciia sb phirc z = a + bi (3, b € R) 1a sb thuc khéng am a’> +b’ ,
ki hiéu 12 jz] .

Nhdn xét :
eNéuz=a+bi (3, b e R)thi |z|= v2.Z =a? +b?
o Néu z 12 sb thyc thi médun cia z 13 gié tri tuyét dbi cta sb thyc dé.

eNéuz=0thi |z/|=0
ﬁv AY

b e

M(z)
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M'(Z)
V1. PHEP CHIA CHO SO PHUC KHAC 0

Dinh nghia 8
S6 nghich dao cua sb phirc z khac 0 1a s phirc ki hiéu 1a z™ !, x4c dinh bai

0 Z
z =—

VA

Phép chia sb phirc 2’ cho s6 phirc z khéc 0 Z opgit?
z

'z
2



B. PHUONG PHAP GIAI TOAN

BE %/

- < THUC HIEN CAC PHEP TOAN TREN C>

I. PHUONG PHAP

Véiz=a+bivaz' =a +b’i(a,b,a’,b € R), vin dung cidc dinh nghia,
taco:

z+z'=a+a’ +(b+b’)i
z—z' =a—a +(-b’
zz’ = aa’ —-bb’ + (ab’ + ba’)i

z' _z'z_(a+b'i)a-bi) a'a+b'b+(b'a—-a'b)i
z |z|2 a’ +b? a’ +b? '

II. VIDU
Vi du 1. Viét cac sb phirc sau ddy duéi danga +bi(a,b € R):
a) z=(2+i) —(1+2i) -G-1)2-i) ;

141 3-1 1+21

= + — .

1-i 2—i 1+i

_Q+iy(d+i)

2(1-1)-31+1)

b) z

Gidi

a) z=(2+i) —(1+2i) —@-i)2-1)
=22 +32% +32 + ¥ = [1 +321 +3.2i)* + 21))] —(6-3i-2i+i)
=8+12i—-6-i—(1+6i—12-8i)—(6-5i—1)= 8+ 18i.
b)z=1+i+3—i_1+2i= (1+1)? LB-D@+) A+2i)1-1)
1-i 2-i 141 (A-DA+) Q-D@+i) Q+i)t-i)
_L142i4i® 6+i-i® 140200 20 T+i 3+i_ 1 7.

i.
1+1 4+1 1+1 2 5 2 10 10




_ Q+A+i)  _ (@+i +4D)(1+i)
2(1—-i)=3(L +1) ~1-5i
_(B+4i(+i) _ 3+4i*+7i _(1-7)(A-50)
1+5i 1+5i (14 51)(1 - 5i)
_14+35° 121 -34-12i _ 17 6.
1425 26 13 13 °°

Vi du 2. Thyc hién cac phép tinh sau day va viét két qua dudi dang a + bi
(a,b e R)
2 +i)° 1+i)®
2) 2+1) (1+1)

1-2i) ’ ®) (2-2i)y

Gidi

a)

/ RN . . 3
Q+i)  _ 2“,)(2+i)2=[(2+‘_)(1+2‘,)J(4+i’+4i)
1-2iy  \(1-2i (1-2i)(1+2i)
( 5i

3
= )(3+41)— (3 +4i)=-i(3 +4i)=4- 3i.
\1+4

176 +\6
b) (1+1?5 _ (51+1)'5 zi(l_ﬂ] a+i)
(2-2i) 2°1-i1 32\

——1—-.(————*—(“?)(“?)) (1+i) = — [ J(l i
32 \(1-i)1+1) 32
1 1,

1 1
= i) = —i( i) = et i
oD = i) = -

II1. BAI TAP

1. Viét cac s phic sau day dudi dang a + bi (a,b € R):

2 z= 1-iV2 «/5+1. by z= (=80
i3 i @+7)"

2. Thuc hi¢n cac phép tinh : |
a) C+i)-@-i) ; b1+ V2i)y+a-V2i) ;




B+i)-(3-i)* (-2

Q2+ +2-i)* ’ Q+1)?

(2-3i)°3-21) | 2-31)°  (5-4i)’
(3 +2i) T (3+2i)  @4+51)°¢

d)

€)

3.Choz; =1-3i,z; =2+1, zZ3 =3 —4i. Tinh:

a)z +2z, - Z, ; b) 2,Z, +2,Z, ; C) 2,2,2, +752,.

4. Timme R dé:
a) S phitc z=1+ (1+ mi) + (1 + mi)* 12 sb thudn ao.
m—1+2(m-1i
1—mi

b) Sb phirc z = 13 sb thuec.
2z~1

1 13 s6 thyre. Chirng minh ring z 12 s6 thyec.
Z+

5. Cho sé phirc z thoa mén

6.Choz=x+yi(x,y € R). Tim diéu kién cha x va y dé
a) Z° 14 s6 thuce ; b) z* 14 s6 thudn ao.

< GIAl PHUONG TRINH VA HE PHUONG TRINH DON GIAN >

I. PHUGNG PHAP

* Pua vé phuong trinh bac nhét theo z, thyc hién cac phép tinh sb phic va
tinh z.

* Néu phuong trinh chira z, |z, Z,taditz=x +yi (x, y € R) rdi suy ra

Z=X-yiva|z = x> +y*.

Sau d6 ta bién ddi hai vé theo x, y v cin bing phén thyc, phan 40 & hai vé dé
tinh x, y. -

IL. viDy

Vi du 1. Giai cic phuong trinh sau ddy véi dn z :
a)2+i)z=z+2i-1; b) (1 -i)z-2i)=2+i.



Gidi

A)2+i)z =z+2i-1 ©zQ+i-1)=-1+2iz(1 +i)=-1+2i
_-1+2i (-14+20)A-1) _ —1-2i> +i+2i 1+3i
& z= = =

1+ (A+1)(1—-1i) 1-12 1+l
1 3.
& z= —+ 2.
2 2 .
. . . . 2+1
b) 1-i)z-21)=2+i¢ z-2i= —]——
—1
. . .2 .
o z-2i= (2+.1)(1+.1) 7%= 2+1 .-:31
(1-Dd+1) 1-1
1+3i . 1 7.
zZ= +21 & 2= —+—1,
2 2 2
Vi du 2. Tim céc sb thuc x, y trong cac trudng hop sau
2 Xt Y-l b) ——+—L—=243i;
1-1  1+i x—-1 3-3
¢) (x +i)1 +yi) = 3 + 2i)x + 1 — 4.
Giai
2 YTl a4+ = (-1 i)
-1 1+1

Sx+tl+x+1D)i=y-1-(y-1)
+l=y-1 —-y=- =-1
o X y o X—-y=-2 o X
Xx+l=-y+1 x+y=0 y=1.

b) Piéukién:x # i.

—-1—-+—y—,=2+3i = xrl —+ Y(HI)_ =
x—1 3-3i x-i(x+1) 3(1-i)(1Q+1)
X+i N y+yi _

x*+1 3(1+1)

< 2x +l+i( 21 +1)=2+3i
x*+1 6 x*+1 6



2x A 12—x =1
o X +1 6 o X +1
1 Y _3 Y_s3_ I
[ x2+1 6 6 x% +1
f 2 _
x“+x=0 {X=0 {X=-—-1
1y 1 SS9 vy
g=3~x2+1 y=12 |y=15.

©) x+i)(1+yi)=(B+2)x+1-4icsx—y+ (1 +xy)i=3x+1+2x-4)i

X—-y=3x+1 y =-2x-1
= =
1+xy=2x-4 14+x(2x-1)=2x-4

{y=—2x—1 {x:l x =2

) s 4 \Y 2
2x°+3x-5=0 y=-3 y=4.
Vi du 3. Giai cac phuong trinh sau véi 4n z :

a) (z+Z)1+1)+(Z-2)2+31)=4—-i;

Zz+Z 1(z—7)

1+i  2-2i

=4+61.

Gidi

Ditz=x+yli = Z=x-yi.
, |z+Z2=2x
a)Tacod § _
Z—Z=-2yi
Phuong trinh (z+Z)(1+1)+(Z—-2z)(2+31)=4—i tr& thanh :
2x(1 +1)—2yi(2 +3i)=4—1 < 2x+2xi—4yi+6y=4—i
, , 2x +6y =4 X=
<> 2x+6y+(2x—4y) =41 =

2x—4y =-1 y=

DO e B |+

\ 1 1.
Vayz= — + —1.
ay 2 5

z+"i_i(z—"z_)
1+i  2-2i

=4 +6i trd thanh :

b) Phuong trinh



2x  2yi’ | 2x 2y

—T—=4461 T+ —=4+6i
I+1 2(1-1) I+1 2(1-1)
2;((1_1.)+y(.1+1)=4+6i o 2X+y+(=2x+y)i — 446

(d+1)(1-1)
2x+y=8 o jx=-1

=3 <

2x+y=12 y =10.

Viayz=-1 + 10i.

, Z+w=4+3i
Vi du 4. Tim s6 phurc z, w thoa mén _ _
Zz-1w =3 ~2i.

Gidi

Hé phuong trinh {Z W ' ¢:>{Z v oW

A+iw=1+5i (2)
@) = w= 1+§i =(1+5.i)(1—-i) _14+5-i+5i _
1+i d+Dd-1) 1+1
()= z=4+3i-w=4+3i-3-2i=1+i.
z=1+1
w=3+2i.

z—iw=3-2i

3+2i

Vay hé phuong trinh ¢6 1 nghiém : {

II1. BAI TAP

7. Timx,y € R thoa mén cac hé thirc sau °
a) (x + yi)(3 —2i)=13i; b)x(1 +i)~y(2+3i)=10;"
)EE-2)(1-)+(y+DHR+i)=2+4i.

8. Giai céc phuong trinh sau véi dn z :

A)(1+i)z=4-2i; b) Qi+ 1)z +i)=1+i; DAL S
. z
9. Giai cac phuong trinh sau ddy voi 4n z
) 214 by Lt
zZ+i z 2—-1 3+6i

c) [(1+2i)z+2—i][iz+i)=o; d) 2z-Z=(z+Z+D1+i)-2.
i - )



10. Giai cac phuong trinh sau trong C :

a) 2 =27 ; b) z22-1zP +1=0;
—2

) 22+121=0; ey
z+1

11. Giai cac hé phuong trinh sau v6i hai dnx va w
[z+w=1-%

L fzew=4 [z4w=W+i
l2z+w=2+i+w.

YVizew=0" 7 \z-w=z+i’ )

I.PHUONG PHAP ]
1) Trong mét phing phirc, sd phitc z=x +yi (x,y € R) dugc biéu dién bang :
— diém M(x ; y) , ki hiéu M(2)
— vecto OM = x;y)
— vecto U =(X;y)
2) Bidu din hinh hoc cia z, —z, Z
M(z) va M(—z) d6i ximg v&i nhau qua gbe toa do.
M(z) va M(Z) d6i ximg v&i nhau qua truc Ox.
3)Biéudién hinhhocciaz+2’,z-2, kz(k € R)
Goi M, i lan lugt biéu dién sé phirc z ; M°, ¥ biéu dién sb phiac z’. Ta cé :

OM+OM' vi U + Vv biu dién sb phic z + z’;

OM-OM'=M'M va i — v biéu dién sb phirc z - 2’;

kOM vaku biéu dién sb phirc kz. |
4) Vi M, A, B 1an luot biéu dién sb phirc z, a, b thi :

OM= |z] ;AB=|b—-a].



IL Vi DU

Vidu 1. Trong mat phing phirc, cho ba diém A, B, C  khong thing hang biéu
di&n céac sb phuc a, b, c. Goi M 14 trung diém AB, G 1a trong tam
tam giac ABC vap 1a dlqm dbi xtmig ctia A qua G. Cac diém M, G,
D lan lugt bi€u dién cac so phirc m, g, d.
a) Tinh cac s6 phirc m, g, d theo a, b, c.
b) Néu thém gia thlet la| = |b| = [c|, chirng minh ring tam gidc ABC
la tam gidc déu néu va chindua+b+c=0.

Gidi

a) M 1a trung diém cﬁa AB

& OM = -;—(O_A. + O_ﬁ)
1

S m= —2~(a+b).

G la trong tAm tam giac ABC

& 0G = —(OA + OB+ OC)

og= é—(a+b+¢).

D 1a didm dbi ximg ciia A qua G < G 12 trung diém cha AD
& 20G = OA + OD

o 2g=at+td & d=2g-a< d=2. %(a+b+c)—a

S d= zb+ gc—— la.
3 3 3
_ b) Gia thiét |a| = |b| = |¢] <> OA =OB=0C < O la tam dudng tron ngoai
tiep tam giac ABC.
Nhu vay tam gidc ABC 13 tam giac déu

S 0=Gog=0at+tb+ce=0.

Vi du 2. Cho hinh binh hanh ABCD. Ba dinh A, B, C Iin luot biéu dién cac
sO phirc
a=2-2ib=-1+i,c=5+mi (m€E R).



a) Tinh s6 phitc d (biéu dién diém D) ;
b) Pinh m sao cho ABCD 1a hinh chit nhét.
Gidi
a) ABCD 12 hinh binh hanh A D
= EB=]§K & d-c=a-b

<d=a+ce-b

&d=2-2i+5+mi-(-1+1i)

< d=8+(m-3)i. 8 C

b) ABCD 14 hinh chit nhit <> AC=BD <|c-a|=|d-b|
SIB+mi-2+2i=8+m-3)i+1-i] &3 +m+2)i|=]9+m- 4
SPB+m+2)if=9+m-4)i < 3*+(m+2)>=9"+(m-4)>

< 9+m’+4m+4 =81 +m’-8m+ 16 <> 12m = 84 |

< m=7.
IIL. BAI TAP

12. Trong mit phing phirc, cho ba diém M, A, B 1an luot biéu dién céc sb phire z,

3+iJ§ Z va Lz
3 N

Ching minh ring

a) Vz € C, tam gidc OMA vudngtai M ;

b) Vz € C, tam gidc MAB la tam giac vudng ;
c) Vz € C, th gidc OMAB I3 hinh chir nhat.

13. Goi A, B, C 12 ba diém 14n luot biéu dién céc s phic
a=-1—-1i, b=i, c=1+ki (k€ R).
a) Pinh k dé ba diém A, B, C thing hang ;
b) Xét ham sb w = f(z) = z°. Dt 2’ = f(a), b’ = f(b), ¢’ = f{c). Tinh a’, b’, ¢’ ;
¢) Goi A’, B’, C’ lén lugt 1a c4c diém biéu dién cac s6 phic @, b’, ¢’. Dinh k
dé A’, B’, C’ 12 ba diém thing hang ;



d) Néu u, vlan lugt biéu dién cac sd phic z, z’. Chimg minh rang 4 L v

z .. i,
& — lasé ao.
ZP

Ap dung : tinh k dé tam gidc A’B’C’ vudng tai A’.

14. Cho ba diém A, B, C lan luot biéu dién cic sb phiic a=1,b=-1 + ai va

15.

¢ = b

a) Xac dinh céc sé phirc duge bidu dién béi cac vecto AB, AC, BC ;
b) X4c dinh a sao cho A, B, C 12 ba dinh ciia mét tam giac ;

¢) Vi diéu kién & cau b), chimg minh ring ABC 4 tam giic vudng ;

d) Tim sb phirc d biéu dién bai diém D sao cho ABDC 12 hinh chir nhét.

Cho ba diém A, B, Cbiéu didn cicséphica=1+i,b=a’vic=x—-i
(x e R).

Tim x sao cho :

a) Tam gidc ABC vudng tai B ;
b) Tam giac ABC cén tai C.

TAP HOP DIEM_D

I. PHUONG PHAP

1) Gia sir cac diém M, A, B l4n luot bidu dién céc sb phic z, a, b.
*|z—a|=|z-b| < MA =MB < M thudc dudng trung trrc ciia doan AB.
*lz—-a|+|z-bl=k(k € R,k>0,k>|a-b]) ©MA+MB=k

<> M thude elip (E) nhin A, B 1am hai tiéu diém va c6 do dai truc 16n bang k.
2) Gia sit M va M’ 14n luot biéu dién cac sb phirc z va w = f(z).
Ditz=x+yivaw=u+vi X, y,u,vE R).

Ha thitc w = f (z) tuong duong v6i hai hé thirc lién hé gitta x, y, u, V.

‘ b ‘ ~ A 7 ® b - ~ 4 * -~ -]
* Néu bict mot hé thire giita x, y, ta tim dugec mot hé thirc giira u, v va suy ra

duoc tap hop cic diém M.



* Néu biét mot hé thirc giira u, v, ta tim dugc mdt hé thirc gitta X, y va suy ra
duogc tip hop cac diém M.

I1. vi DU
Vi du 1. Tim tip hop cic diém M biéu dién sb phirc z trong cic trudng hop

sau : .

a2+ il =z by [P

z—-1+1
Q) lz—2+|=+5; | Dlz-1|+z+1]=4
e) 2z+1 lasbao,z#1; 1§ Z+l. léséthuc,z¢2i;
z—-1 z—-21

g) zoz+z_0—z—+1=0 voizpg=1-—1.

Gidi

a)Data=-ivab=i.

Goi A(0 ; —1) va B(0 ; 1) lan luot bidu dién cac sb phic a va b, suy ra
|z+i|=|z—a]=MAva|z-1i|=|z-b|=MB.

Tacéd |z+i|=|z—i < MA=MB < M thudc dudng trung truc cia AB,
'd6 chinh 1a truc Ox.

Vay tap hop céc diém M 13 truc Ox. 47

by 2231 g A(-1 ; 3)
z—1+1 :

< lz+1-3i=|z-1+]] (D

Pata=-1+3i biéu dién boi diém A(-1 ; 3)
va b= 1-1i dugc biéu dién boi diém B(1 ;1)

: s o] \
Tacd (1) < |z—a|=|z-b| < MA=MB. / B(1 ; -1)

Vay tép hop cac diém M la dudng trung tryc
cua doan AB.

c) Dita=2—i bidu dién bai diém A(2 ; -1).
" Tacod|z—2+1|= V5 olz—a)= N
@‘MA=\/§.

x ¥




Viy tap hop céc didm M 1a dudmg tron tim A(2 ; —1), ban kinh R = /5.

%V

ol /

d)yPata=1vab=-1,14n lugt dugc bidu didn bai cic didém A(l ; 0) va

B(-1; 0).

Tacd|z— 1|+ |z+1|=4 & |z—a|+|]z-b|=4 <& MA+MB=4,

Vay tap hop céac diém M la elip (E) nhan A, B 12 hai ti€u diém, c6 do dai truc
16n 1a 4.

e)batz=x+yi (x,y € R). Voiz#1,tacod:

2z+1 _ 2x+2yi+1 _ (2x+1+2yi)(x —1-yi)

z-1 X+yi-1 X-1+yD)(x-1-yi)

_ @x+D(x-1)+2y° +il2y(x 1) —y(2x +1)]
(x-1)*+y?*

2z+1 « £ . by . A
12 s0 40 <> phan thyc ciaa triét tiéu

z—1 z—1

1

S+ DE-D+2 =0 &2 —x~1+27 =0 & x' 2 +y' ~—=0

1

1
216

x 1
& X-=+—)+y’ =
( 2 16) y

1Y L, 9
Slx—=1 +y" ==,
4 16

Vay tap hop cac diém M 1a dudng tron (C), tam I( i ; 0), ban kinh R = —3—, bo
di diém A(1 ; 0). o



f)y Datz=x+yi (x,y € R). Vdiz#2i,tacd:
z+1 _ x+I1+yi  (x+1+y))(x—(y-2)i)
z-21 X+(y—=2)i (x+(y—2))x—(y—2)i)

_X(xAD+y(y —2)+ilxy - (X +1)(y —2)]

x* +(y—2)°
Z+1 A A 2 TP
Y la s6 thuc <> phan o triét tiéu <> xy—-(x+ 1)} (y-2)=0
z—2i

&Sxy—-(xy-2x+y-2)=0 ©2x-y+2=0
& y=2x+2,

. Vay tap hgp cac diém M 1a duong thing cé phuong trinh y = 2x + 2, bo di
diem A0 ; 2) vi z # 2i.

g Vodizg=1-i,datz=x+yi (X,y € R),tacd:
z0z=(1 - +yi)=x+y+(y—x)i;
2,2 =X+y—(y—Xx)i.

Nhuviyzgz+ z,z +1=0 <2(x+y)+1=0< 2x+2y+1=0.
Tép hop céc diém M 12 dudmg thing c6 phuong trinh 2x + 2y +1=0.

Vi dy 2. Goi M vA M 12 céic diém 1in Iuot bidu difn cic sb phirc z va 7° = %
(z#0).
Patz=x+yivaz’=x"+y1 (x,y,x,y € R)
a) Tinh x’, y’ theo x, y vatinh x, ytheo x’, y’ ;
b) Cho M di dong trén dudng tron (C) tim A(=1 ; 1), ban kinh
R = +/2 . Tim tap hop céc diém M’ ;
c) Cho M di dong trén dudng thing d : y = x + 1, tim tap hop cac

didm M.
Gidi
a) Ta c6
1 s_ 2 , z
I'=— &72°=— & 72’°= >
Z 2.7 Izl



X +yi § :x2+y2
S XY= 5—5 & {
‘ X“+y . ' y
N )
X +y
Tuong tu, tacod :
| 1 1 z' z'
z z z' 'zt lz'l
e _ x'
x|+y|i x—xr2+y|2
& X+yi= 12 2 3
X“+y _ y'
y— 2 2
L X"+y

b) Dudng tron (C) tm A(~1 ; 1), ban kinh R = v2 ¢6 phuong trinh :
(C):(x+1)P+(y-12=2 & x*+y +2x-2y=0.
Piém M € (C) < toa dd M (x ; y) thoa mén phuong trinh :
XX +y +2x~2y=0
SX Y AW il #0doz#0)
X" +y
2X 2y

< 1+ - =0
x2+_y2 X2+y2

& 22 -2y+1=0 (Vi o——=x'vd —>—=y" theo két qu ctia cau a))
X“+y X‘+y
. Suyra toa d9 cta diém M’(x' ; y') thoa mén phwong trinh 2x’ -2y’ +1=0.
Vay tap hop cac diém M’ 13 dudmg thing c6 phuong trinh 2x —2y +1=0.
c¢) Diém M di dong trén dudng thing d : y = x + 1 nén toa d6 cia M(x ; y)

thoamany=x+ 1

' x' b A r b
<> '2y —=—75——7+1 (vitheocduatacd y= 'zy — va
X“+y" x"+y x"“+y

X
x*+y?
o y=x+x+y? oxl+y?+x’ -y =0
Suy ra toa d6 ciia M’(x’; y’) thoa man phuong trinh : x>+ y2 + x’ -y’ =0. |

x:



Vay tap hop cac diém M’ 1 dudng tron (C*) ¢6 phwong trinh
X +y+x-y =0.
ILBAITAP
16. Goi M va P 1an luot 1a cac diém biéu dién céc s6 phirc z=x + yi (x,y € R)
vaw = Zz* . Tim tap hop cac diém P trong cac truong hop sau day :
a) M thudc dudng thing d :y=2x;
b) M thudc dudng thingd :y=x+1;
¢) Chimg minh ring Vz,z € C,taco |z.2’|=1|z.lz’|. Tt dé suyra| z |=1|2z |2.
Tim tap céc diém P khi M thudc duomg tron (C): X +y* =1
d) M thudc hypebol (C) : y = 1 (x £0).
_ X

17. Tim tép hop céc diém M(z) biét z thoa mén hé thirc sau :
a) |[z—2+1)|=1,; b) [z+1-i|=|z-(B-1)];

c) —3:—_——1——4

z
e) z—4|-|z+4|=443.
18. Tim tép hop céc diém M(z) biét :

2

=4; o dla-i)z-4]=2;

2

aw= 1a 56 thuc ; b) w= - 12 s6 thudn 40 ;
z-1 z—1
z+2+1 ,, g, : Z+241 oz o,
c)w= — la s0thuc ; d)yw= — 13 s0 thuan ao.
z—i z—1i

19. Cho diém M bidu dién sb phitc z=x + yi (x,y € R) va diém P biéu dién sb
phirc w = z%. Tim tip hop céc diém P trong cac trudng hop sau :
a) M di dong trén dudng thing d:y=x-1;
b) M di d6ng trén duong tron tim O, ban kinh R =2 ;
¢)|lz +2-ij=|z-2+1}



§2. CAN BAC HAI CUA SO PHUC
VA PHUONG TRINH BAC HAI

A. TOM TAT GIAO KHOA

I. CAN BAC HAI CUA SO PHUC
Dinh nghia

Cho s6 phirc w. Mdi s6 phirc z thoa min zzv= w dugc goi 1a mét can bac hai
cuaw.

M3&i cin bac hai cia w 1a mot nghiém ciia phuong trinh 22 — w = 0.

1) Trudmg hop w la s6 thye
— Canbac haicia 012 0.
— Xétsothucw=a#0
Khia>0,tacozZ —a=(z— va)(z+ va).
PhuongtrinhzZ> —a=0 < z= \/z;hoacz=—\[£.
Vay sb thyc a duong c6 hai can bac hai 1a Ja va —+a.
Khia<0,tacéd zz—a=zz—(—ai2)=(z-J——ai)(z+ \[——ai).

Phﬁongtrinh Z2-a=0< z=+-aihojicz=-+-ai.
Vay s thuc a am c6 hai can bac haila v-ai va —V-ai.
Vidu: -1=i# = —1cbhaicinbichaildiva—i.

a2 =a’i? = —a’co hai cin bac hai 13 ai va —ai.

2) Truomghgpw=a+bi(a,b € R,b#0)

batz=x+yvi (x,y € R)

zlacinbichaiciaw < zZ’=w < (x+y1')2=a+bi
< x*—y*+2xyi= a+bi

7 .2
o {; y b_ ? Giaihé phuong trinh ndy, ta luén tinh dugc 2 nghiém (x ; y).
Xy =

Mai nghiém (x ; y) cia hé phuo'ng trinh trén cho ta mét cédn bac hai
=X + yi cia sb phirc w = a + bi.



TOM TAT
e S6 0 co dung 1 cin bac hai 12 0.
e M3i s6 phirc khéc 0 c6 dung 2 can bac hai dbi nhau.
Pic biét, s6 thuc a duong c6 2 can bachaila Va va —+/a ;
sb thuc a am c6 2 cinbachaila 1a v-ai va —J-ai.

I1. PHUONG TRINH BAC HAI
Xét phuong trinh : Az* + Bz + C =0 (A, B, C 14 s6 phitc va A # 0) (1)
Tacd:A =B*—4AC.
Néu A #0, A c6 2 cin béc hai 12 & va -8, phuong trinh (1) ¢6 2 nghiém
phéan biét 1a \
~-B+6 —B-5
= A\'% .

Z1 = a Zp=
2A
Néu A = 0, phuong trinh (1) c6 nghiém kép
B
Z1=2p = —ﬁ-.

II1. PINH Li CO BAN CUA PAI SO
Pinh i

Moi phirong trinh bac n (n > 1) luén c6 n nghiém phirc (khéng nhit thiét
phan bigt).

B. PHUONG PHAP GIAI TOAN

<_TINH CAN BAC HAIL, CAN BAC BON CUA MOT SO PHUC w >

1. PHUONG PHAP

* Pé tinh ciin béc hai z = x + yi ciia s6 phirc w = a + bi, ta giai phuong trinh :

Z’=w e (x+yi)f=a+bi < xz—y2+2xyi= a+bi




2,2
= Ty a.Tinhxvz‘iy,suyraz.
2xy=b ‘

* Dé tinh cidn bac bon cua so phirc w, trudce hét ta tinh cén bac hai z cia w.
Sau d6 ta lai tinh cin bac hai cua z.

IL Vi DU
Vi du 1. Tinh cin bic hai cia cac s6 phirc sau :

a)-9; b)3+4i; )1-v3i; d)—zlf.
1

Gidi

a) Goi z 1a cédn béac hai ciia -9, tacé :
ZZ=-9 o 2Z2=9% < z = 31 hodc z = --3i.
Vay -9 c¢6 hai can bac haila 3i va-3i.
b)Goiz=x+yi (X,y € R)lacinbachaicta3 +4i,tacod:
2=3+4i o (x+yi)=3+4i & X’y +2xyi=3+4i
- {xz—y2=3 - {xz—y2=3 )
2xy =4 Xy =2 (2)

(2) =>x£0va y= -2—
X

(1) :xz—j;=3 < x*-3x2-4=0 < x*=-1(loai) hoic
X

X"=4 <& x=x2.

x=2 =y=1

X=-2 =>y=-1.
Vady3+4icohaicinbichaila 2+i va-2—1.
¢)Goiz=x+yi (X,y € R)Iacinbichai cia

1-31 & (x+yi)?=1-3i.
x2-y*=1 (D

2_ 2y oxyi=1-3i
S X -y xyi = lQ{ny;-—\/?_» 2



3

2) > x#0va y= ——.
2x

3
)= x - =
M) 4x*

&> x== 3=i—\/§-.
2 2
Y SN S
J2 2x 2
\/5 2x 2
Véycéhaicénbéchaicﬁal_s/gi 1&z=——\/—§- -——ai va —i§-+—[%i.
N7 N
d)Goiz =x+yl (X,y € R)lacénbachai cia —Z_—
i
oz’ oL < (x+ )
4i 7 4
i
o x? -y +2x -
4 2xy_.
oL fya L
o 8x1 = =§ = le
X' ———=0 64x‘-1=0 [x'=—
64x 64
1 1 1 2 ' 1
y=— X=%ft—— X=———=T X‘“——JS‘-—'—'
o 8;(‘::> 122<::>< 22 hodc | 2
xZ:— —_—— =-_2 =___~_.2..'..
8 - "= \ 4
V2 2o A2 A2
vars-mr

Viy —-4i co hat cén bac hai 1a zZ= _—-+___

1

1 o4xt-ax*-3=0x= —-% (Ioai)hoécx2=%

Nhdn xét : moi sb phirc déu c6 2 cin bac hai d01 nhau.



Vidu2
a) Tim sb phirc z thoa min 22 = 164 + 48/5 i ;
b) Tim sb phirc w thoa man w* = —-164 + 48 J5 i

Gidi

A)Patz=x+yi(x,y € R),tacd:
 Z2=-164+48\5i o (x+yi)=-164+485i
& X2 — ¥+ 2xyi =164 + 48+/5
X —y2 =-164 (1)
®{xy=24\/§ (2)
(2) :>x¢0véy=-2—4)—:—/—§—

, (2445
(1) =>x ( "

< x> =-180 (loai) < x*=16
Sx==34,

Véix=4 = y=6+/5.
Véix =—4 = y=-64/5.

Viy c6 hai s§ phitc z thoa min z> = —164 + 48+/5i la z=4 + 6/5i va .
z= -4 - 651, |
b)Tacéd z°=-164+485i va w*=-164+48+/5i suyra
w=2 oW -2)W+2)=0 < w=+z
Theo két quatréntacoz== (4 + 6+/5i) = w?* =4 +6+/5i hoic
| wh=—4-65i.

2
J =-164<> x* +164x* —2880=0.

batw=x+yi (x,y € R).
Truong hop 1 : Véi W2=4+6\/§i,tacé(x+yi)2=4+6x/§i
-y’ =4 (1)

o xX-yY+2xyi= 4+6V5i <
2xy =635 (2)



35

2) > x#0vay= —
X

2
6)) :>x2—[—3—\EJ =4 & x*-4x*-45=0 < x*=-5 (loai) hoic
X

X2=9<:i> X =z 3.

W5 _ 5

Véix=3=>y=

Véix= -3 :>y=§-‘/—§-=—J§.
X

Vayw==(3 + J51i). |
Truomg hop 2 : Véi w?=—4—-6+/51,taco (x + yi)> =—4—6+/5i
<:>x2—y2+2xyi=—4—6\/§i |

{xz—y2=~—4 )
=

2xy=—6\[5_ (2)
(2):>x;é0v£1y=——§-£
» X
35 )
(1):>x2-(———-5~} =4 ox'+4x*-45=0 < x*>=-9 (loai) hoic
X
=5 x=%4/5.
me=J§:>y=~§—[§-=—3
X
Voirx=-+45 = =_3_‘/—§,,~_3

Vélyw=i(\/§ — 31).
K&t ludn : c6 4 sb phirc w thoa mén w* =—164 + 48+/5i 1a:
w=x(3+ 50 va w== (V5 - 3i).



III. BAI TAP
1. Tinh cén ‘bac hai cia céc sb phirc sau :

a)—15—8i ; b)1+4+3i; Q)—4; d) -5+12i
2. a) Tinh cin bic hai ctia sb phirc —23 ~46 i ;

b) Tinh cin bac bdn cta sb phitc —23—4+/61.

3. a) Tim s6 phic z thod mén z* = -1 ;

4
b) Tim s6 phirc z thoa mén (E-ll—) =-1.
, ' zZ+i

4. Giai phuong trinh :

_PHUONG TRINH BAC HAI >

1. PHUONG PHAP

, 1) Dung hing ding thic dua phuong trinh v& dang (Az + B> —C?> =0 va
bién d0i twong duong thanh phuong trinh tich

(Az+ B+ C)(Az+B-C)=0.
2) Véi phuong trinh Az + Bz +C=0:
Ta tinh A = B?~ 4AC va tinh cin bac hai ctia A.

Goi & la m(‘_)t‘ cin bac hai cua A, suy ra nghiém cta phuong trinh 12
_ -B+6
2A
J)Chuy
a) Ta chimg minh duoc véi moi phuong trinh bac hai Aé s6 thuc, néuz =x + yi

%,y € R vay#0)lamot nghiém thi Z =x —vi c¢ling 12 nghiém ctia phuong trinh
do. : |




b) Do tinh chét ctia phép nhén sb phirc, dinh 1i Vi-ét van ding cho phuong

trinh béc ha1 voidn z € C. Do d6 cac cach tinh nhim nghiém cia phuong trinh
béc hai vin ap dung dugc.

Chinghan: A+B+C=0 = z=1,z=—1(\i

A-B+C=0 = z=—1,z=——(—:—.
A
IL. Vi DU
Vi du 1. Giai cac phuong trinh béc hai sau déy :
a) Z2+4z-5=0; b)(2z-1*+9=0;
5 o a 25
)7 -8z +16-2i=0; d)z‘+3z+?=0.

Gidi

a)Phuongtnnh 22 +4z-5=0cH6cachésbA+B+C=1+4-5= Onen
phuong trinh ¢6 hai nghiém ia z, =1 va z, = -5.

b) Phuong trinh 2z~ 1> +9=0 < (2z-1)*=-9 < (2z-1)*=(3i)?
1 31

<2z-1=31 h0‘€1022—1=--3i<i)z=1 hodc

c¢) Phuong trinh z° - 8z +16—-2i=0 < (z—4)*=2i

o z-4r=1+i (chayla 1 +i)P? =1+2+2i =1-1+2i=2i)
<> zZ-4=1+1 hodic z—4=-1-1i

< z=5+1hodcz=3 -1,

d) Phuorngtrinhzz+3z+—2f— =0¢6:

-3+ 4i
A=3% 4—23'—-—16 (4i)%. Phwong trinh c6 hai nghiém 13 z = 3"41.

Vi du 2. Giai cic phuong trinh béc hai hé sb phc sau day :
a)Z?—Tz+11+3i=0;
b)Z2+2(1-2D)z—(7+4i)=0;

Q)22 -22-i)z+6-8i=0;
dZ2-Q+iz+i+1=0.



Gidi

a) Phuong trinh 22 — 7z + 11 +3i1=0¢6 :
A=49-44-121 =5-12i.
Dat A =(x+yi)’;x,y € R,
2 2 _
Taco (x+yip =5-12 <X V=3 D
2xy=-12 (2)

2) > x#0vay= _8
X

1) = x2_¥ =5 o x*-5x"-36=0 < x*=-4(loai) hoic x*=9
X

& x==x3.
Voix=3=>y=-2
Voix=-3 => y=2.

Viy A = (3 - 2i)%.

Phuong trinh ¢6 hai nghiém 1a :

=7+3—ﬁ
2

b) Phuong trinh Z* + 2(1 — 2i)z — (7 + 4i)) = 0 ¢6 :

A'=(1-2+7+4i=1-4—-4i+7+4i =4.
Phuong trinh ¢6 hai nghiém la

z1=—-1+2i+2=1+4+21 vazz=-1+2i-2=-3+2i.
¢) Phuong trinh 22 - 2(2 —1)z+ 6 —8i =0 ¢6 :

A'=Q2-1)-6+8i=4—1-4i-6+8i=-3+4i.
Pat -3 +4i=(x+yi) (x,y € R)

- {x" —y*=-3 (1)
2xy =4 (2)

7-3+2i

Z =5-1 vaz;= 2+1

2) = x;ﬁOvay=—2—
X



(1) = xz——% = -3 & x"+3x’-4=0 & x*=1hogc x* = - 4 (loai)
& x=+1.

Voix=1=y=2

Voix=-1 = y=-2,

Vay A’ =-3 +4i= (1 + 2i)?

Phuong trinh ¢6 hai nghiém 13 z, =2 -i+1+2i=3+1 va

Zp=2-1—-1-2i=1-3i

d) Phuong trinh z° — (2 +1i)z +i+ 1 =0 ¢4 c4c hé sb thod man

atb+c=1-2-i1+i+1=0, suyra phuong trinh c6 hai nghiém la

zZ1=1vaz,=1+1.

Vidu 3.

a) Goi z), 7, 1a hai nghiém cta phuong trinh bic hai hé sb phuc

AZ2+Bz+C=0 (A#0).

Chirngminhrﬁng:zl+zz= fAE va Z1.Zp= 7(;—

Ap dung I : Biét phuong trinh bac hai (1 —i)z> + Bz + C =0 c6 hai

nghiémlaz,=2vaz=1+2i TinhBvacC.

b) Cho hai sb phirc cé tdng z; + z, = S va tich z;.z, = P. Chimg minh

ring z; va z; 13 hai nghiém cta phuong trinh bac hai
Z2-Sz+P=0.
Ap dung 2 : Tim hai sb phirc ¢6 tong bing 4 va tich bing 4 + 2i.

a) Phuong trinh Az> +Bz+C =0 ¢6 A =B?—4AC. Goi & 12 mdt can bac

hai cua A.

Phuong trinh ¢6 hai nghiém 13

-B+& -B-6
7y = viz, = .
2A . 2A
Tacd z +z= ~B+5 + —B-5 __B
2A 2A A

—B+8) (—B—S) _ (-BY -8 _ B’-(B’-4AC)

C
2A 2A 4A*? 4A’? A

va Z1.Zp = (



Apdung 1:(1-1)z"+Bz +C=0 cohainghiémlaz, =2viz, =1+ 2i.
Ap dung két qua trén, ta c6 :
z,+zz==——f: 2+(1+2i)=i—__£i (D
C it C
27, = 2.(1+21) =T (2)
(1) = B=(-1+1)(3+2))==3+2i*=2i+3i= -5 +i
Q) =>C=(-i)(2+4])=2-4i*-2i+4i=6+2i.
ViyB=-5+1i vaC=6+2i.
b) Hién nhién z; va z, 12 hai nghiém cua phwong trinh béc hai
(z-z)(z-2)=0
o 22— (zi+2)z+212,=0
< 7Z2-Sz +P=0.
Ap dung 2: Goi hai sb phirc phai tim 1a z; va z,. Theo gia thiét ta co
S=z1+z2,=4 vaP=z1.2o= 4+2i.

Do d6 z; va z, 14 hai nghiém cua phuong trinh bac hai z* — Sz + P = 0 hay
7z’ -4z +4+2i=0.

Phuong trinh trén tuong duong véi (z - 2)* = - 2i

o (zZ-2=(1-i) @ z-2=% (1-i)

< z=2+1-1=3~1hodicz=2-1+i=1+1.

Véy phuong trinh ¢6 hai nghiém ld z; =3 - i vézz=1+i.

Vi du 4. Cho phuong trinh béc hai Aé s6 thire Az> + Bz + C=0(1), vdi A £0.

a) Chimg minh ring néu phuong trinh (1) c6 1 nghiém thuc z; thi
-nghiém con lai z; cling 1a so thuc.

b) Chimg minh ring néu phuong trinh (1) ¢6 1 nghiém z, khong 1a
s6 thuc thi z, cling la 1 nghiém.

Ap dung : Tim phuong trinh bic hai hé s thyc biét phwong trinh c6
I nghiém1a 2 +1i.

Gidi

~ a) Ta biét ring phuong trinh b4c hai Az> + Bz+ C=0 (1) c6 hai nghiém la
Z1 va zo.

n . <y , B
Theo cong thuc Vi-éttacod z; +z; = —X.



B
ViA,B € R nén —X € R vataclingcdz € R.Viyz; € R.

b) Ta cé zp 1a nghiém cha phuong trinh Az +Bz+C=0nén:

Azy® + Bzop+ C=0 = Az’ +Bz,+C=0 (vi lién hop cia sb thuc 1a chinh
s0 thue do

—_ —
suy ra A(zo) +Bz, +C=0).

Vay Z ciing 14 nghiém cta phuong trinh Az* + Bz + C = 0.
Ap dung : _
Theo chimg minh trén, phuong trinh bic hai hé s6 thue c6 1 nghiém la
z1=2+1 thinghiémkialaz, =2 -1
TacoS=z+z=2+1) +(2-i)=4
ViP=zi.zp= 2+i)2-i)=4-i’=4+1=5,
Vay z;, z; 1a hai nghiém cua phuong trinh béc hai ; 2 — Sz + P = 0 hay
Z2—4z+5=0. :
III. BAI TAP
5. Giai cac phuong trinh sau :
- a) 22 -4z+13=0; b)Z (5 +2i)z+5+5i=0.
6. Tim phuwong trinh bac hai hé sb thuc biét mdt nghiém 1a 3 — 2i.
7. Goi z; va 7, 14 hai nghiém cua phuong trinh :
Z+z+1=0.
a) Tinh Zy,Zy, b) Chl'mg minh Z|2 =7 va 222 =2
8. Tim cic sé phirc a va b sao cho phuong trinh (2 + i)z” + az + b = 0 ¢6 hai
nghiémlaz; =3 +ivaz;=1-2i.
9. Giai cic phuong trinh sau :
a) 2> +2z| =0; | b)Z* +ijz| =0}
¢)iz’ +|z]+1=0; | dyz>+z =0.



PHUONG TRINH BAC BA
Az +B22+Cz+D=0(A#0)

I. PHUONG PHAP

Theo dinh li co ban cta dai s, phuong trinh bac ba c¢6 diing 3 nghiém phirc
(khong nhit thiét phan biét).

1) Bé giai phuong trinh bic ba téng quat Az’ + Bz + Cz + D = 0
(A #0) (1), tacén biét mét nghiém zo cta phuong trinh. Khi d6 phuong trinh ( 1)
duogc bién dbi thanh phuong trinh tich :

, z—2, =0
(1) © (z-z)AZ +bz+c)=0< 0
| Az +bz+c=0

Mubn xac dinh Az* + bz + ¢, ta c6 thé dung mdt trong hai cach sau :

Cach 1I: Ta thuc hién phép chia da thiuc Az’ + BZ” + Cz + D cho z — z,
thuong s& 14 Az* +bz +c.

Cach 2 Diing so dd Horner sau day dé xé4c dinh cac hé s§ A, b, ¢ ctia da thirc
thuong Az® + bz + c.

| A B C D
ZOI A b_ C 0

Dong thir nhét ghi cac hé sb cua da thire bi chia, theo thir tu A, B, C, D.
Dong thir hai s& xac dinh cac hé sb cta da thirc thuong theo cong thirc sau :
Hé sb tha nhit 1a A.
Hé sb thir hai b = z.A + B (“nh4n ngang, cdng chéo™).
Hé sb thitba ¢ =2z0.b+ C (“nhén ngang, cong chéo™).

Hé sb cudid=zgc+D=0 (day 1a s6 du trong phép chia, vi chia hét nén
d lubn ludn 1a 0).

2) Doi khi ta c6 thé x4c dinh zp bing cach nhim nghiém nhu sau :
Néu A + B+ C+ D =0 thi phuong trinh c6 1 nghiém la zo = 1.
'Néu A —B+C—D =0 thi phwong trinh ¢6 1 nghiém 13 zo = —1.



3) Viéc bién d6i thanh phuong trinh tich ¢6 thé thuc hién d& dang néu ta co
thé dét nhan tir chung.

4) Ta biét ring néu mot phucm_g trinh da thirc ké 56 thwe c6 1 nghiém phirc
Zo=x+yi(x,y € R vay#0)thi z, =x—yicilingla 1 nghiém. Nhu viy :
* Moi phuong trinh béc 3 hé sO thyc c6 it nhét 1 nghiém thuc, nghia la
— hodc ¢ 3 nghiém thuc
— hodc cé 1 nghiém thuc va 2 nghiém phitc (khéng thuc) lién hop nhau.

* Mubn giai phuong trinh béc 3 hé s6 thuc, ta thuong phai tim nghiém thue
cua phuong trinh roi bi€n d6i thanh phuong trinh tich. Nghiém thyc nay c6 thé
tinh chinh xac nho may tinh bé tai (néu la nghiém hitu ti). |

* Néu biét phuong trinh bac 3 hé sb thyc P(z) = 0 ¢6 1 nghiém khéng 1 sb
thuc zg thi z, cling 12 nghiém, nén phuong trinh phai c6 dang

P(z) = (z - 21)(z - 20)(z — %,)=0.

Chia P(z) cho (z - zy)(z — Z) =722 —(zo+ E;)z + Zo. i; s& tim duoc thira sb
Z—-12.

Nhu vay phuong trinh ¢6 3 nghiém 13 zg, z, va z,.

IL. Vi Du

Vi du 1. Giai cac phuong trinh sau :
a)z’ — (2 +1)Z2 + (2 +2i)z—2i=0 bibt 1 nghiém laz, =i ;
b)z} +422 + (4+1i)z+3 +3i=0 biét 1 nghiém 13 z, =-i ;
)z’ -Z+@2-2i)z+2+4i=0 biét 1 nghidmlaz, =1-i.

Gidi |
a) Chia da thitc P(z) = 2° — (2 + )2 + (2 + 2i)z—2i choz—i

| | 1 _2-i 242 -2

=i | 1 -2 2 0

Phuong trinh z° — 2+ )2 + (2 +2i)z-2i=0 ¢ (z— i}z’ -2z +2)=0

o [z-i=0 1)
22-2z2+2=0 (2)



1) @z=i
Q) © 22-2z2+2=0
Al=1-2=-1=¢
)<=z =1+1 hodcz=1-1.
Vay phuong trinh ¢6 3 nghi€ém : z; =i, z=1+1iva z3=1—1.
'b) Chiada thac P(z) = 2’ + 42+ (4 +i)z+ 3 + 3ichoz +i

| 1 4 4+i 3+ 3

o o— 1 1 A : 2 a:
L) ——1 ‘ x 41 J—J1

D

Phuong trinh 2> + 422 + (4 +i)z+3 +3i=0
o (z+i)Z2+@-1D)z+3-30)=0
z+i=0 1))
o |
[zz+(4—i)z+3—3i=0 (2)
D z=4
Qe 22+ @ -1)z+3-3i=0
A=@-1?-12+12i=16-1-8i— 12+ 12i=3 +4i.
Pit3+4i=(x+vyi)2, xvay € R '
x*—y*=3 (i)

2 . .
SX -y +2xvi=3+t4i &
Y 4 {2xy=4 (ii)

(i) >x#£0vay= =
X

. 4
0 =xX-—=-3& x*-3x-4=0

®x2=—1(10ai) hoic x*=4< x=+2.
Véi x=2 =>y=1
Véix=-2 =y=-1.
Viy A= (2 +i)
Phuong trinh z2 + (4 —i)z + 3 —3i=0 ¢6 2 nghiém 13
Z___~4+i2+2+i=_1+i va Z___—4+i2—2—i

=-3.



Viy phuong trinh z* + 42°+ (4 + i)z + 3 + 3i=0 c¢6 3 nghiém 1a :
Z1=—1, Zp=-1+1 vazy=-3.
¢) Chia da thirc P(z)=z3-—22+(2~2i)z+2+4i choz—(1-1):

1 -1 2-2i 2+4i

zo=1—i| 1 i 1-3i 0
Phuong trinh 2° ~ 22 + (2 - 2i)z +2 +4i =0
& (z-1+i)(Z—iz +1-3i)=0

1:z—l+i=0 (D)
=

22 —-iz+1-3i=0 (2)
(1) o z=1-i .
Q) o Z—iz +1-3i=0

A=1—4+12i=-5+12i
Pat -5+ 12i=(x+yi)> véix,y € R
o xP—y +2xyi=-5+12i
Q{xz—y’Z:—S )

2xy =12 (ii)

i) x#0vay= s
X

(i)¢:>x2--§—?— =5 ox*+5x2-36=0 < x*=4hoicx’= -9 (loai)
X

Sx==2.
Voix=2 = y=3
Voix=-2 = y=-3.
Vay A =(2+3i)%
Phuong trinh (2) c6 2 nghiém la

i+2+3i 142 viz= i—2-3i

=—1-i.

Viy phiong trinh 2° — 22 + (2~ 2i)z + 2 + 4i=0 c6 3 nghiém la
zZi=1-1,z2=1+2i VﬁZ3=—~1‘—i.



Vi du 2. Giai cac phuong trinh sau :
a)z’ — (1 +2i)z" +2(1 +i)z-2=0;
b)Z} -2+ (2 -)z+3+i=0;
Q)2 -2+ +z-2-i=0.

Gidi

a) Cac hé sb cta phuong trinh 2° — (1 +2i)z> +2(1 +i)z-2=0 thoad man :
 A+B+C+D=1-1-2i+2(1+i)-2=0.

Vay phuong trinh nhén z = 1 12 nghiém.

Chiada thuc P(z) =2’ ~ (1 +2i)2> +2(1 +i)z—-2 choz-1:

| —1-2i 2+72i _2
z=1| 1 ~2i 2 0
Phuong trinh z° — (1 + 2i)2> + 2(1 +i)z—2 =0 tuong dwong véi

_ | [z—1=0 (1)
-2 -2z+2)=0<| ,
, ' -2iz+2=0 (2)
() o z=1
Q) & zZ*-2iz+2=0,
A =(-i)}-2=-1-2=-3=3{
Phuong trinh (2) ¢6 2 nghiém 1a z=i+iv3 =1 £ 3L
Vday phuong trinh dé cho ¢6 3 nghiém la
z|=1,22=(1+J?:)ivé23=(1—\/§)i
b) Céc hé s6 ciia phuong trinh z° — 2iz° + (2 —i)z + 3 +i = 0 thoa mn :

A-B+C-D=1+2i+2-1i —3 —i =0 nén phuong trinh nhin z=-1 13
1 nghiém.
Chia da thic P(z) =2’ - 2iz + 2 —i)z+3+i choz—(-1)

l 1 2 2 i 3+
z0=-1| 1 ~1-92i 3+ 0
Phuong trinh z3—2izz+(2—i)z+3+i=0tuorngduong véi

z+1=0 1)

@+ Dl -1+ 2z +3+i]=0 & [zz ~(1+20)z+3+i=0 (2)

(1) = z=-1



Vay phuong trinh z° + 422+ (4 + )z +3 + 31 =0 ¢ 3 nghiém 1a :
Zl=-—i, Zy=—1+1 vazy=-3.
¢) Chia da thiac P(z)=z3—«zz+(2~—2i)z+2+4i choz—(1-1i):

1 -1 2-21 2+4i

zo=-1—i] 1 —i 13 0
Phuong trinh z° — 2% + (2 - 2i)z + 2+ 4i =0
& @EZ-1+i)Z—iz +1-30)=0

[z—l+i=0 (1)
=

2} —iz+1-3i=0 (2)
(1) z=1-i
Q) < Z2—iz +1-31=0

A={-4+121=-5+12i

Pat -5+ 12i=(x+yi) véix,yE R
o X -y +2xyi=-5+ 12i

o |-y =-5 @)
2xy =12 (i1)

(ii)<::>x;¢é0ve‘1y=g
X

(i)maé‘g =5 ox*+5x’-36=0 < x*=4hoicx’= -9 (loai)
X
Sx==+2,

Véix=2 = y-=3
Voix=-2 = y=-3.

Viay A =(2+3i)%

Phuong trinh (2) ¢6 2 nghiém 1a

i+2+31 i—-2-31

=1+2ivaz= =—]-1.

Vay phuong trinh z° — 22 + (2 - 2i)z + 2+ 4i = 0 ¢6 3 nghiém Ia
Z1=1-1,zp=1+21 vé.Z3=—1_—i.



Vi du 2. Giai cac phuong trinh sau :
a)z’ — (1 +2i)22 +2(1 +i)z—2=0;
b)2 -2+ (2~i)z+3+i=0;
Q)2 -Q2+)2+z~2-1=0.
Gidi

a) Céhc hé sb ctia phuong trinh z° —~ (1 +2i)z% + 2(1 +i)z—2 =0 thoa mén :
A+B+C+D=1-1-2i+2(1+i)-2=0.

Vay phuong trinh nhin z = 1 12 nghiém.

Chia da thirc P(z) = 2° — (1 + 20)22 + 2(1 +i)z—2 choz—1:

| 1 —1-2i 242 -2
=1 1 —2i 2 0
Phuong trinh z* — (1 +20)22 + 2(1 +1)z~2=0 tuong duong voi

), [z—1=0 1)
(z-1)z"-2iz+2)=0 | ,
z°-21z+2=0 (2)
< z=1
Q) © Z£-2iz+2=0.
A =(-i)f-2=-1-2=-3=3
Phuong trinh (2) ¢6 2 nghiém 13 z=i+i+/3 = (1 £ V3)i.
Véay phuong trinh 43 cho c¢6 3 nghiém la
zi=1z=(1+3)ivaz;=(1 - V3)i
b) Céc hé sb clia phuong trinh 2° — 2iz” + (2 —i)z + 3 +i = 0 thoa mén :

A-B+C-D=1+2i+2-1i -3 —i =0 nén phuong trinh nhin z =1 13
1 nghiém.

Chia da thuc P(z) = 2* - 2iz" + 2 -1)z+3 +i choz—(-1)

|1 _ 2 2-i 344
-1 1 1-2i 3 +i 0
Phuong trinh z* — 2iz® + (2 — i)z + 3 + i = 0 tvong dwong véi

z+1=0 D

D[ -1 +2i)z+3+i]=0
e Dz~ {1+ 2+ 3+1] Q[zz-(l+21)z+3+i=0 (2)

(D) e z=-1



Q) < Z2-(1+2)z+3+i=0.
A=(1+21P-12-4i=1-4+4i—12-4i=-15.

Phurong trinh (2) ¢6 2 nghiém la : z = 1+21;JEI =—;—+%(2+\/B)i hodc

_1+2i-415i _ (2 J—)

2 272
Ke"tludn:Phuongtnnh Z2— 212 +(2—-1)z+3+i=0c6 3 nghiém 13 :

Zl—--l ZZ_E+ (2+\/—) VéZ3:%+%(2—\/l—5)i.

c)Phuongtrinh,z ~ @2 +i)2 +2z -2 —1= 0 twong duong véi
7 @Z-2-i)+z-2-i=0

& @Z-2-i)Z+1)=0

<:>Z-2-n1=0hoaflczz+1=0

& z=2+1 hoiczt=-1

<> z=2+1 hoécz + 1.

Vayphuongtrmh Z — (2 +1)2* +z-2-i=0c6 3 nghiém la

=2+1,Zp=1vaz;=—1.

III. BAI TAP
" 10. Giai cac phuong trinh :
a)z’ — (1 +i)z> +az+b-4i=0, a,b € R va biét phuong trinh c6 1 nghiém
laz=1+i
b)z’ +aiz’ + (i-b)z—2-2i=0,a,b € R vabiét phuong trinh c6 1 nghiém
laz=1-1. ‘
11. Giai cac phuong trinh :
a)2z3+9zz+14z+5=0;
b)z2 - 722 +172-15=0;
©) 2> — (6 + 2 )22 + (13 + 6~+/2 )z — 13+/2 = 0 biét phuong trinh c6 1 nghiém
laz, =3-2i.
12. Giai cac phuong trinh :
a)z’ —22° +25z+b=0,b € R va biét phuong trinh c6 nghiém thuin ao.
b)Z +b22+(9—1)z—6+2i=0,b € R vabiét phwong trinh ¢ nghiém thuc.



Ybn 8 4

PHUONG TRINH BAC BON
Az +B2+C2+Dz+E = O(A#O)

I. PHUONG PHAP

1) Vi dang phuong trinh trung phuong, ta dat w = 7%, s& dua vé phuong trmh
bac hai theo w. Giai phuong trinh nay, tinh w rdi lai giai phuong trinh w = 2% dé
tinh z.

) NéuA+B+C+D+E= 0th1phu0ngtrmhAz4+Bz +CZ2+Dz+E=0¢6
1 nghiém 12 z = 1. Chia P(z) = Az* + BZ’ + CZ* +Dz+E cho z — 1, phuong trinh
P(z) = 0 twong duong v&i phuong trinh (z — 1)(Az® + bz® + cz + d) = 0.

3)NewuA-B+C-D+E —Othl})huorn§tnnhAz +BZ+CZ2+Dz+E=0
¢6 1 nghiém 1a z = 1. Chia P(z) = Az" + Bz + Cz> + Dz + E cho z + 1, phuong
trinh P(z) = 0 tuong duong v6i phuong trinh (z + 1)(AZ’ + bz? + cz + d) = 0.

Nhur vdy ta nén viét céc hé sb ciia phuong trinh d¢ xem phuong trinh c6 roi
vao hai truong hop dic biét nay khoéng.

4) Trudng hop phuong trinh hé s6 thue, néu bit 1 nghiém z; (khéng la sb
thire) thi z, cling la nghiém. Do do phuong trinh c6 dang
(z - 20)(z - 2, (AZ> + bz + ) =0,

Khai trién phuong trinh niy va ddng nhit véi phuong trinh d cho s& tim
dugc hé sob vac.

Giai phuong trinh : Az* + bz + ¢ =0 ta duoc hai nghiém z,, z.

Nhu vay phuong trinh da cho ¢6 4 nghi€ém la : zo, Z, Z| Va Zp.

IL. viDU
Vi du 1. Giai cac phuong trinh :
a) Z'+4z -5=0; b) 2*—(8+8)z+63+16i=0;
o) iz*+2(1 +20)Z2+8=0.
Gidi

a) Phuong trinh : 2+ 4z2 —5=0tacoila phuong trinh bac hai theo 2,
phuong trinh c6 hai nghiém 1 2> = 1 hoac z* = -5 = 5i*



< z=+1hodcz= i\/gl

b)f)atw—z phuong trinh : z* — (8 + 8i)z* + 63 + 16i=0 (1) tr& thanh
-(8+81)w+63+161 0

<::>w2—2(4+41)w+63+161=0 )

A' = (4 +4i)* - 63 — 16i = 32i — 63 — 16i =—63 + 16i = (1 + 8i)
w=4+4i+1+8i=5+12i
w=4+4i—1-8i=3-4j
Voiw=5+12i & ZZ=5+12i=(3+2i) & z=+(3 +2i)
Voiw=3-4 < 22=3-4i=02-1)} < z=+(2-1i).

Vidy phuong trinh (1) c6 4nghiémlad:z=x (3 +2i)) vaz=%(2-1).

Phuong trinh (2) < [

Q) izt +2(1+2i)22+8=0 (1)

Dit w = Z%, phuong trinh iz* + 2(1 + 21 )z + 8 =0 trd thanh
iw?+2(1 +2)w+8=0 )
A'=(1+21)-8i=1+4>+4i-8i=1+4i"-4i=( - 2i)?

Phuong trinh (2) ¢6 2 nghiém 13 : w; = ,..1_21i+1_21 =—4

—1-2i—-1+21 2 21
va Wy = =——=——=121
1 1 1

Véiw =-4 & 22=41 o z=+2

Voiw=2 < 22—-(1+i)2 & z= £ (1+i).

Viy phuong trinh iz* + 2(1 + 2i)z% + 8 = 0co4nghiémla:z=+2i va

z=x(1+1).

Vi dy 2. Cho phuong trinh bac bdn k¢ s6 thiec
P(z)=2"-422+922+mz+20=0, m € R.

Biét phuong trinh c6 m{t nghiém z, = —2i. Tinh m va céc nghiém
con lai.

Gidi

Ta cb z; =-2i 13 nghiém ciia phuong trinh : z*— 42° + 9722 + mz +20=0
< (-21) — 4 (<2i) + 9(=21)* + m(-2i) +20=0

< 16-321-36-2mi+20=0

< (-32-2m)i=0



< m=-16.

Phuong trinh tré thanh P(z) = z* —42° + 922 - 162 +20=0 (1)

Ta biét rang néu mdt phuong trinh da thirc A¢é so tiuc nhén z; 13 m§t nghiém
phtrc, khong thuc, zy =x+yi(x,y € R,y #0) thi z, =x - y1 cling 1a nghiém
ctia phuong trinh. Nhu vdy phuong trinh nhén 2 nghlem lazy = -2ivaz =2i. Do
- d6 phuong trinh (1) phai c6 dang :

P(z) = (z-2i)(z + 2i(z* +az+b)=0 (a,b € R)
< P@)=(Z+4)(Z +az+b)=0
o P@)=Z'+a +(b+4)Z +4az+4b=0 )

Péng nhit hé s6 cua hai phuong trinh (1) va (2) ta dugc a=-4vab=35,
Vay phuong trinh P(z) = z* — 42° + 922 - 162+ 20 =0
o (2+4)(2P-4z+5)=0
- [zz+4=0
2’ -4z+5=0
Z2+4=0 =4 o z=+2i
Z2-4z+5=0 (A =4-5=-1=1)
& z=2+1,
Vay phuong trinh ¢6 4 nghiém : z=+2i vaz=2=%1.

I11. BAI TAP

13. Giai phuong trinh sau biét phuong trinh ¢6 nghiém thuc :
P(z)=2z'+22-(3+i)Z -4z +4i-4=0.

14. Giai phuong trinh sau, biét phuong trinh ¢6 nghiém thuan o
P(z) =z +2iz’ - 2 +2iz-2=0.

15. Giai phuong trinh : 2 =322 + 2 - 1)2 + 3z-3+i=0 (1)



